Ynewakni Eneicpyacia ZAHATOC

Ta wavelets (wvlt) gival HaONMATIKEGC CUVAPTAOELG OL OTTIOLEG
Slapepilovv Ta Sedopéva (paocuma) avaloya HE TNV ouYvoTNTA
TOUG.

NMAEOVEKTOUV Ot OXEON ME TIC TIAPASOOLaKEC TEXVIKEG Fourier
OTO YEYOVOC OTL HTIOPOUV va XPNoLHoTToltn0ouvv otnv avaiuvon
KATAOTACEWY OTIOV TO OHMA XAPAKTNPIL{ETAL ATTO AOUVEYELEC KL
OTIOTOMEG QUEOMELWOTELC.



Ynewakni Eneicpyacia ZAHATOC

=> Eilval evLa@épov OTL yia SLa@opeTIKOUG AOYyouc To Tedio
aAVATITUXONKE aVEEAPTNTA OTOUC TOMELG:

* MaOnpatika

 KBavtikl PUuoLIKR

* FTewAoyia TWV CELOHWVY

e HAekTpIK MnYaviKA

=> EvW aAANAETIOPAOCELC HETAEY TWY TIAPATIAVW SnUIovpynoav
véa edia egappoOyNAG, OTTIWCG:

 Image compression

* Turbulence

* Human vision

* Radar

 Earthquake prediction



Ynewakni Eneicpyacia ZAHATOC

* ApPXIKQ 60 TIAPOUCLACOUME TOV HETAoYNUATIOMO Fourier
* 2T OUVVEXELa O OUYKPLVOUME HETAOYXNUATIOMOUC Fourier vs.
Wavelets.

* Oa ouI{NTAOOUME E16IKA OEpaTa TWY Wit OTTWG KAl KATIOLEG
BLoTNTEC TOULG

* KatL TéAo¢ 0a BOUME KATIOLEC EVOLOPEPOVTEC EQAPMUOYEC



Ynewakni Eneicpyacia ZAHATOC

Ta wvlts otnpifovtal otnv W8éa 6TL n avaivon Bacilstal otV

KAipoaKa Ttou opilel To KGO mMPIOBANua EexwploTa.

Moo CUYKEKPLMEVA ELVAL CUVAPTAOELC TIOU LKAVOTIOLOUV
OUYKEKPIMEVEC MAONMUATIKEG ATALTACELC TIPOKELHEVOU YL
* Tnv mapouociaon GAAWVY CUVAPTHOTEWV

* Tnv mapouvciaon GAAWV BedOpEVWV.



Ynewakni Eneicpyacia ZAHATOC

ZTNnV idwa apyn otnpixOnke Kat o Joseph Fourier 6tav avak@Avye
OTL UTMOPEL VA UTIEPOETEL NUITOVA KAL CUVNULITOVA TIPOKELMEVOU

YO VO TIEPLYPAWYEL AAAEC CUVOPTHOELC.

NapoAa ota wvlts n KAipuaka vté TNV omoia HEAETAME T
6edopéva maifel évav 18Laitepo poAo. OAol oL oxeTIKOL
aAyopLOpoL emeEepyalovtal Ta 6edopéva o SLAPOPETIKEG

KAiMaKec | avaAUoElG.



Ynewakni Eneicpyacia ZAHATOC

‘ETOL OTAV MEAETAME £€va OAMA ME Eéva “evpV” mapabupo tote

QVTIACUBAVOHAOTE HOVO TA AOPA XAPAKTNPLOTLKA.

EVW OTaV HEAETAME Eva oMa ME éva “OTEVO” mapabuvpo ToTE
MTIOPOUVME VA SLAKPIVOUME KOl AETITOMEPELEG, HE AAAQ AOYLQ
aUEAVEL N SLOKPLTIKA LKAVOTNTA.

MTOPOUME AOLTIOV VA TIOUME OTL ME Ta wvits pmmopoOue

“va 6oUpE TOOO TOo 6ACOC 600 KalL Ta HEvdopa”



Ynewakni Eneicpyacia ZAHATOC

=> AvTifeta otnv avaivon Fourier n XpAoN TWVY NUITOVWY Kal
CUVNHULITOVWY TIEPLOPITEL TNV SLOKPLITIKA IKavoTNTa £EaLTiOG TOU
YEYOVOTOC OTL Ol OUVOPTAOELC auTéC (€ oplopoU) 6ev eival local
KOl EMEKTEIVOVTAL OTO ATIELPO. MNa avuTtoév Tov AdYOo Sev

amodidouvv KaAd o€ aMOTOME SLAKVUAVOELG.

