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LUSEIS

JEMA 1

Na brejoÔn ta ìria twn akolouji¸n:

a) an =
3 · 5n + 2 · 52n

5n + 4 · 52n+1
, b) bn =

√
n + 1−√n.

a) lim
n→∞ an = lim

n→∞
3 · 5n + 2 · 52n

5n + 4 · 52n+1
= lim

n→∞
52n (3 · 5−n + 2)

52n (5−n + 4 · 5)
= lim

n→∞
3 · 5−n + 2

5−n + 20
=

1

10

b) lim
n→∞ bn = lim

n→∞

(√
n + 1−√n

)
= lim

n→∞

(√
n + 1−√n

) (√
n + 1 +

√
n

)

√
n + 1 +

√
n

= lim
n→∞

1√
n + 1 +

√
n

= 0.

JEMA 2

a) Na brejeÐ h par�gwgoc thc sun�rthshc: f(x) = (5 + 3 cos3(x2))
1/2

f ′(x) = (1/2)
(
5 + 3 cos3(x2)

)−1/2 (
5 + 3 cos3(x2)

)′
=

= (1/2)
(
5 + 3 cos3(x2)

)−1/2
9 cos2(x2)

(
cos(x2)

)′
=

= (1/2)
(
5 + 3 cos3(x2)

)−1/2
9 cos2(x2)

(
− sin(x2)

)
(x2)′ =

= −9x
(
5 + 3 cos3(x2)

)−1/2
cos2(x2) sin(x2).

b) Na brejeÐ h efaptomènh sthn kampÔlh y sin
(

1
y

)
= 2

π
− xy sto shmeÐo (x, y) = (0, 2/π).

Ja prèpei pr¸ta na upologÐsoume thn par�gwgo. ParagwgÐzoume kai ta dÔo mèlh lamb�non-
tac upìyh ìti y = y(x):

(
y sin

(
1

y

))′
=

(
2

π
− xy

)′
⇒ y′ sin

(
1

y

)
+ y cos

(
1

y

) (
1

y

)′
= −y − xy′ ⇒

1



y′ sin

(
1

y

)
− y cos

(
1

y

)
1

y2
y′ = −y − xy′ ⇒ y′

[
sin

(
1

y

)
− 1

y
cos

(
1

y

)
+ x

]
= −y ⇒

y′ =
−y

sin
(

1
y

)
− 1

y
cos

(
1
y

)
+ x

=
−2/π

sin
(

π
2

)
− π

2
cos

(
π
2

)
+ 0

= − 2

π

'Ara h exÐswsh thc efaptomènhc ja eÐnai:

y = y′(x0)(x− x0) + y(x0) ⇒ y = − 2

π
x +

2

π

JEMA 3

'Estw ìti jèlete na metadìsete èna s ma apì ton pompì A sto dèkth G tou sq matoc, me th
bo jeia anametadìth B. To hlektromagnhtikì s ma taxideÔei me taqÔthta v apì ton A ston B
kai me taqÔthta 2v apì ton B sto G. An h apìstash OA eÐnai d kai h apìstash OG eÐnai L, na
brejeÐ se poi� jèsh ep�nw sthn eujeÐa OG prèpei na topojethjeÐ o anametadìthc B gia na ft�sei
to s ma ston G sto mikrìtero dunatì qrìno.

[2 mon�dec]

'Estw ìti topojetoÔme to B se apìstash x apì to O. Dhlad  OB = x. Epeid  h taqÔthta
eÐnai stajer , o qrìnoc pou k�nei na dianÔsei thn apìstash AB eÐnai: tAB = AB/v, en¸ o
qrìnoc pou k�nei na dianÔsei thn apìstash BG eÐnai: tBG = BG/(2v). Apì to sq ma èqoume:
AB =

