
z

zλ λz λ ∈ C

f1(z) = z2

f2(z) =
√

z
f(z) = sin z

Cauchy-Goursat



Cauchy
Cauchy-Goursat

Cauchy

Riemann
Casorati – Weierstrass

Laurent

Cauchy
Cauchy





16o a+b
√−1, (a, b ∈ R) Cardan

2oυ 3oυ 18o Euler

Gauss
Gauss Hamilton

C

(a, b)

(a, b) + (c, d) = (a + c, b + d)

(a, b)(c, d) = (ac − bd, ad + bc)

zk = (ak, bk)

• z1 + z2 = z2 + z1

• z1 + (z2 + z3) = (z1 + z2) + z3

• (0, 0)

z = (a, b) −z = (−a, −b)

λ, μ ∈ R, z, w ∈ C

• λ(μz) = (λμ)z

• (λ + μ)z = (λz + μz)

• λ(z + w) = λz + λw

• z1z2 = z2z1

• z1(z2z3) = (z1z2)z3

• z1(z2 + z3) = z1z2 + z1z3

• (1, 0)

z = (a, b) �= (0, 0) 1
z

=
(

a
a2+b2

, −b
a2+b2

)



C

R C

i = (0, 1)

(a, 0) a

(a, 0) a
(a, 0) R (0, 1) −1

(0, 1) · (0, 1) = (−1, 0) = −1
i

(a, b) = (a, 0) + (0, b) = a + bi

−1 i −i
a + bi

(x + iy)2 = (a + bi) ⇔
{

x2 − y2 = a
2xy = b

⇔
{

4x4 − 4ax − b2 = 0
y = b

2x

x = ±
√

a +
√

a2 + b2

2

y =
b

2x
= ±

√
−a +

√
a2 + b2

2
· sgn(b), sgn(b) =

{
1, b ≥ 0
−1, b < 0

i 2i 1 + i −1 − i

ii −5 − 12i 2 − 3i −2 + 3i

C

az2 + bz + c = 0
a, b, c ∈ C, a �= 0

⇔
(

z +
b

2a

)2

=
b2 − 4ac

4a2
⇔ z =

−b ±√
b2 − 4ac

2a

x2 + 1 = 0 R C



(a, b) ↔ a + ib
x ↔
y ↔

z1

z2

z1 z1z2

i 90◦

z = x + iy
Rez := x z
Imz := y z, Imz ∈ R

z̄ := x − iy z

|z| :=
√

z · z̄ =
√

x2 + y2 z
Argz := θ z
sin θ = Imz

|z| , cos θ = Rez
|z|

(i) Rez > 0

(ii) {z : z = z̄}
(iii) {z : −θ < argz < θ}
(iv) {z : |z + 1| < 1}

(v)
{

z :
∣∣∣argz − π

2

∣∣∣ < π
2

}
= {z : Imz > 0}

z, w ∈ C

z + w = z̄ + w̄

zw = z̄w̄(
z
w

)
= z̄

w̄
, w �= 0

z̄ = z

Rez = 1
2
(z + z̄)

Imz = 1
2i

(z − z̄)

zz̄ = (Rez)2 + (Imz)2



−|z| ≤ Rez ≤ |z| −|z| ≤ Imz ≤ |z|
zz̄ = |z|2 |zw| = |z||w|
|z + w| ≤ |z| + |w|∣∣∣|z| − |w|

∣∣∣ ≤ |z − w|

|z| ≤ |Rez| + |Imz|

|z1w1 + · · · zkwk|2 ≤
(
|z1|2 + · · · + |zk|2

)(
|w1|2 + · · · + |wk|2

)
Cauchy - Schwarz

⇔ ∃λ, μ ∈ C : (λ, μ) �= (0, 0)
λzj = μw̄j, j = 1, . . . , k

argz̄ = −argz

arg(zw) = argz + argw (mod2π)

arg z
w

= argz − argw (mod2π)

z = x + iy |z| = r argz = θ

x = r cos θ, y = r sin θ

z = r(cos θ + i sin θ)

r, θ z
z

z1 = r1(cos θ1 + i sin θ1)

z2 = r2(cos θ2 + i sin θ2)

z1z2 = r1r2[cos(θ1 + θ2) + i sin(θ1 + θ2)]

z1

z2

=
r1

r2

[cos(θ1 − θ2) + i sin(θ1 − θ2)]

zn = rn(cos nθ + i sin nθ), n ∈ Z ( deMoivre)

zn = z0



z3 = 1 ⇔ r3(cos 3θ + i sin 3θ) = 1(cos 0 + i sin 0)

⇔ r = 1, 3θ = 0 (mod2π)

⇔ z1 = cos 0 + i sin 0 = 1

z2 = cos
2π

3
+ i sin

2π

3
= −1

2
+ i

√
3

2

z3 = cos
4π

3
+ i sin

4π

3
=

1

2
− i

√
3

2

n z ∈ C

n

r
1
2

Euler eiθ = cos θ + i sin θ

z = x + iy = r(cos θ + i sin θ) = r(cos(θ + 2kπ) + i sin θ + 2kπ))
θ + 2kπ : k ∈ Z argz

Argz (−π, π]
argz = (Argz)(mod2π)

λ ∈ R argλz argz λ <
argλz ≤ λ + 2π

Argz

z = x + iy, x2 + y2 = 0
z∗ = |x| + i|y| Argz∗ = φ,

φ = arctan
|y|
|x| ,

(
0 ≤ φ ≤ π

2

)
.

z

arg 3π
2
(−1 − i)

z := −1 − i ⇒ z∗ = 1 + i ⇒
Argz∗ = arctan(1

1
) = π

4
⇒

Argz = π
4
− π = −3π

4
argz = 2kπ − 3π

4
, k ∈ Z.



