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2 Sunart†seic se Eukle–deio Q∏ro

2.1 NÏrma

'Estw Ëna stoiqe–o x tou Rn. TÏte or–zoume san nÏrma tou x kai sumbol–zoume k x k thn
posÏthta

k x k=
vuut

nX

i=1

(x

i

)

2 (83)

Je∏rhma 2.1.1 An x, y 2 Rn kai a 2 R tÏte:

1. k x k� 0 kai k x k= 0 () x = 0

2. kPn

i=1 x
i

y

i kk x k · k y k kai h isÏthta isq‘ei an ta x, y e–nai grammikà exarthmËna

3. k x+ y kk x k · k y k

4. k ax k= |a|· k x k

ApÏdeixh: 1. ApÏ ton orismÏ thc nÏrmac prok‘ptei Ïti e–nai àjroisma mh arnhtik∏n
Ïrwn kai gia na e–nai mhdËn ja prËpei Ïloi oi Ïroi na e–nai mhdËn.

2. An ta x, y e–nai grammikà exarthmËna, e–nai profanËc Ïti h isÏthta isq‘ei. Sthn
ant–jeth per–ptwsh, gia Ïla ta � 2 R ja isq‘ei Ïti �y � x 6= 0 kai Ëtsi

0 <k �y � x k2 =

nX

i=1

�
�y

i � x

i

�2

= �

2
nX

i=1

�
y

i

�2 � 2�

nX

i=1

x

i

y

i

+

nX

i=1

�
x

i

�2

'Omwc to tri∏numo pou prok‘ptei wc proc � den prËpei na Ëqei pragmatik† r–za.
'Etsi, h diakr–nousa prËpei na e–nai arnhtik† kai sunep∏c
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2.1. NÏrma

3. Gia th nÏrma tou ajro–smatoc Ëqoume

k x+ y k2 =

nX

i=1

�
x

i

+ y

i

�2

=

nX
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�
x

i

�2
+

nX

i=1

�
y

i

�2
+ 2

nX

i=1

x

i

y

i

 k x k2 + k y k2 +2 k x k · k y k
=

�k x k+k y k�2

4. Gia th nÏrma tou ginomËnou arijmo‘ ep– diànusma Ëqoume

k ax k=
vuut

nX

i=1

(ax

i

)

2
=

vuut
a

2

nX

i=1

(x

i

)

2
= |a|· k x k

Je∏rhma 2.1.2 An x, x1, x2, y 2 Rn kai a 2 R tÏte

1. < x, y >=< y, x >

2. < ax, y >=< x, ay >= a < x, y >

3. < x1 + x2, y >=< x1, y > + < x2, y >

4. < x, x >� 0 kai < x, x >= 0 () x = 0

5. k x k= p
< x, x >

6. < x, y >=

kx+yk2�kx�yk2
4

ApÏdeixh: 1. H Ëkfrash gia to eswterikÏ ginÏmeno d–nei

< x, y >=

nX

i=1

x

i

y

i

=

nX

i=1

y

i

x

i

=< y, x >

2. Prok‘ptei àmesa apÏ thn Ëkfrash tou eswteriko‘ ginomËnou

3. 'Opwc kai prohgoumËnwc

4. Prok‘ptei parathr∏ntac Ïti Ëqoume àjroisma mh arnhtik∏n Ïrwn

5. Prok‘ptei apÏ ton orismÏ

23



2. Sunart†seic se Eukle–deio Q∏ro

6. Lambànontac up>Ïyin th di-grammikÏthta Ëqoume

k x+ y k2 � k x� y k2
4

=

1

4

[< x+ y, x+ y > � < x� y, x� y >]

=

1

4

[< x, x > +2 < x, y > + < y, y > � (< x, x > �2 < x, y > + < y, y >)]

= < x, y >

Sta epÏmena ja sumbol–zoume me e
i

ta dian‘smata thc sun†jouc bàshc tou Rn dhlad† to
e

i

e–nai to diànusma tou opo–ou oi suntetagmËnec e–nai 0 ektÏc apÏ thn i�suntetagmËnh
pou e–nai 1.

