
TMHMA EPISTHMHS KAI TEQNOLOGIAS THLEPIKOINWNIWN

EXETASH STA MAJHMATIKA I - 15/11/2011

LUSEIS

JEMA 1

Na brejoÔn ta ìria twn akolouji¸n:

a) an =
√

5n + 3
(√

n + 2−√n + 1
)

, b) bn =
n · 3n + 4n

6n + 1
.

a) lim
n→∞ an = lim

n→∞
√

5n + 3
(√

n + 2−√n + 1
)

= (1)

lim
n→∞

√
5n + 3

(√
n + 2−√n + 1

) (√
n + 2 +

√
n + 1

)

√
n + 2 +

√
n + 1

= (2)

lim
n→∞

√
5n + 3√

n + 2 +
√

n + 1
= lim

n→∞

√
5n

2
√

n
=

√
5

2
. (3)

b) lim
n→∞ bn = lim

n→∞
n · 3n + 4n

6n + 1
= lim

n→∞
n

(
3
6

)n
+

(
4
6

)n

1 +
(

1
6

)n

Dedomènou ìti: limn→∞ an = 0 ìtan a < 1 kai ìti

lim
n→∞

n

2n
= 0,

paÐrnoume ìti:
lim

n→∞ bn = 0.

JEMA 2

a) Na upologistoÔn ta a, b ¸ste

lim
x→−1

√
x2 − ax + 1− 2bx

x + 1
= 1.
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b) Na upologisteÐ h par�gwgoc thc sun�rthshc: f(x) = sin
(
x− esin(x2)

)
.

g) Na upologisteÐ h par�gwgoc thc antÐstrofhc sun�rthshc: f(x) = arcsin(x) = sin−1(x).

a) 'Estw

f(x) =

√
x2 − ax + 1− 2bx

x + 1
⇒
√

x2 − ax + 1− 2bx = f(x)(x + 1).

Epomènwc:

lim
x→−1

(√
x2 − ax + 1− 2bx

)
= lim

x→−1
f(x)(x + 1) = 1 · 0 = 0 ⇒ √

2 + a + 2b = 0 ⇒ b = −
√

a + 2

2
.

EpÐshc, to ìrio thc f ja prèpei na eÐnai peperasmèno:

lim
x→−1

f(x) = lim
x→−1

√
x2 − ax + 1 + x

√
a + 2

x + 1
=

0

0
.

Efarmìzoume ton kanìna tou l’Hospital kai èqoume:

lim
x→−1

f(x) = lim
x→−1

2x−a
2
√

x2−ax+1
+
√

a + 2

1
= − a + 2

2
√

a + 2
+
√

a + 2 =

√
a + 2

2
= 1 ⇒ a = 2 ⇒ b = −1.

b) 'Eqoume:

f(x) = sin
(
x− esin(x2)

)
⇒ f ′(x) = cos

(
x− esin(x2)

)
·
(
x− esin(x2)

)′
=

cos
(
x− esin(x2)

) (
1− esin(x2)(sin(x2))′

)
= cos

(
x− esin(x2)

) (
1− esin(x2)2x cos(x2)

)
.

g) 'Estw: y = arcsin(x) ⇒ x = sin(y). ParagwgÐzoume th sqèsh aut  kai èqoume:

1 = y′ cos(y) ⇒ y′ =
1

cos(y)
=

1√
1− sin2(y)

=
1√

1− x2
.

JEMA 3

O kataskeuast c enìc kinhtoÔ thlef¸nou anafèrei ìti h isqÔc tou pompoÔ tou thlef¸nou gia
mikrèc apost�seic x apì autì dÐnetai apì th sqèsh: I(x) = (1+x2)−3/2. Na brejeÐ me th bo jeia

2



anaptÔgmatoc Taylor h isqÔc thc aktinobolÐac pou dèqetai kat� prosèggish o egkèfaloc enìc
qr sth tou en lìgw thlef¸nou. DÐnetai ìti o egkèfaloc enìc qr sth apèqei apìstash x = 0.001
apì to kinhtì. Gia to apotèlesm� sac krateÐste ìrouc mèqri deÔterhc t�xhc.

SÔmfwna me thn ekf¸nhsh, gia na to upologÐsoume proseggistik� thn isqÔ k�noume to ex -
c: 'Estw h sun�rthsh: I(x) = (1 + x2)−3/2. Y�qnoume tic timèc tic gia x kont� sto mhdèn
(x = 0.001). 'Ara ja thn anaptÔxoume kat� Taylor gÔrw apì to x0 = 0:

I(x) =
∞∑

i=0

I(n)(x0)(x− x0)
n

n!
= I(0) + I ′(0)x +

1

2
I ′′(0)x2 +

1

3!
I ′′′(0)x3 + ...