3π
2

< 2kπ − 3π
4
≤ 3π

2
+ 2k ⇒ k = 2

arg 3π
2
(−1 − i) = 4π − 3π

4
=

13π

4

z1, z2, z3 ∈ C

z1, z2, z3 z1, z2

z = z1 + τ(z1 − z2), τ ∈ R, z3

z3 − z1

z2 − z1

∈ R.

τ ∈ R : z3 − z1 = τ(z1 − z2)

z3 = z1 + τ(z1 − z2)

z2 = z1 − (z1 − z2)

z1 = z1 + 0(z1 − z2)

z1, z2, z3

z = z1 + τ(z1 − z2), τ ∈ R

z = x + iy

|z − z1|
|z − z2| = k, k : , z1, z2 ∈ C.

zj = aj + bji, j = 1, 2.

|x + yi − (a1 + b1i)|
|x + yi − (a2 + b2i)| = k ⇒ (x − a1)

2 + (y − b1)
2 = k2(x − a2)

2 + k2(y − b2)
2 ⇒

(1 − k2)x2 + 2(k2(a2 − a1)x + (1 − k2)y2 + 2(k2b2 − b1)y = k2(a2
2 + b2

2) − (a2
1 + b2

1).

k = 1 �
2(b1 − b2)y = 2(a2 − a1)x + a2

1 + b2
1 − a2

2 − b2
2,

z1, z2



k �= 1 �(
x + k2a2−a1

1−k2

)2

+
(
y + k2b2−b1

1−k2

)2

= A,

A :=
k2(a2

2 + b2
2) − (a2

1 + b2
1)

1 − k2
+

(
k2a2 − a1

1 − k2

)2

+

(
k2b2 − b1

1 − k2

)2

,

z0 =
a1 − a2k

2

1 − k2
+ i

b1 − b2k
2

1 − k2

R =
√

A

a, b ∈ R ζ ∈ C

azz̄ + ζz + ζz + b = 0

{a = 0 & ζζ̄ > 0}
{a �= 0 & ζζ̄ > ab}

ζ = γ + iδ z = x + iy, (γ, δ, x, y ∈ R)

ζz + ζz = 2Re(ζz)

= 2Re{(γ + iδ)(x + iy)}
= 2(γx − δy)

azz̄ + ζz + ζz + b = a(x2 + y2) + 2γx − 2δy + b = 0

i a = 0 � 2γx − 2δy + b = 0

γ2 + δ2 > 0 ⇔ ζζ̄ > 0

ii a �= 0 � x2 + y2 + 2γ
a
x − 2 δ

a
y + b

a
= 0

�
(
x + γ

a

)2

+
(
y + δ

a

)2

= r2, r2 = γ2+δ2−ab
a2

r” > 0 ζζ̄ = γ2 + δ2 > ab.

z8 = 1

z5 = −32

De Moivre

z = r(cos θ + i sin θ)

zn = rn(cos nθ + i sin nθ).



zn = w

z = r(cos θ + i sin θ), w = 
(cos φ + i sin φ)

r = n
√

ρ nθ = φ + 2kπ �

z = n
√

ρ

{
cos

(
φ + 2kπ

n

)
+ i sin

(
φ + 2kπ

n

)}

1 = cos 2kπ + i sin 2kπ

z = cos
2kπ

8
+ i sin

2kπ

8
, k = 0, 1, 2, 3, 4, 5, 6, 7.

= 1,
1√
2

+
i√
2
, i, − 1√

2
+

i√
2
, −1, − 1√

2
− i√

2
, −i,

1√
2
− i√

2

−32 = 32{cos(π + 2kπ) + i sin(π + 2kπ)}, k ∈ Z

= 25{cos(π + 2kπ) + i sin(π + 2kπ)}

z = 2

{
cos

(
π + 2kπ

5

)
+ i sin

(
π + 2kπ

5

)}
, k = 0, 1, 2, 3, 4.

|z| = 1
∣∣∣w1z+w2

w2z+w1

∣∣∣ = 1 w1, w2 ∈ C

w1z + w2

w2z + w1

zz̄=|z|2=1
=

w1z + w2

(w2 + w1z)z

∣∣∣w1z + w2

w2z + w1

∣∣∣ =
|w1z + w2|

|w2 + w1z||z|
|z|=|z̄|
=

|w1z + w2|
|w1z + w2||z| =

|w1z + w2|
|w1z + w2||z| = 1

z = w1 + w2τ, w1, w2 ∈ C, tau ∈ R

|z − w| = r, w ∈ C, r > 0

|z−w|+|z+w| = 2a, w ∈ C, a > 0, ±w, a



z = reiθ

zeia = reiθeia = rei(θ+a)

z eia z a

i p + qi a0z
n + a1z

n−1 + · · · + an = 0 a0 �= 0, a1, . . . , an ∈
R, p, q ∈ R. p − qi p + qi = reiθ

ii z2 + (2i − 3)z + 5 − i = 0 ⇒ z =
−(2i−3)±

√
(2i−3)2−4·1·(5−i)