2.2 Upos‘nola tou Rn

Se analog–a me to kleistÏ diàsthma a, b] touR mporo‘me na or–soume ton kleistÏ uperk‘bo
tou Rn san to s‘nolo [a1, b1]⇥ [a2, b2]⇥ . . .⇥ [a

n

, b

n

] kai ant–stoiqa ton anoiktÏ uperk‘bo
(a1, b1) ⇥ (a2, b2) ⇥ . . . ⇥ (a

n

, b

n

). Genikà ja lËme Ïti Ëna upos‘nolo � tou Rn Ïti e–nai
anoiktÏ, an gia kàje stoiqe–o tou � mporo‘me na bro‘me Ënan anoiktÏ uperk‘bo pou na
an†kei ex>olokl†rou sto �. 'Ena s‘nolo � ja onomàzetai kleistÏ an to s‘nolo Rn � �

e–nai anoiktÏ.
An t∏ra A ⇢ Rn kai x 2 Rn tÏte isq‘ei akrib∏c m–a apÏ tic akÏloujec protàseic:

1. Upàrqei Ënac anoiktÏc uperk‘boc pou periËqei to x kai periËqetai ex>olokl†rou sto
A

2. Upàrqei Ënac anoiktÏc uperk‘boc pou periËqei to x kai periËqetai ex>olokl†rou sto
Rn � A

3. 'Oloi oi uperk‘boi pou periËqoun to x Ëqoun koinà shme–a kai me to A kai me to
Rn � A

Ta shme–a pou epalhje‘oun thn prÏtash (1) lËgontai eswterikà shme–a tou A. Ta shme–a
pou epalhje‘oun thn prÏtash (2) lËgontai exwterikà shme–a tou A kai tËloc ta shme–a
pou epalhje‘oun thn prÏtash (3) lËgonta sunoriakà shme–a. Ant–stoiqa, to s‘nolo
twn eswterik∏n shme–wn tou A lËgetai eswterikÏ tou A, to s‘nolo twn exwterik∏n
shme–wn lËgetai exwterikÏ tou A kai tËloc to s‘nolo twn sunoriak∏n shme–wn lËgetai
s‘noro tou A. E‘kola mpore– kane–c na diapist∏sei pwc to eswterikÏ enÏc sunÏlou
e–nai anoiktÏ s‘nolo Ïpwc ep–shc kai to exwterikÏ tou afo‘ ja e–nai to eswterikÏ tou
sumplhrwmatiko‘ tou sunÏlou. 'Ena anoiktÏ s‘nolo den periËqei kanËna sunoriakÏ tou
shme–o, afo‘ se ant–jeth per–ptwsh, gi>autÏ to shme–o de ja mporo‘same na bro‘me Ënan
anoiktÏ uperk‘bo pou na periËqetai sto s‘nolo. TËloc, Ëna kleistÏ s‘nolo periËqei
Ïla ta sunoriakà tou shme–a, afo‘ se ant–jeth per–ptwsh Ëna sunoriakÏ shme–o pou den
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2.2. Upos‘nola tou Rn

Inner

Border

Outer

Sq†ma 6: Ta diàfora e–dh shme–wn se sqËsh me Ëna dosmËno upos‘nolo.

periËqetai sto kleistÏ s‘nolo ja periËqetai sto sumplhrwmatikÏ tou pou e–nai anoiktÏ
kai àra katal†goume se àtopo. Sto sq†ma 2.2 fa–nontai sqhmatikà ta tr–a e–dh shme–wn.
Mia sullog† t∏ra O anoikt∏n sunÏlwn apotele– Ëna kàlumma gia to s‘nolo A an kàje

shme–o tou A br–sketai se kàpoio apÏ ta s‘nola thc sullog†c O. An t∏ra mporo‘me na
bro‘me mia mikrÏterh sullog† O0 me s‘nola thc O pou na kal‘ptei to A, tÏte aut† th nËa
sullog† thn onomàzoume upokàlumma. 'Etsi gia paràdeigma h sullog† pou apotele–tai
apÏ ta anoiktà s‘nola (a, a + 1), a 2 R apotele– Ëna kàlumma gia to R. E–nai profanËc
Ïti to R den kal‘ptetai apÏ peperasmËno pl†joc sunÏlwn thc sullog†c kai to –dio isq‘ei
gia kàje mh peratwmËno upos‘nolo tou R. Allà akÏma kai an to s‘nolo e–nai peratwmËno
mpore– na prok‘yei kàti ant–stoiqo. 'Etsi gia paràdeigma an jewr†soume th sullog† twn
anoikt∏n diasthmàtwn thc morf†c