√
x2 + d2 kai BG = L− x. 'Ara o olikìc qrìnoc pou k�nei na ft�sei to s ma sto G eÐnai :

t =

√
x2 + d2

v
+

L− x

2v

Y�qnoume to x to opoÐo ja mac k�nei to qrìno el�qisto. BrÐskoume pr¸ta ta akrìtata thc
sun�rthshc:

t′ =
x

v
√

x2 + d2
− 1

2v
= 0 ⇒ 2x =

√
x2 + d2 ⇒ 3x2 = d2 ⇒ x =

d√
3
.
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Ja prèpei na apodeÐxoume ìti to akrìtato eÐnai el�qisto:

t′′ =
1

v
√

x2 + d2
− x2

v(x2 + d2)3/2
=

x2 + d2 − x2

v(x2 + d2)3/2
=

d2

v(x2 + d2)3/2
> 0.

'Ara o qrìnoc eÐnai el�qistoc ìtan: x = d/
√

3.

JEMA 4

Na upologisteÐ to :
√

12 + 1.9992 me sf�lma mikrìtero tou 10−8.

'Eqoume:
√

12 + 1.9992 =
√

12 + (2− 0.001)2. Gia na to upologÐsoume proseggistik� k�noume
to ex c: 'Estw h sun�rthsh: f(x) =

√
12 + (2− x)2. Y�qnoume tic timèc tic gia x kont� sto

mhdèn. 'Ara ja thn anaptÔxoume kat� Taylor gÔrw apì to x0 = 0:

f(x) =
∞∑

i=0

f (n)(x0)(x− x0)
n

n!
= f(0) + f ′(0)x +

1

2
f ′′(0)x2 +

1

3!
f ′′′(0)x3 + ...

f(0) =
√

12 + (2− 0)2 = 4

f ′(x) = − 2−x√
12+(2−x)2

⇒ f ′(0) = −1
2

f ′′(x) = 1√
12+(2−x)2

− (2−x)2

(12+(2−x)2)3/2 ⇒ f ′′(0) = 1
4
− 1

16
= 3

16

AntikajistoÔme ìpou x = 0.001 = 10−3 kai èqoume:
√

12 + (2− 0.001)2 = f(10−3) = f(0) + f ′(0) · 10−3 +
1

2
f ′′(0) · (10−3)2 + O((10−3)3) =

= 4− 10−3

2
+ 3·10−6

32
+ O(10−9)

To sf�lma pou k�noume eÐnai t�xhc 10−9 dhlad  mikrìtero tou 10−8, �ra den qrei�zetai na
upologÐsoume kai �llo ìro sto an�ptugma Taylor .

JEMA 5

a) Na deiqjeÐ ìti: ∫ π/2

0

cos(x)

(3 + 2 sin(x))2
dx =

1

15
.
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Jètwntac y = 3 + 2 sin(x), to diaforikì gÐnetai dy = 2 cos(x)dx kai ta ìria olokl rwshc eÐnai:
x = 0 → y = 3 kai x = π/2 → y = 5. 'Ara to olokl rwma gÐnetai:

∫ π/2

0

cos(x)

(3 + 2 sin(x))2
dx =

∫ 5

3

dy

2y2
dy = −1

2

[
1

y

]5

3

= − 1

10
+

1

6
=

4

60
=

1

15
.

b) Me b�sh thn ap�nthsh sto a), na brejeÐ to embadì tou qwrÐou pou perikleÐetai metaxÔ twn
kampul¸n

y =
cos(x)

(3 + 2 sin(x))2
kai y =

3x− 2

(x + 2)2

sto di�sthma 0 ≤ x ≤ π/2.

To embadì tou qwrÐou metaxÔ twn dÔo kampul¸n dÐnetai apì to olokl rwma thc diafor�c touc:

E =
∫ π/2

0

(
cos(x)

(3 + 2 sin(x))2
− 3x− 2

(x + 2)2

)
dx =

∫ π/2

0

cos(x)

(3 + 2 sin(x))2
dx−

∫ π/2

0

3x− 2

(x + 2)2
dx

To pr¸to olokl rwma apì to a) eÐnai 1/15, �ra arkeÐ na upologÐsoume to deÔtero olokl rw-
ma. To deÔtero olokl rwma eÐnai kl�sma poluwnÔmwn �ra ja sp�soume thn èkfrash se apl�
kl�smata. O paranomast c èqei dipl  rÐza to -2, �ra ja èqoume:

3x− 2

(x + 2)2
=

A

x + 2
+

B

(x + 2)2
=

A(x + 2) + B

(x + 2)2
.