2·1 ⇒ z = 2 − 3i
z = 1 + i

zn → z ⇔ |zn − z| → 0 R

zn → z ⇒ Rezn → Rez
Imzn → Imz

{zn} Cauchy ⇔ ∀ε > 0 ∃N ∈ Z : n, m > N ⇒ |zn − zm| < ε

{zn} ⇔ {zn} Cauchy∑∞
k=1 zk

{sn} sn = z1 +z2 + · · ·+zn {sn}

∑∞
k=1 zk zn → 0 n → ∞∑∞

k=1 zk

∑∞
k=1 |zk|∑∞

k=1 zk

zn → 0 |z| < 1 |zn − 0| = |z|n → 0

n
n+i

→ 1
∣∣∣ n
n+i

− 1
∣∣∣ =

∣∣∣ −i
n+i

∣∣∣ = 1√
n2+1

→ 0

∑∞
k=1

ik

k2+i

∣∣∣ ik

k2+i

∣∣∣ = 1√
k4+1

∑∞
k=1

1√
k4+1



∑∞
k=1

1
k+i

1
k+i

= k−i
k2+1

∑∞
k=1 Re

(
1

k+i

)
∑∞

k=1 Re
(

1
k+i

)
=

∑∞
k=1

k
k2+1

ak = 1
k+1

, bk = k
k2+1

bk ≥ ak ≥ 0 k ≥ 1∑∞
k=1

1
k+1

∑∞
k=1

k
k2+1

xn = 1+r cos a+r2 cos 2a+· · ·+rn cos na, r ∈ (0, 1) limn→∞ xn

yn = 1 + r sin a + r2 sin 2a + · · · + rn sin na

zn := xn + iyn = 1 + r(cos a + i sin a) + · · · + rn(cos na + i sin na)

w := r(cos a + i sin a) |w| = r < 1

de Moivre

zn = 1 + w + w2 + · · · + wn =
1 − wn+1

1 − w

|w| < 1 : limn→∞ = 1
1−w

.

lim xn = lim(Rezn) = Re(lim zn) = Re

(
1

1 − w

)
=

= Re

(
1

1 − r(cos a + i sin a)

)
= Re

(
1

(1 − r cos a) − ir sin a)

)

= Re

(
(1 − r cos a) + ir sin a

(1 − r cos a)2 + r2 sin2 a)

)
=

1 − r cos a

1 − 2r cos a + r2

limn→∞ in

n
, limn→∞

(1+i)n

n
.

∣∣∣ in

n

∣∣∣ = |in|
n

= |i|n
n

= 1
n

< ε n > 1
ε

un = (1+i)n

n∣∣∣un+1

un

∣∣∣ =
∣∣∣ (1+i)n+1

(1+i)n
n

n+1

∣∣∣ = n
n+1

|1 + i| = n
√

2
n+1

n ≥ 3
n
√

2
n+1

> 3
√

2
4

> 1.05 > 1

|un| > (1.03)n−3|u3|
un



∑∞
n=0 zn =

{
1

1−z
, |z| < 1

, |z| ≥ 1

i |zk| ≤ |wk|
∑∞

k=1 |wk| ⇒ ∑∞
k=1 zk

ii |zk| ≤ |wk|
∑∞

k=1 |wk| ⇒ ∑∞
k=1 zk

∑
wk

p∑∞
n=1

1
np p > 1 ∞ p ≤ 1

limn→∞
∣∣∣zn+1

zn

∣∣∣
⎧⎨
⎩

< 1
> 1
= 1

⇒
∞∑

n=1

⎧⎨
⎩

limn→∞(|zn|) 1
n

⎧⎨
⎩

< 1
> 1
= 1

⇒
∞∑

n=1

⎧⎨
⎩

Cauchy

i fn(z) A ⇔
∀ε > 0∃N : n ≥ N ⇒ |fn(z) − fn+p(z)| < ε ∀z ∈ A, ∀p = 1, 2, . . .

ii
∑∞

k=1 gk(z) A ⇔

∀ε > 0∃N : n ≥ N ⇒
∣∣∣∣

p∑
k=n+1

gk(z)

∣∣∣∣ < ε ∀z ∈ A, ∀p = 1, 2, . . .

M Weierstrass

gn A ∈ C

Mn ≥ 0

i |gn(z)| ≤ Mn, ∀z ∈ A

ii
∑∞

n=1 Mn∑∞
n=1 gn(z) A



∑∞
n=1

1
nz Rez > 1 Rez ≥ 1 + ε, ε > 0

z = x + iy nz = ez log n = e(x+iy) log n∣∣∣ 1
nz

∣∣∣ = 1
ex log n = 1

nx

∑∞
n=1

∣∣∣ 1
nz

∣∣∣ =
∑∞

n=1
1

nx x > 1 Rez > 1

Rez ≥ 1 + ε Mn = 1
n1+ε M

Weierstrass∑∞
n=0

e−inz

n2+1
Imz < −a a > 0

z = x + iy
∣∣∣ e−inz

n2+1

∣∣∣ =
∣∣∣ e−inxeny

n2+1

∣∣∣ = eny

n2+1

Imz = y < −a < 0 eny < e−na
∣∣∣ e−inz

n2+1

∣∣∣ ≤ ∣∣∣ e−na

n2+1

∣∣∣ := Mn∑∞
n=0 Mn

lim Mn+1

Mn
= lim

∣∣∣ e−(n+1)a

(n+1)2+1
n2+1
e−na

∣∣∣ = e−a lim n2+1
n2+2n+2

= e−a < 1

∑∞
n=1

zn

n

Aσ = {z : |z| ≤ σ}, 0 ≤ σ < 1.