�
1

n+1 , 1� 1
n+1

�
me to n 2 N , tÏte parathro‘me Ïti

kal‘ptei to s‘nolo (0, 1), to opo–o e–nai Ëna peratwmËno s‘nolo. 'Omwc den mporo‘me
na bro‘me Ëna peperasmËno s‘nolo apÏ ta diast†mata thc sullog†c pou na kal‘ptoun
to (0, 1). H idiÏthta aut† mpore– na diamer–sei ta s‘nola se d‘o kathgor–ec: autà sta
opo–a gia kàje kàlummà touc e–nai dunatÏn na bro‘me Ëna peperasmËno upokàlumma. kai
sta upÏloipa. 'Ena s‘nolo gia to opo–o, gia kàje tou kàlumma mporo‘me na bro‘me Ëna
peperasmËno upokàlumma. onomàzetai sumpagËc s‘nolo.
Profan∏c Ëna s‘nolo me peperasmËno pl†joc shme–wn e–nai sumpagËc. 'Estw t∏ra to

s‘nolo pou periËqei to 0 kai Ïlouc touc rhto‘c arijmo‘c thc morf†c 1
n

, n 2 N , periËqei
dhlad† àpeira stoiqe–a. Kàje kàlumma auto‘ tou sunÏlou ja periËqei toulàqiston Ëna
s‘nolo pou ja periËqei to 0. EpomËnwc, Ëxw apÏ autÏ to s‘nolo ja br–sketai pepera-
smËnoc arijmÏc stoiqe–wn thc morf†c 1

n

kai Ëtsi ja mporo‘me pànta na br–skoume Ëna
peperasmËno upokàlumma. kai Ëtsi to arqikÏ mac s‘nolo e–nai sumpagËc.

Je∏rhma 2.2.1 To kleistÏ diàsthma [a, b] e–nai sumpagËc (Je∏rhma twn Heine-Borel).

ApÏdeixh: Ac xekin†soume me Ëna tuqa–o kàlumma O tou [a, b]. Ac upojËsoume Ïti upàrqei
Ëna x, a  x  b gia to opo–o na isq‘ei Ïti to s‘nolo [a, x] mpore– na kal‘ptetai apÏ Ëna
peperasmËno s‘nolo stoiqe–wn tou O. Pràgmati, an jËsoume x = a Ëqoume Ëna tËtoio
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2. Sunart†seic se Eukle–deio Q∏ro

shme–o. 'Estw t∏ra to s‘nolo A pou periËqei Ïla autà ta x (e–dame Ïti to A periËqei
toulàqiston Ëna shme–o). Afo‘ to A periËqei stoiqe–a tou [a, b] tÏte ja e–nai fragmËno
kai ac upojËsoume Ïti to stoiqe–o � e–nai to elàqisto ànw fràgma tou A. Arke– loipÏn
na de–xoume Ïti � 2 A kai � = b.
Kat>arq†n ja prËpei na shmei∏soume kàpoiec idiÏthtec pou Ëqei to stoiqe–o �. 'Otan