=> Evw ME Ta wvits uTOPOUE VA ELOAYOUHME OTNV AVAAUCTH HAC
MTPOOEYYIOTIKEC CUVAPTAOCEIC YA VA TIEPLYPAYOUVHUE KAOE
MEMEPACHEVN TIEPLOXA. Mg Alya AdyLa €ival To 18avIKO epyaAsio
YO VO TIEPLYPAYPYOUVHE BEBOMEVa IOV EREaAViI{OUVY ATIOTOMEC

QO UVEYELEC.



Ynewakni Eneicpyacia ZAHATOC

Tpomoc¢ epyaciag:

« EKAéyoupe pla wvlt ouvaptnon n omoia ovopaletar wvlit
avaiAvonc | unTpPiko wvit.

* To 1610 wvlit xpnolpomoLeitalL oTnV EK6O0YNA TOL ME VYNAN
ouxYVOTNTA MTPOKELKEVOL YA TAPOOIKA avaAuvon, EVW oTNV
EKSoYN TOU pE YaunAn ouxvoTnTa CTNV AVAALCH TWV
CUXYVOTATWV.

EEaiTiag TOU YEYOVOTOC OTL TA aAPXLKA Sedopéva pmopovv va
MEPLYPAPOUV WG TIPOC YPOUHUMHLKOL ouvduvao ol Twv wvlits,
CUVETIAYETAL OTL HTTOPOUE VA SOUVAEWYOUHE XPNOLUOTIOLWVTAG

HMOVO TOUC CUVTEAECTEC TOU YPOMUMLKOU CUVOULACTHOD.



Ynewakni Eneicpyacia ZAHATOC

EEaitiac Tou YEYOVOTOC OTL TA aAPXLKA Sedopéva pmopovv va
MEPLYPAPOUV WG TIPOC YPAMMLKOL oUVOLao ol Twv wvlts,
CUVETIAYETAL OTL HTTOPOUME VA SOUAEWYOUHE XPNOLUOTIOLWVTAG

HOVO TOUC CUVTEAECTEC TOU YPOAMUMLIKOU CUVOULACGHOD.

EVW av SLaAEEOVME TIPOCEKTIKA TA KATAAANAQ wvits /) Toug
OUVTEAEOTEC (.. OETOVTOC £€Vva OPLO) TOTE MTIOPOUME VA
MEPLYPAWPOUME TA APXLKA HESOMEVA pE €vav TIOAD TILO OLKOVOMLKO
TPOMmOo. Na Tov Adyo auto ta wvlits eival éva TTOAUTIHO EPYAAELO

oto medio Touv data compression.



Ynewakni Eneicpyacia ZAHATOC

Ao TO MAPATTAVW TIPOKUTITEL OTL Ta WVits pmopouv va

Xpnotpomnoilndovv:
* AOTPOVOIia * Fractals
* AKOUOTLKRA * Turbulence
* MupNVIKA KNXAVLIKA * MPOYVWON CELOHWVY
* Sub band coding  Radar
« EmeEepyaocia oRpatoc - « AvOpwtivn 0paon
ELKOVaC. « AAAG KOl O KaOapad HaONUaATIKA
* Nevpo@uoloAoyia n.X. EmiAvuon Mgpikwv
* MOUOIKA OLa@OopPLKWY £EI0WOEWVY

* MayvnTiKO CUVTOVIOMO
 AlakplTomoinon WVAC

* OMTIKNA



Ynewakni Eneicpyacia ZAHATOC

Na va KATaVoOOOUME TO WG @TAcaue ota wvlts Oa
MEPLYPAWYOUME TNV MOPELA TNG AVAAUVONG CUYXVOTATWY OTO

XPOvo.