gn(z) = zn

n

|gn(z)| = |z|n
n

≤ σn

n
≤ σn := Mn σ < 1

∑
Mn∑∞

n=1
zn

n
Aσ

A = {z : |z| < 1} z ∈ A
Aσ σ 1

A
∑∞

n=1
xn

n

[0, 1)



• D(z0, r) = {z : |z − z0| < r} z0

• C(z0, r) = {z : |z − z0| = r}

• S : ⇔ ∀z ∈ S ∃δ > 0 : D(z0, δ) ⊆ S

• S̃ = C − S S̃ = {z ∈ C : z /∈ S} S

• S : ⇔ S̃
⇔ {zn} ∈ S zn → z ⇒ z ∈ S

• ∂S = {z : ∀δ > 0 : D(z, δ) ∩ S = ∅ D(z, δ) ∩ S̃ �= ∅}
• S = S ∪ ∂S

• S : ⇔ ∃M > 0 : S ⊆ D(0,M)

• S ⇔ S

• S A B
S A B S

• S

• [z1, z2] : z1 z2

• [z0, z1]∪
[z1, z2] ∪ . . . ∪ [zn−1, zn]

• S
S S



• ⇒

• =

f(z) z0

z0 zn → z0 f(zn) → f(z0)
f z0 ε > 0 δ > 0

|z − z0| < δ |f(z) − f(z0)| < ε
F D {zn} ⊆ D z ∈ D
zn → z f(zn) → f(z)

f

f(z) = f(x, y) = u(x, y) + iv(x, y)

u v f
u v (x, y)

P (x, y) =
m∑

j=1

n∑
k=1

akjx
kyj

f(z) = 1
z

= x
x2+y2 − i y

x2+y2 “ ”{z : z �= 0}

f ∈ C
n Ref Imf n−

{fn} f D ε > 0
N > 0 n > N |f(zn) − f(z)| < ε z ∈ D

{fn}

M-test fk D k = 1, 2 . . . |fk(z)| ≤ Mk D
∑∞

k=1 Mk∑∞
k=1 fk(z) f D



f(z) = 1
z

0 < |z| < 1 |z| > 1

u(x, y) ux uy

D u D

∞ “ ”

z = 0 z P
zN N

P
N z N

Riemann

|z| > 1
ε

∞
{zk} → ∞ |zk| → ∞ M > 0

N ∈ Z k > N |zk| > M f(z) → ∞ |f(z)| → ∞

z

P (x, y)
ak

P (x, y) = a0 + a1(x + iy) + a2(x + iy)2 + . . . + aN(x + iy)N

P z

P (x, y) = a0 + a1z + a2z
2 + . . . + aNzN

x2 +y2 +2ixy x2 +y2−2ixy

f(x, y) = u(x, y)+ iv(x, y) u v
ux uy vx vy

fx = ux + ivx, fy = uy + ivy

Py = iPx



f z
z

lim
h→0

f(z + h) − f(z)

h

f ′(z) h

P z
z z

z

∑∞
k=0 ckz

k

lim limsup

lim
n→∞

an := lim
n→∞

(
sup
k≥n

ak

)
.

supk≥n ak n ∞
lim

limn→∞an = L

ε > 0 κ > N ak ≥ L

ε > 0 N ak ≤ L + ε k > N

lim|ck|1/k = L

L = 0
∑

ckz
k z

L = +∞ ∑
ckz

k z = 0

0 < L < +∞ R = 1
L

∑
ckz

k |z| < R
|z| > R R ∑

ckz
k R

|z| ≤ R− δ



Cauchy
|z| < min(Ra, Rb) Ra, Rb

an bn Cauchy

cn =
n∑

k=0

akbn−k

lim
∣∣∣ ck

ck+1

∣∣∣
R =

1

lim|ck|1/k
= lim

∣∣∣∣ ck

ck+1

∣∣∣∣ .

∑∞
n=1 nzn

|z| < 1 |z| > 1 n1/n → 1 ∈
(0,∞)∑∞

n=1
zn

n2

|z| = 1∣∣ zn

n2

∣∣ = 1
n2 → 0∑∞

n=0
zn

n!

z 1
(n!)1/n → 0∑∞

n=0 n!zn

lim
∣∣∣ n!
(n+1)!

∣∣∣ = lim 1
n+1

= 0 ⇒ R = 0 z = 0

∑∞
n=0 n2(2z − 1)n =

∑∞
n=0 n2

(
z − 1

2

)n

R = lim(2nn2)1/n = lim(2n2/n =
2 ⇒ R = 1

2
1
2

f(z) =
∑

cnz
n |z| < R

f ′(z)
∑

ncnzn−1 |z| < R

f(z) =
∑∞

n=0 cnz
n cn =

f (n)(0)
n!

n



∑∞
n=0 cnzn

{zk} : zk → 0 zk �= 0

∑
anzn

∑
bnzn

an = bn n

lim|cn|1/n < ∞ f(z) =
∑∞

n=0 cn(z − a)n cn =
f (n)(a)

n!