Ëna stoiqe–o e–nai elàqisto ànw fràgma enÏc sunÏlou, tÏte prËpei na e–nai opwsd†pote
sunoriakÏ shme–o auto‘ tou sunÏlou. Pràgmati, an up†rqe mia perioq† tou elàqistou
ànw fràgmatoc pou den Ëqei kanËna koinÏ stoiqe–o me to s‘nolo, tÏte Ïla ta stoiqe–a
aut†c thc perioq†c pou e–nai mikrÏtera apÏ to elàqisto ànw fràgma ja †tan kai autà ànw
fràgmata tou sunÏlou kai Ëtsi katal†goume se àtopo. ApÏ thn àllh, ja upàrqei s–goura
Ëna s‘nolo thc sullog†c O pou ja periËqei to � giat– diaforetikà an pàroume eke–no to
s‘nolo thc sullog†cO pou periËqei to b, tÏte Ïla ta stoiqe–a auto‘ tou sunÏlou pou e–nai
megal‘tera apÏ b ja e–nai ànw fràgmata kai màlista mikrÏtera tou �, àra katal†goume
kai pàli se àtopo.
'Estw loipÏn U to s‘nolo thc sullog†c O pou periËqei to �. Afo‘ Ïpwc e–pame to

� e–nai sunoriakÏ shme–o tou A, ja upàrqei Ëna stoiqe–o x pou na an†kei sto A kai sto
U kai Ëtsi ta diàsthma [a, x] kal‘ptetai apÏ peperasmËno arijmÏ sunÏlwn tou O. An se
autà ta s‘nolo prosjËsoume kai to U tÏte kal‘ptoume to s‘nolo [a, �] me peperasmËno
arijmÏ sunÏlwn tou O kai Ëtsi to � 2 A.
'Etsi Ëqoume ftàsei sto sumpËrasma Ïti to �  b afo‘ Ïla ta stoiqe–a tou A an†koun

sto [a, b]. Ac upojËsoume Ïti to � < b. Ja upàrqei Ïmwc tÏte Ëna stoiqe–o x pou ja
an†kei sto U (to s‘nolo U e–nai autÏ pou periËqei to � kai or–sthke prin) kai ja an†kei
sto diàsthma (�, b). Afo‘ loipÏ to [a, �] kal‘ptetai apÏ peperasmËno arijmÏ sunÏlwn tou
O kai to [�, x] kal‘ptetai apÏ to U , tÏte kai to s‘nolo [a, x] kal‘ptetai apÏ peperasmËno
arijmÏ sunÏlwn tou O, àra x 2 A kai Ëtsi katal†goume se àtopo giat– Ëqoume upojËsei
Ïti to � e–nai Ëna ànw fràgma tou A.

Mporo‘me t∏ra na genike‘soume ta parapànw sumperàsmata kai gia upos‘nola tou
Rn. 'Etsi, an ta s‘nola A 2 Rn kai B 2 Rm e–nai sumpag†, tÏte kai to s‘nolo A ⇥
B 2 Rn+m e–nai sumpagËc. EpiplËon, Ëna kleistÏ kai fragmËno upos‘nolo tou Rn e–nai
fragmËno (isq‘ei kai to ant–jeto, dhlad† Ïti Ëna sumpagËc upos‘nolo touRn e–nai kleistÏ
kai fragmËno).

2.3 Sunart†seic kai sunËqeia

Mia sunàrthsh apÏ to s‘nolo Rn sto s‘nolo Rm or–zetai na e–nai h apeikÏnish stoiqe–wn
tou Rn me stoiqe–a tou Rm me tËtoio trÏpo ∏ste kàje stoiqe–o na Ëqei monadik† eikÏna
(qwr–c autÏ na shma–nei pwc d‘o stoiqe–a den mporo‘n na Ëqoun thn –dia eikÏna). Genikà
mia tËtoia sunàrthsh ja e–nai thc morf†c:

f : Rn ! Rm

f(x1, x2, . . . , xn

) =

0

BBB@

f

1
x1, x2, . . . , xn

)

f

2
(x1, x2, . . . , xn

)

...
f

m

(x1, x2, . . . , xn

)

1

CCCA
(84)
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2.3. Sunart†seic kai sunËqeia

f g

f ◦ g

x

f(x)
g(f(x))