Exis¸noume touc arijmhtèc:

3x− 2 = Ax + (2A + B) ⇒ A = 3 kai B = −8

Epomènwc:

∫ π/2

0

3x− 2

(x + 2)2
dx =

∫ π/2

0

(
3

x + 2
− 8

(x + 2)2

)
dx = [3 ln |x + 2|]π/2

0 +
[

8

x + 2

]π/2

0
=

= 3 ln
(

π+4
2

)
− 3 ln(2) + 16

π+4
− 4

Kai to embadì ja eÐnai:

E =
1

15
−

[
3 ln

(
π + 4

4

)
+

16

π + 4
− 4

]
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g) Na upologisteÐ to genikeumèno olokl rwma:
∫ −2

−∞
dx

x2 − 3x + 2
.

Gia na upologÐsoume to genikeumèno olokl rwma, upologÐzoume pr¸ta to:

Ib =
∫ −2

b

dx

x2 − 3x + 2
.

To olokl rwma eÐnai kl�sma poluwnÔmwn �ra ja sp�soume thn èkfrash se apl� kl�smata. O
paranomast c èqei rÐzec to 1 kai to 2, �ra ja èqoume:

1

x2 − 3x + 2
=

1

(x− 1)(x− 2)
=

A

x− 1
+

B

x− 2
=

A(x− 2) + B(x− 1)

(x− 1)(x− 2)
.

Exis¸noume touc arijmhtèc:

1 = (A + B)x− (2A + B) ⇒ A + B = 0 kai 2A + B = −1 ⇒ A = −1 kai B = 1

Epomènwc:

Ib =
∫ −2

b

dx

x2 − 3x + 2
=

∫ −2

b

(
1

x− 2
− 1

x− 1

)
dx = [ln |x− 2| − ln |x− 1|]−2

b =

= ln(4)− ln(3) + ln |b− 2| − ln |b− 1|

To genikeumèno olokl rwma ja eÐnai:

I = lim
b→−∞

Ib = lim
b→−∞

(ln(4)− ln(3) + ln |b− 2| − ln |b− 1|) = ln
(

4

3

)
+ lim

b→−∞
(ln |b− 2| − ln |b− 1|) .

To ìrio eÐnai thc morf c ∞−∞. Gia na to upologÐsoume k�noume to ex c:

lim
b→−∞

(ln |b− 2| − ln |b− 1|) = lim
b→−∞

ln

∣∣∣∣∣
b− 2

b− 1

∣∣∣∣∣ = ln | lim
b→−∞

b− 2

b− 1
| = ln(1) = 0.

'Ara:

I = ln
(

4

3

)
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JEMA 6

a) Na deiqjeÐ ìti: 2 + 2i =
√

8eiπ/4.

z = 2 + 2i = |z|ei arg(z), ìpou: |z| =
√

22 + 22 =
√

8 kai arg(z) = arctan(2/2) = π/4. 'Ara:
2 + 2i =

√
8eiπ/4.

b) Me b�sh thn ap�nthsh sto a), na lujeÐ h exÐswsh z3 = 2 + 2i.

'Eqoume: z3 = 2 + 2i =
√

8eiπ/4. Oi rÐzec thc zn = w eÐnai oi: z = |w|1/nei arg(w)/n+2iκπ/n.

'Ara ed¸ ja èqoume tic rÐzec na eÐnai oi:

z = 81/6eiπ/12

z = 81/6eiπ/12+2iπ/3

z = 81/6eiπ/12+4iπ/3
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