(Abel)
∑∞

n=0 cnz
n

z1 �= 0 z |z| < |z1| r < |z1|
|z| ≤ r

Cauchy-Riemann

f = u + iv z fx fy z
Cauchy-Riemann

fy = ifx,

{
ux = vy

uy = −vx

‘ Cauchy-
Riemann

f(z) = f(x, y) =

{
xy(x+iy)
x2+y2 , z �= 0

0 , z = 0

f = 0 fx = fy = 0

lim
z→0

f(z) − f(0)

z
= lim

(x,y)→(0,0)

xy

x2 + y2

y = ax : f(z)−f(0)
z

= a
1+a2 z �= 0

a



z fx, fy fx, fy

z fy = ifx f z

f z
z f S

S f : C → C C

S T f S f(S) =
T g f T f(g(z)) = z z ∈ T g

f z0 f z0

g f z0 g
z0 f g(z0) f ′(g(z0)) �= 0 g
z0 g′(z0) = 1

f ′(g(z0))

f = u + iv D u
f

f = u + iv D |f |
f

“ ” Cauchy-Riemann
“ ”

z
s̄



z x, y z u, v w̄

z = x + iy, w̄ = u + iv w = u − iu.

w z

w = u − iv = f(z) = f(x + iy)

f fy = ifx

ux − ivx =
1

i
(uy − vy) ⇔

ux + vy = 0

vx − uy = 0

w̄
z ux + vy

w̄ divw̄
z divw̄ > 0 z “ ” source

divw̄ < 0 z “ ” sink
sourceless

divw̄ = 0

w̄
z vx−uy curl w̄

z
curlw̄ curl

curlw̄ = 0



Laplace

h x, y
xy

�h = ∇2h = hxx + hyy = 0

Laplace Cauchy Riemann
f = u+ iv

x

uxx = vyx uyx = −vxx.

y

uxy = vyy uyy = −vxy.

vyx = vxy uxy = uyx

uxx + uyy = 0 vxx + vyy = 0.

f, f̄ D f D

f = u + iv f Cauchy-Riemann
ux = vy vx = −uy f̄ = u − iv f̄

Cauchy Riemann ux = −vy

−vx = −uy ’ ux = uy = vx = vy = 0 f

Cauchy-Riemann ∂u
∂r

= 1
r

∂v
∂θ

∂v
∂r

= −1
r

∂u
∂θ

Laplace ∂2φ
∂r2 + 1

r
∂φ
∂r

+ 1
r2

∂2φ
∂θ2 = 0

f ′(z) = e−iθ ∂f
∂r

= 1
iz

∂f
∂θ

z = r(cos θ + i sin θ) = x + iy r =√
x2 + y2 tan θ = y

x

∂r

∂x
= cos θ,

∂r

∂y
= sin θ,

∂θ

∂x
=

1

r
sin θ,

∂θ

∂y
=

1

r
cos θ,



∂u

∂x
=

∂u

∂r

∂r

∂x
+

∂u

∂θ

∂θ

∂x
,

∂u

∂y
=

∂u

∂r

∂r

∂y
+

∂u

∂θ

∂θ

∂y
,

∂v

∂x
=

∂v

∂r

∂r

∂x
+

∂v

∂θ

∂θ

∂x
,

∂v

∂y
=

∂v

∂r

∂r

∂y
+

∂v

∂θ

∂θ

∂y
.

∂u

∂x
=

∂u

∂r
cos θ − 1

r

∂u

∂θ
sin θ,

∂u

∂y
=

∂u

∂r
sin θ +

1

r

∂u

∂θ
cos θ,

∂v

∂x
=

∂v

∂r
cos θ − 1

r

∂v

∂θ
sin θ,

∂v

∂y
=

∂v

∂r
sin θ +

1

r

∂v

∂θ
cos θ.

C-R

f(z) = u(x, y)+iv(x, y) D a, b, c ∈ R−{0}
au(x, y) + bv(x, y) = c D f D

au(x, y) + bv(x, y) = c

aux + bvx = 0
auy + bvy = 0

}
C-R⇒ avy + bvx = 0

−avx + bvy = 0

}
⇒

abvy + b2vx = 0
abvy − a2vx = 0

}
⇒ (a2 + b2)vx = 0 ⇒ vx = 0.

vy = 0 C − R ux = uy = 0 f

f(z) = z̄

z = x + yi f(z) = u(x, y) + iv(x, y) = x − iy ux = 1
vy = −1 C-R

z = x + yi z̄ = x − iy x = 1
2
(z + z̄) y = 1

2i
(z − z̄)

∂f

∂x
=

∂f

∂z

∂z

∂x
+

∂f

∂z̄

∂z̄

∂x
=

∂f

∂z
+

∂f

∂z̄

∂f

∂y
=

∂f

∂z

∂z

∂y
+

∂f

∂z̄

∂z̄

∂y
= i

(
∂f

∂z
− ∂f

∂z̄

)

∂f

∂z
=

1

2

(
∂f

∂x
− i

∂f

∂y

)

∂f

∂z̄
=

1

2

(
∂f

∂x
+ i

∂f

∂y

)
C-R ∂f

∂y
= i∂f

∂x



f(z) = u(x, y) + iv(x, y) u v

∂2u

∂x2
+

∂2u

∂y2
= 0

∂2v

∂x2
+

∂2v

∂y2
= 0.

u v D
f = u + iv G

u v Cauchy-Riemann

φ(x, y) = x2 − y2

∂φ
∂x

= 2x ⇒ ∂2φ
∂x2 = 2

∂φ
∂y

= −2y ⇒ ∂2φ
∂y2 = −2

}
=⇒ ∂2φ

∂x2
+

∂2φ

∂y2
= 0.