Rn Rm

Rp

Sq†ma 7: S‘njesh sunart†sewn

PollËc forËc e–nai dunatÏn h sunàrthsh na or–zetai se kàpoio upos‘nolo A tou Rn (to
s‘nolo A to onomàzoume ped–o orismo‘). Me f(A) sumbol–zoume to upos‘nolo tou Rm

pou periËqei Ïlec tic eikÏnec Ïlwn twn x 2 A. TËloc, an � 2 Rm or–zoume me f�1
(�) to

upos‘nolo tou Rn to opo–o periËqei Ïla ta x twn opo–wn oi eikÏnec an†koun sto �.
Ac upojËsoume t∏ra Ïti Ëqoume m–a sunàrthsh f : Rn ! Rm kai mia sunàrthsh

g : Rm ! Rp. TÏte mporo‘me na or–soume th sunàrthsh h : Rn ! Rp me h(x) = g(f(x)).
Sqhmatikà autÏ fa–netai sto sq†ma 2.3. Mia pol‘ shmantik† sunàrthsh thn opo–a ja
qrhsimopoi†soume pol‘ suqnà, e–nai h sunàrthsh probol† ⇡i

: Rn ! R h opo–a or–zetai
⇡

i

�
x

1
, x

2
, . . . , x

n

�
= x

i (85)

'Opwc kai stic sunart†seic miac metablht†c mporo‘me na or–soume thn Ënnoia thc Ëkfrashc
lim

x!a

(x) = b wc to gegonÏc Ïti mporo‘me na fËroume thn eikÏna enÏc x Ïso kontà
jËloume sto b arke– na perior–soume to x se mia mikr† perioq† g‘rw apÏ to a. AutÏ
shma–nei pwc gia kàje ✏ > 0 upàrqei � > 0 tËtoio ∏ste an k x�a k< � tÏte k f(x)�b k< ✏.
Me fusiologikÏ trÏpo loipÏn mporo‘me na or–soume thn Ënnoia thc sunËqeiac se Ëna shme–o
∏c to gegonÏc Ïti lim

x!a

(x) = f(a). >Ena pol‘ shmantikÏ je∏rhma to opo–o d–nei Ëna
krit†rio gia th sunËqeia miac sunàrthshc e–nai to akÏloujo:

Je∏rhma 2.3.1 An a ⇢ Rn kai mia sunàrthsh f : A ! Rm e–nai suneq†c sto A an gia
kàje anoiktÏ s‘nolo U ⇢ f(A) to s‘nolo f�1

(U) e–nai anoiktÏ.

ApÏdeixh: Ac xekin†soume pr∏ta me thn upÏjesh Ïti h sunàrthsh f e–nai suneq†c. 'Estw
ep–shc Ëna shme–o x to opo–o an†kei sto s‘nolo f

�1
(U). Afo‘ Ëqoume upojËsei th

sunËqeia thc f , mporo‘me na bro‘me mia perioq† B(f(x), ✏) = {y :k y � f(x) k< ✏} h
opo–a na an†kei exÊlokl†rou sto U kai mia antÏtoiqh perioq† B(x, �) h opo–a na an†kei
exÊlokl†rou sto f

�1
(U). 'Ara to x e–nai eswterikÏ shme–o kai Ëtsi to f

�1
(U) e–nai

anoiktÏ.
Ac xekin†soume t∏ra apÏ thn upÏjesh Ïti gia kàje U ⇢ f(A) anoiktÏ, to f

�1
(U)

e–nai anoiktÏ. Ac pàroume Ëna tuqa–o shme–o x kai thn eikÏna tou f(x). TÏte mporo‘me
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2. Sunart†seic se Eukle–deio Q∏ro

gia kàje ✏ arketà mikrÏ na pàroume thn perioq† B(f(x), ✏) h opo–a na an†kei sto f(A)

kai afo‘ e–nai anoiktÏ s‘nolo, to f

�1
(B(f(x), ✏) e–nai ep–shc anoiktÏ kai Ëtsi mporo‘me

na bro‘me � > 0 ∏ste f�1
(B(f(x), ✏) ⇢ B(x, �) kai Ëtsi h f e–nai suneq†c sto x.