I(0) = (1 + 02)−3/2 = 1

I ′(x) = −3
2
2x(1 + x2)−5/2 ⇒ I ′(0) = 0

I ′′(x) = −3(1 + x2)−5/2 + 15x2(1 + x2)−7/2 ⇒ I ′′(0) = −3

AntikajistoÔme ìpou x = 0.001 = 10−3 kai èqoume:

(1 + 0.0012)−3/2 = I(10−3) = I(0) + I ′(0) · 10−3 +
1

2
I ′′(0) · (10−3)2 + O((10−3)3) =

= 1− 3·10−6

2
+ O(10−9)

JEMA 4

a) Na upologisteÐ to olokl rwma:

I =
∫ π/4

0

tan(x)

cos2(x) (2 + tan2(x))
2dx.

b) Na brejeÐ to embadì tou qwrÐou pou perikleÐetai metaxÔ thc kampÔlhc y = 1
x3+x

kai tou �xona
x sto di�sthma 1 ≤ x ≤ 2.

g) Na upologisteÐ (an sugklÐnei) to genikeumèno olokl rwma:
∫ 2

0

dx

x2 − 1
.
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a) Jètwntac y = 2 + tan2(x), to diaforikì gÐnetai dy = 2 tan(x)dx/ cos2(x) kai ta ìria olok-
l rwshc eÐnai: x = 0 → y = 2 kai x = π/4 → y = 3. 'Ara to olokl rwma gÐnetai:

I =
∫ π/4

0

tan(x)

cos2(x) (2 + tan2(x))
2dx =

1

2

∫ 3

2

dy

y2
= −1

2

[
1

y

]3

2

= −1

6
+

1

4
=

1

12
.

b) To embadì tou qwrÐou dÐnetai apì to olokl rwma:

E =
∫ 2

1

dx

x3 + x
=

∫ 2

1

dx

x(x2 + 1)
.

To olokl rwma eÐnai kl�sma poluwnÔmwn �ra ja sp�soume thn èkfrash se apl� kl�smata:

1

x(x2 + 1)
=

A

x
+

Bx + C

x2 + 1
.

K�noume ta kl�smata om¸numa kai exis¸noume touc arijmhtèc:

1 = (A + B)x2 + Cx + A ⇒ A = 1 , B = −A = −1, kai C = 0

Epomènwc:

E =
∫ 2

1

dx

x
−

∫ 2

1

xdx

x2 + 1
= [ln |x|]21 −

1

2

∫ 2

1

(x2 + 1)′dx

x2 + 1
= ln 2− 1

2

[
ln(x2 + 1)

]2

1
=

3

2
ln 2− 1

2
ln 5

g) ParathroÔme ìti h oloklhrwtèa sun�rthsh èqei rÐza sto x = 1 pou eÐnai mèsa sto di�sthma
olokl rwshc. 'Ara ja prèpei na upologÐsoume ta oloklhr¸mata:

∫ 2

0

dx

x2 − 1
=

∫ 1

0

dx

x2 − 1
+

∫ 2

1

dx

x2 − 1
.

Gia ton upologismì tou pr¸tou oloklhr¸matoc, ja prèpei pr¸ta na upologÐsoume to:

Ib =
∫ b

0

dx

x2 − 1
.

To olokl rwma eÐnai kl�sma poluwnÔmwn �ra ja sp�soume thn èkfrash se apl� kl�smata. O
paranomast c èqei rÐzec to 1 kai to -1, �ra ja èqoume:

1

x2 − 1
=

1

(x− 1)(x + 1)
=

A

x− 1
+

B

x + 1
.
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K�noume ta kl�smata om¸numa kai exis¸noume touc arijmhtèc:

1 = (A + B)x + (A−B) ⇒ A = 1/2 kai B = −1/2

Epomènwc:

Ib =
∫ b

0

(
1

2(x− 1)
− 1

2(x + 1)

)
dx =

1

2
[ln |x− 1| − ln |x + 1|]b0 =

= ln
√
|b− 1| − ln

√
|b + 1|

To genikeumèno olokl rwma ja eÐnai:

I = lim
b→1

Ib = lim
b→1

(
ln

√
|b− 1| − ln

√
|b + 1|

)
= −∞.

Epomènwc to arqikì olokl rwma apoklÐnei.

JEMA 5

'Estw migadikìc arijmìc z me |z| = 1 kai arg(z) = θ. Na brejeÐ o arijmìc w = zn + (1/z)n.

O migadikìc z mporeÐ na grafeÐ se polik  morf  wc: z = |z|ei arg(z) = eiθ. 'Ara: w = zn+(1/z)n =
einθ + e−inθ. AnaptÔssontac to ekjetikì sthn isodÔnam  tou morf , paÐrnoume:

w = cos(nθ)+i sin(nθ)+cos(−nθ)+i sin(−nθ) = cos(nθ)+i sin(nθ)+cos(nθ)−i sin(nθ) = 2 cos(nθ).
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