w φ w C-R
wy = φx wx = −φy wy = 2x ⇒ w = 2xy + μ(x)
μ(x) y wx = 2y + μ′(x) ⇒ −φy = 2y + μ′(x) ⇒ 2y =
2y + μ′(x) ⇒ μ′(x) = 0 ⇒ μ1(x) = c ⇒ w(x, y) = 2xy + c

f(z) = u(x, y)+iv(x, y) v(x, y) =
y

x2+y2 f(2) = 0

vx = − 2xy

(x2+y2)2
vy = x2−y2

(x2+y2)2
C-

R uy = −vx = 2xy

(x2+y2)2
⇒ u(x, y) =

∫
2xy

(x2+y2)2
dy + μ(x) = − x

x2+y2 +

μ(x) ux = x2−y2

(x2+y2)
+μ′(x) ux = vy ⇒ μ(x) =

c f(2) = 0 μ(x) = μ(2) = 1
2

f(z) =
1

2
− 1

z

z
f

f(z1 + z2) = f(z1)f(z2)

f(x) = ex ∀x ∈ R

f(z) = f(x + iy) = f(x)f(iy) = exf(iy)
f(iy) = A(y) + iB(y)

f(z) = exA(y) + iexB(y).



f C-R
A(y) = B′(y) A′(y) = −B(y) A′′(y) = −A(y)

A(y) = a cos y + b sin y

B(y) = −A′(y) = −b cos y + a sin y.

f(x) = ex ⇒ A(0) = 1, B(0) = 0 A(0) = a, B(0) = −b

f(z) = ex cos y + iex sin y

f
f “ ”

f(z) = ez

ez

|ez| = ex

ez̄ = ēz

eiy = cosy + isiny

ez = a a �= 0 a ∈ C

ez
C − {0}

ez+2πi = ez ∀z ∈ C

−π < Im(z) ≤ π ez

ez1ez2 = ez1+z2

(ez)′ = ez

ez =
∑∞

n=0
zn

n!

sin z cos z y ∈ R

eiy = cos y + i sin y, e−iy = cos y − i sin y

sin y =
1

2i

(
eiy − e−iy

)
cos y =

1

2

(
eiy + e−iy

)
.



sin x cos x

sin z =
1

2i

(
eiz − e−iz

)
cos z =

1

2

(
eiz + eiz

)

cos′ z = − sin z

sin′ z = cos z

cos (−z) = cos z cos (z + 2π) = cos z cos (z + π) = − cos z

sin(−z) = − sin z sin(z + 2π) = sin z sin(z + π) = − sin z

cos2 z + sinz = 1

cos z + i sin z = eiz Euler

cos(z1 ± z2) = cos z1 cos z2 ∓ sin z1 sin z2

sin(z1 ± z2) = sin z1 cos z2 ± cos z1 sin z2

sin x sin z ’

| sin(10i)| = 1
2
(e10 − e−10) > 10000

sin z = 0 ⇔ z = κπ, κ ∈ Z

cos z = 0 ⇔ z =
(
κ + 1

2

)
π, κ ∈ Z

cos z =
∞∑

n=0

(−1)n z2n

(2n)!

sin z =
∞∑

n=0

(−1)n z2n+1

(2n + 1)!

tan z =
sin z

cos z
, cot z =

cos z

sin z
, sec z =

1

cos z
, csc z =

1

sin z

sinh z =
1

2

(
ez − e−z

)
, cosh z =

1

2

(
ez + e−z

)
, tanh z =

sinh z

cosh z



Log r r ∈ R
+

z ∈ C − {0} r = |z| θ = arg z

log z = Log r + iθ.

θ0 arg z −π < θ0 ≤
π θ = θ0+2nπ n ∈ Z log z = Log r+i (θ0 + 2nπ)

n = 0
Log z = Log r + iθ0 r > 0 −π < θ0 ≤ π w = log z

C − {0} −π < Im(w) ≤ π
R

+ Log z

w = Log z ⇔ z = ew

Log r θ0 Log z
{(r, θ) : r > 0, pi < θ < π}

Log z Log z
C-R

ur(r0, θ0) = 1
r0

vθ(r0, θ0)
1
r0

uθ(r0, θ0) = −vr(r0, θ0)

d

dz
Log z =

1

z
, (|z| > 0, −π < Argz < π).

{(r, θ) : r > 0, a < θ < a+2π, a : }
log z = Log r + iθ

d

dz
log z =

1

z
(|z| > 0, a < argz < a + 2π)

f F
z F (z)

f(z) Log z
{(r, θ) : r > 0,−π < θ < π} log z

log z

log z

elog z = z

log ez = z + 2nπi n ∈ Z

log(z1z2) = log z1 + log z2

log
(
z

1
n

)
= 1

n
log z n ∈ N

z
1
n = exp

(
1
n

log z
)

n ∈ N

log zn �= n log z n ∈ N



zλ λz λ ∈ C

zλ = exp(λ log z)

zλ {(r, θ : r > 0, a < θ < a + 2π}
zλ

d

dz
zλ = λzλ−1 (|z| > 0, a < arg z < a + 2π)

a = −π −π < arg z < π zλ

zλ ’ λz

λz = exp(z log λ), λ ∈ C − {0}.
log λ λz z

d

dz
λz = λz log λ, λ �= 0

(1 + z)λ =
∞∑

n=0

(
λ
n

)
zn, |z| < 1,

(
λ
n

)
= λ(λ−1)···(λ−n+1)

n!

z = sin w w = arcsin z

z =
eiw − e−iw

2i
⇒ e2iw − 2izeiw − 1 = 0 ⇒ eiw = iz + (1 − z2)1/2

(1 − z2)1/2 z

w = arcsin z = −i log[iz + (1 − z2)1/2].

arcsin z z

arccos z = −i log[z + i(1 − z2)1/2]

arctan z =
i

2
log

i + z

i − z



d

dz
arcsin z =

1

(1 − z2)1/2
,

d

dz
arccos z =

−1

(1 − z2)1/2
.