Mporo‘me t∏ra na de–xoume ta epÏmena pol‘ qr†sima jewr†mata:

Je∏rhma 2.3.2 An h f : A ! Rm e–nai suneq†c kai to A e–nai sumpagËc, tÏte kai to f(A)
e–nai sumpagËc.

ApÏdeixh: Ac upojËsoume Ïti O e–nai Ëna anoiktÏ kàlumma tou f(A). TÏte, gia kàje
anoiktÏ s‘nolo V pou an†kei sto O, ja upàrqei Ëna anoiktÏ s‘nolo f

�1
(V ) to opo–o

ja e–nai anoiktÏ afo‘ h f e–nai suneq†c. H sullog† Ïlwn twn f

�1
(V ) ja e–nai Ëna

anoiktÏ kàlumma tou A kai afo‘ e–nai sumpagËc ja upàrqei Ëna peperasmËno upokàlumma
pou ja apotele–tai apÏ ta s‘nola f�1

(V

j

) pou ja kal‘ptei to A. TÏte to peperasmËno
upokàlumma pou ja apotele–tai apÏ ta V

j

ja kal‘ptei to f(A) kai Ëtsi ja e–nai sumpagËc.

An perioristo‘me t∏ra stic peratwmËnec sunart†seic pou Ëqoun eikÏnec sto R, mporo‘me
na eisàgoume thn Ënnoia thc ai∏rhshc miac sunàrthshc se Ëna shme–o. 'Estw

M(a, f, �) = sup{f(x) : x 2 A, k x� a k< �} (86)

kai
m(a, f, �) = inf{f(x) : x 2 A, k x� a k< �} (87)

'Etsi, h sunàrthsh f se Ëna diàsthma B(x, �) ja pa–rnei timËc sto m(x, f, �),M(x, f, �)].
Or–zoume thn ai∏rhsh o(f, x) miac sunàrthshc f : Rn ! R sto shme–o x na e–nai to Ïrio
lim

�!0 |M(x, f, �) � m(x, f, �)|. Mporo‘me t∏ra pol‘ e‘kola na diapist∏soume Ïti mia
sunàrthsh f : Rn ! R e–nai suneq†c tÏte kai mÏno tÏte Ïtan h ai∏rhs† thc e–nai 0.
Oloklhr∏noume aut†n thn paràgrafo me to epÏmeno pol‘ shmantikÏ je∏rhma.

Je∏rhma 2.3.3 An A ⇢ Rn e–nai kleistÏ, kai h f : Rn ! R e–nai mia peratwmËnh sunàr-
thsh, tÏte gia kàje ✏ > 0, to s‘nolo {x 2 A : o(f, x) � ✏} e–nai ep–shc kleistÏ.

ApÏdeixh: 'Estw B = {x 2 A : o(f, x) � ✏}. Arke– na de–xoume Ïti to s‘nolo Rn � B

e–nai anoiktÏ. 'Estw x 2 Rn � B. Diakr–noume d‘o peript∏seic: sthn pr∏th to x /2 A

kai afo‘ to A e–nai kleistÏ ja upàrqei mia perioq† tou x h opo–a de ja Ëqei kanËna
koinÏ shme–o me to A kai Ëtsi to x ja e–nai eswterikÏ shme–o tou Rn � B. Sth de‘terh
per–ptwsh to x 2 A allà o(f, x) < ✏. Mporo‘me loipÏn na bro‘me Ëna � > 0tËtoio
∏ste M(x, f, �) � m(x, f, �) < ✏. 'Estw t∏ra h perioq† B(x, �). Kàje shme–o y aut†c
thc perioq†c ja Ëqei me th seirà tou mia perioq† B(y, �1) ⇢ B(x, �) gia thn opo–a ja
isq‘ei M(y, f, �1)�m(y, f, �1) < ✏ kai Ëtsi B(x, �) ⇢ Rn �B pou shma–nei Ïti to x e–nai
eswterikÏ shme–o. 'Etsi to s‘nolo Rn � B e–nai anoiktÏ kai to B kleistÏ.
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2.4. Ask†seic

2.4 Ask†seic

1. Na deiqte– Ïti k x kPn

i=1 |xi|

ApÏdeixh:

x = x

i

e

i

)k x k |xi| k e

i

k=
nX

i=1

|xi|

2. Na deiqte– Ïti | k x k � k y k | k x� y k

ApÏdeixh:

| k x k � k y k |2 = k x k2 + k y k2 �2 k x k · k y k

 k x k2 + k y k2 �2

nX

i=1

x

i

y

i

= k x� y k

3. Na deiqte– Ïti k x� y kk x k + k y k

ApÏdeixh:

k x� y k=k x+ (�y) kk x k + k y k

4. 'Enac grammikÏc metasqhmatismÏc T : Rn ! Rn diathre– th nÏrma an k Tx k=k x k
kai diathre– to eswterikÏ ginÏmeno an < Tx, Ty >=< x, y >. Na deiqte– Ïti gia
Ënan grammikÏ metasqhmatismÏ h diat†rhsh thc nÏrmac isoduname– me diat†rhsh tou
eswteriko‘ ginomËnou kai se aut† thn per–ptwsh o grammikÏc metasqhmatismÏc e–nai
1� 1 (kai àra kai o ant–strofoc e–nai tou –diou e–douc).

ApÏdeixh: 'Estw pr∏ta k Tx k=k x k. TÏte:

k x+ y k=k T (x+ y) k)
< x+ y, x+ y >=< T (x+ y), T (x+ y) >)< x, y >=< Tx, Ty >

An t∏ra < Tx, Ty >=< x, y > tÏte k Tx k=< Tx, Tx >=< x, x >=k x k.
¨'Estw t∏ra Tx1 = Tx2. TÏte T (x1�x2) = 0 kai Ëtsi k T (x1�x2) k=k x1�x2 k= 0

kai epomËnwc x1 = x2 kai Ëtsi o T e–nai 1 � 1. Ep–shc gia ton T�1 ja Ëqoume Ïti
k T

�1
y k=k T

�1
(Tx) k=k x k=k Tx k=k y k Ïpou Ëqoume upojËsei Ïti y = Tx.

5. ''Estw T : Rn ! Rm Ënac grammikÏc metasqhmatismÏc. Na deiqte– Ïti upàrqei
jetikÏc arijmÏc M tËtoioc ∏ste k Th k M k h k gia kàje h 2 Rn.
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2. Sunart†seic se Eukle–deio Q∏ro

ApÏdeixh: Ac upojËsoume Ïti M = m · max{T i

j

, i = 1 . . .m, j = 1 . . . n}. TÏte
Ëqoume:

k Th k =

vuut
mX

1=1

�
T

i

j

h

j

�2


vuut

m

M

m

2 nX

i=1

(h

i

)

2

= M k h k

6. To s‘nolo Ïlwn twn grammik∏n apeikon–sewn apÏ to Rn ! R to onomàzoume dukÏ
q∏ro tou Rn kai to sumbol–zoume me (Rn

)

⇤. Na deiqte– Ïti gia kàje stoiqe–o � tou
(Rn

)

⇤ upàrqei Ëna monadikÏ x 2 Rn tËtoio ∏ste �(y) =< x, y > kai Ëtsi na deiqte–
Ïti o (Rn

)

⇤ e–nai isÏmorfoc me ton Rn.

ApÏdeixh: 'Estw � 2 (Rn

)

⇤ kai x
i

= �(e

i

). TÏte ja Ëqoume:

�(y) = �(y

i

e

i

)

= y

i

�(e

i

)

= y

i

x

i

= < x, y >

To gegonÏc Ïti oi d‘o q∏roi e–nai isÏmorfoi prok‘ptei apÏ th sqËsh < x1�x2, y >=

0 gia kàje y 2 Rn sunepàgetai Ïti x1 = x2.

7. Na de–xete Ïti h Ënwsh opoioud†pote (akÏmh kai ape–rou) pl†jouc anoikt∏n sunÏlwn
e–nai anoiktÏ s‘nolo. Sth sunËqeia na de–xete Ïti h tom† d‘o (kai àra peperasmËnou
pl†jouc) anoikt∏n sunÏlwn e–nai anoiktÏ s‘nolo. D∏ste kai Ëna antiparàdeigma
gia thn tom† ape–rou pl†jouc anoikt∏n sunÏlwn.