d

dz
arctan z =

1

1 + z2

arcsinh z = log[z + (1 + z2)1/2]

arccosh z = log[z + (z2 − 1)1/2]

arctanh z =
1

2
log

1 + z

1 − z

C ez = 1 − i ez = −1 + i

ew = z ⇒ w = log |z| + i arg z

ez = 1 − i ⇒ z = log
√

2 + i
(
2kπ − π

4

)
, k ∈ Z

ez = −1 + i ⇒ z = log
√

2 + i
(
2kπ + 3π

4

)
, k ∈ Z

| sin x| ≤ 1 x ∈ R sin z z ∈ C

z = x + iy

| sin z| =

∣∣∣∣eiz − e−iz

2i

∣∣∣∣ ≥ |e−iz| − |eiz|
2

=
ey − e−y

2
.

z = iy y ∈ R
+ z → ∞ ⇒ y → ∞ ⇒ | sin z| → ∞.

C cos z = 2

cos z = 2 ⇔ eiz+e−iz

2
= 2 ⇔ e2iz − 4eiz + 1 = 0 ⇒ eiz = 4±√

16−4
2

= 2 ± √
3

z = x + iy eiz = e−y(cos x + i sin x) e−y cos x = 2 ± √
3

e−y sin x = 0 ⇒ sin x = 0 ⇒ x = kπ, k ∈ Z e−y cos x = 2 ±√
3

k k = 2m e−y > 0 2 ±√
3 > 0

e−y = 2 ±
√

3 ⇒ y = − log(2 ±
√

3)



2 −√
3 = 1

2+
√

3
)

z = 2mπ − i log(2 ±
√

3) = 2mπ ± i log(2 +
√

3), m ∈ Z.

(−1 − i)(1 − i), −1 − i, 1 − i

log[(−1 − i)(1 − i)] = log(−2) = log 2 + πi + 2nπi, n ∈ Z

log(−1 − i) = log
√

2 + 5π
4

i + 2mπi, m ∈ Z

log(1 − i) = log
√

2 + 7π
4

i + 2kπi, k ∈ Z

log[(−1 − i)(1 − i)] = log(−1 − i) + log(1 − i) mod 2πi

31/2 i1/2 ii (−1)
√

2

31/2 = e(1/2) log 3 = e(1/2)(log 3+2kπi) = e(1/2) log 3ekπi = ±√
3

i1/2 = e(1/2) log i = e(1/2)i(π
2
+2kπ) = ±e

πi
4 = ±

√
2

2
(1 + i)

ii = ei log i = ei(log 1+i(π
2
+2kπ)) = e−(π

2
+2kπ), k ∈ Z ii ∈ R

(−1)
√

2 = e
√

2 log(−1) = e
√

2(log 1+i(2kπ+π)) = e
√

2i(2kπ+π) = cos(π
√

2 + 2kπ
√

2) +
i sin(π

√
2 + 2kπ

√
2)

log zn �= n log z

z = i, n = 2 :
log i2 = log(−1) = (2k + 1)πi, k ∈ Z

2 log i = (4k + 1)πi, k ∈ Z

Log ((1 + i)2) = 2 Log(1 + i)

Log ((−1 + i)2) �= 2 Log(−1 + i)

log z = Log r + iθ
(
r > 0, π

4
< θ < 9π

4

) ⇒ log i2 = 2 log i

log z = Log r + iθ
(
r > 0, 3π

4
< θ < 11π

4

) ⇒ log i2 �= 2 log i

Aa0 = {z : a0 ≤ Im(z) < a0 + 2π}, a0 ∈ R ez Aa0

C − {0}

ez1 = ez2 ez1−z2 = 1 ⇒ z1−z2 = 2πik, k ∈ Z ’ z1, z2 ∈ Aa0

0 ≤ Im(z1 − z2) < 2π Re(z1 − z2) = 0 z1 = z2 ez



w ∈ C − {0} ez = w Aa0 z = x + iy
w = u + iv ez = w ⇔ ex+iy = u + iv ⇔ ex(cos y + i sin y) = u + iv ⇔

ex cos y = u
ex sin y = v

}
⇔ e2x(cos2 y + sin2 y) = u2 + v2

cos y + i sin y = u+iv
ex

}
⇔ ex =

√
u2 + v2

eiy = u+iv
ex

}
⇔

ex = |w|
eiy = w

|w|

}
⇔

x = log |w|
y = arg w [a0, a0 + 2π]

ez
C − {0}

Argz C−R
−
0 R

−

Log z

f1(z) = z2

z2 |z|2 2 arg z f1

f2(z) =
√

z

0 ≤ θ < 2π z = reiθ ⇒√
z =

√
rei θ

2 0 ≤ θ
2

< π
√

z
f2(z) =

√
z f1(z) = z2

f(z) = sin z

sin z = sin x + iy = sin x cos (iy) + sin (iy) cos x =

= sin x cosh y + i sinh y cos x,

cosh y = ey+e−y

2
sinh y = ey−e−y

2
sin iy = eiiy−e−iiy

2i
= i ey−e−y

2
= i sinh y

cos (iy) = cosh y y = y0

sin z = u + iv

u = sin x cosh y0 ⇒ sin x = u
cosh y0

v = cos x sinh y0 ⇒ cos y = v
sinh y0

}
⇒ u2

cosh2 y0

+
v2

sinh2 y0

= 1



uv
x = x0

cosh2 y − sinh2 y = 1 u2

sin2 x0
− v2

cos2 x0
= 1

f(z)
F

t F (t) = U(t) + iV (t) t ∈ [a, b] U V
t

[a, b] F
F [a, b]

∫ b

a

F (t)dt =

∫ b

a

U(t)dt + i

∫ b

a

V (t)dt.