ApÏdeixh: Kat>arq†n an Ëna stoiqe–o an†kei sthn Ënwsh akÏmh kai ape–rou pl†jouc
anoikt∏n sunÏlwn, tÏte ja an†kei se kàpoio apÏ autà ta s‘nola, kai maz– me autÏ
kai mia perioq† tou stoiqe–ou h opo–a me th seirà thc ja an†kei sthn Ënwsh. 'Ara
ja e–nai eswterikÏ shme–o kai Ëtsi h Ënwsh ja e–nai anoiktÏ s‘nolo. ApÏ thn àllh,
an Ëna stoiqe–o an†kei sthn tom† d‘o anoikt∏n sunÏlwn, tÏte ja an†kei kai sta
d‘o s‘nola. Ja upàrqei loipÏn mia perioq† tou stoiqe–ou pou ja an†kei kai sta
d‘o s‘nola kai Ëtsi ja an†kei kai sthn tom†. 'Ara to stoiqe–o ja e–nai eswterikÏ
kai h tom† anoiktÏ s‘nolo. Wc antiparàdeigma t∏ra jewre–ste ta anoiktà s‘nola
(� 1

n

, 1 +

1
n

) me to n 2 N . E‘kola mpore– kane–c na diapist∏sei pwc h tom† aut∏n
twn àpeirwn anoikt∏n sunÏlwn e–nai to [0, 1].

8. An to s‘nolo U e–nai anoiktÏ kai to s‘nolo � ⇢ U e–nai sumpagËc, tÏte na de–xete
Ïti upàrqei Ëna sumpagËc s‘nolo � tËtoio ∏ste � ⇢ in(�) ⇢ U .
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2.4. Ask†seic

ApÏdeixh: Afo‘ to � e–nai sumpagËc, mporo‘me na ftiàxoume Ëna kàlummà tou to
opo–o na apotele–tai apÏ to s‘nolo in(�) kai tic perioqËc V

x

gia Ïla ta x, Ïpou to x
e–nai Ëna sunoriakÏ shme–o tou � kai h perioq† an†kei exÊlokl†rou sto U (pràgmati,
to x ja e–nai shme–o tou U kai àra eswterikÏ). Epeid† Ïmwc to � e–nai sumpagËc,
mÏno Ëna peperasmËno pl†joc aut∏n twn sunÏlwn arko‘n gia na kal‘youn to �.
H Ënwsh aut∏n twn peperasmËnwn se pl†joc sunÏlwn maz– me ta sunoriakà tou
shme–a e–nai to zhto‘meno s‘nolo.

9. Na de–xete Ïti gia mia sunàrthsh f : Rn ! Rm isq‘ei lim
x!a

f(x) = b ()
lim

x!a

f

i

(x) = b

i.

ApÏdeixh: Ac upojËsoume pr∏ta Ïti lim
x!a

f(x) = b. TÏte gia kàje ✏ > 0 ja
upàrqei � > 0 tËtoio ∏ste k x� a k< � !k f(x)� b k< ✏. Dhlad†

vuut
mX

i=1

(f

i

(x)� b

i

)

2
< ✏ )

|f i

(x)� b

i| < ✏

To ant–strofo apodeikn‘eati me ton –dio trÏpo. Mporo‘me t∏ra na sumperànoume
pwc mia sunàrthsh f : Rn ! Rm e–nai suneq†c tÏte kai mÏno tÏte an kàje mia apÏ
tic sunist∏sec thc e–nai suneq†c sunàrthsh apÏ to Rn ! R.

10. Na de–xete Ïti kàje grammikÏc metasqhmatismÏc T : Rn ! Rm e–nai suneq†c sunàr-
thsh.

ApÏdeixh: 'Eqoume †dh apode–xei Ïti k Tx k< M k x k gia kàpoio M > 0. 'Etsi
k Tx� Ta k=k T (x� a) k< M k x� a k.
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