U V
F

U
V

t

∣∣∣∣
∫ b

a

F (t)dt

∣∣∣∣ =

∫ b

a

|F (t)|dt.

∫ +∞
a

∫ b

a
F (t)dt = z ∈

C z = reiθ

r =

∫ b

a

e−iθF (t) ⇒ r =

∫ b

a

Re
[
e−iθF (t)

]
dt

Re
[∫ b

a
G(t)dt

]
=

∫ b

a
Re[G(t)]dt

Re
[
e−iθF (t)

] ≤ ∣∣e−iθF (t)
∣∣ = |e−iθ||F (t)| = |F |,



r <

∫ b

a

|f(t)dt

C z = (x, y)
C x = x(t) y = y(t) t ∈ [a, b] x y

t C z = z(t) =
x(t)+ iy(t) t ∈ [a, b] x, y z C

Jordan z(t1) �= z(t2) t1 � t2
z(a) = z(b)

Jordan x y t z
t

z′(t) =
dz(t)

dt
:= x′(t) + iy′(t).

[a, b] z′(t)

L =

∫ b

a

|z′(t)|dt, (|z′(t)| =
√

[x′(t)]2 + [y′(t)]2)

C

t = φ(s),

φ : [c, d] → [a, b] φ′(s) > 0
s

z(t) = x(t) + iy(t)
x y

C
C

C
Jordan

C z(t) t ∈ [a, b]
f C f



C ∫
C

f(z)dz =

∫ b

a

f(z(t))z′(t)dt.

C C

C1 : z(t) t ∈ [a, b] c2 : w(t) t ∈ [c, d]
C1 Ψ(t) : [c, d] → [a, b] Ψ(c) = a

Ψ(d) = b w(t) = z(Ψ(t))

C1 C2

∫
C1

f =
∫

C2
f

C z(t) t ∈ [a, b] −C
z(b + a − t) t ∈ [a, b]∫

−C
f = − ∫

C
f

C f g C a ∈ C

• ∫
C
[f(z) + g(z)]dz =

∫
C

f(z)dz +
∫

C
g(z)dz

• ∫
C

af(z)dz = a
∫

C
f(z)dz

C L f C |f | ≤ M
C ∣∣∣∣

∫
C

f(z)dz

∣∣∣∣ ≤ ML.

{fn} fn → f
C∫

C

f(z)dz = lim
n→+∞

∫
C

fn(z)dz.

F C f F∫
C

f(z) = F (z(b)) − F (z(a))



I1 =
∫

C1
z2dz C1 z = 0

z = 2 + i

C1 x = 2y
y C1 z(y) =

2y + iy

C1 z2 z2 = x2 − y2 + i2xy = 3y2 + i4y2 I1 =
∫ 1

o
(3y2 +

i4y2)(2 + i)dy = (3 + 4i)(z + i)
∫ 1

0
y2dy = 2

3
+ 11

3
i

I2 =
∫

C2
z2dz C2

I2 =
∫

C2
z2dz =

∫
OA

z2dz +
∫

AB
z2dz

z(x) = x, x ∈ [0, 2]

z(y) = 2 + iy, y ∈ [0, 1].

I2 =
∫ 2

0
x2dx+

∫ 1

0
(2+ iy)2idy = 8

3
+ i

[∫ 1

0
(4 − y2)dy + 4i

∫ 1

0
ydy

]
= 2

3
+ 11

3
i.

z(t) =

{
t, t ∈ [0, 2]

2 + i(t − 2), t ∈ [2, 3]

I2 = I1

∫
C

z2dz = 0 C = OABO
z2

I3 =
∫

C3
z̄dz I4 =

∫
C4

z̄dz C3 : |z| = 1
z = −1 z = 1 C4 :

−C3

z(θ) = cos θ + i sin θ = eiθ, θ ∈ [0, π].

I3 =
∫

C3
z̄dz = − ∫

−C3
z̄dz = − ∫ π

o
e−iθieiθdθ = −πi.

C4

z(θ) = eiθ, π ≤ θ ≤ 2,

I4 =
∫

C4
z̄dz =

∫ 2π

π
e−iθieiθdθ = πi. I3 �= I4

IC =
∫

C
z̄dz C IC = I4−I3 = 2πi

C |z| = 1 1
z

= z̄
|z|2 = z̄

∫
C

dz
z

= 2πi



C5 z = i z = 1
I5 =

∫
C5

dz
z4

C5 y = 1 − x z ∈ C5 |z4| = (x2 + y2)2 =

(x2 + (1 − x)2)2 = (2x2 − 2x + 1)2 |z4| =
(
2
(
x − 1

2
)2 + 1

2

))2 ≥ 1
4(

x − 1
2

)2 ≥ 0 z ∈ C5

∣∣ 1
z4

∣∣ ≤ 4 M = 4

L C5 L =
√

2
|I5| ≤ 4

√
2

Cauchy-Goursat

Cauchy

P (x, y) Q(x, y)
R

C C
Green∫

C

(Pdx + Qdy) =

∫∫
(Qx − Py)dxdy.

f(z) = u(x, y) + iv(x, y) R
f ′(z) R u v

R∫
C

udx − vdy = −
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