1) Apxika o Joseph Fourier avénmtuie TNV Bewpia yia TNV
QVAAUON OUYXVOTATWY YVWOTH Kal WG ouvBeon Fourier.
BaoifetalL otnVv AoyLlKN OTL KOs 2t mePLOodIKA ouvaptnon f(x)

MEPLYPAPETAL ATIE *
ag + Z (a cos kx + by, sin kz)

k=1
Twv oelpwv Fourier. Ta a,, a,, b, vtoAoyiCovtal wG:
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ZTN CUVEXELO KOl ETMELTA ATIO AVAAUCT TG ONMACLAG TWVY
€ELIOWOEWVY, TNGC OUYKALONG TWV OELPWVY Fourier, Kat TNV HEAETN
0POOYWVIKWV CUCTNHATWY TIPOEKVLYE N HETABaon amod Tnv
avaiAvon ouyYvoTATwWVY TNV avaiAvon tn¢ KAipakag. Auto
onpaivel 6tt avaAvovpue tnv f(x) Kataokevalovtac HAONMUATIKEC
OoMéc Tov peTafaiovTal BHE TNV KAipaka. MepLypa@Lka n
SLadikaoia éxeL wg eEAC

1) Kataokevalovpne pLa Soun

2) TNV METABAAOVME KATA HLA TTOCOTNTA

3) HETABAAOUME TNV KALHAKA TNG

4) Tnv epappofovpue otnv f(x) yia va mpooeyyioouvupe To M
5) Emotpé@ouvpue oto (1) Kat epappuoélovpe ta (2)-(3) yia pa
GAAN moootTnta. EmavaAapupavoupe 1o BApa (4) Kat AapuBavoupe

HLa Véa TIPOoEyylLlon.
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Meplypa@ilka n Stadikacia éxelL WG eEAC

1) Kataokevalovpne pLa Soun

2) TNV METAPBAAOUVME KATA ML TTOOCOTNTA

3) pETABAAOUVME TNV KAIMOKA TNG

4) Tnv e@appofovpe otnv f(x) yia va mpooeyyloOUHE TO CAMNA
5) Emwotpé@ouvpue ot1o (1) KaL epappofovpue ta (2)-(3) yia pa
GAAN moootnta. EmavaAapupavoupe 1o BApa (4) Kat AapuBavoupe
HLa VEA TTPOOEYYLON).

6) zava to (5).

ATIOOELKVUETAL N TIEPLOPLOMEVN EVALOONCLA WG TIPOC TOV
“O06puPBo” eEalTiag TOU YEYOVOTOC OTL AaMBAVEL UTIOYN TOV METO
OPO TWV EVAAAAYWV TOU ONHATOC OE SLAPOPETIKEC KALHAKEG.



Ynewakni Eneicpyacia ZAHATOC

H mtpwtn avag@opad ot wvlts €éyive otnv 616aKTOPLKA Epyaocia Tov
Haar (1907). Eva XapaKTNPLOTIKO TOU OUYKEKpPLHEVOL wVIt ival
oOTL £XeL compact support, 600 “Kataopié@eTal” £éEw and pLa
MEMEPAOTHEVN TIEPLOYXNA. TO HELOVEKTNMA TOU £ival OTL 6&v
TUVEXWG SLapoplolpo tEPLOoPLlovTac TIC EQAPHOYEG TOU.
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ZTn oVVEXELa Kal oTn 8ekasTia Tou '30 pEAETAONKE N MIBavotTnTa
MAPOVCIiaoNC TWV CUVAPTACTEWVY XPNOLUOTIOLWVTAC OUVAPTAOELC

Baonc pstaPBAntinc kKAipaxkac (SVBF).

Xpnoponmowwvtac pia SVBF, ovuykekpilpéva tTnv Haar ouvvaptnon
Baong, o Paul Levy peAétnoe tnv kKivnon Brown (éva £i60¢
Tuxaiov oApatoc). NMapatAPNoE OTL TNV VTTEPOYXN TNG
guvaptnong Haar w¢ mpog Tic avtiotolxec Fourier, mpokKeLpévou
YLa V& HEAETAOEL HIKPEG AAAA TTOAUTIAOKEG AETITOMEPELEG TNG

Kivnon¢ Brown.
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Mua GAAN spappoyn €ywve amo toug Littlewood, Paley, and Stein
OTOV UTTOAOYLOMO TNC EVEPYELAG ML ouvaptnong f(x):

2
] 7
energy = = / \f (z)| dr
2)

Ta ATMOTEAECMATA TOU UTIOAOYLOHMOU SLE@PEPAV OTAV N EVEPYELA
ATAV CUYKEVTPWHEVN YOPW amd Alya onMeEla | ATav
KATAVEUNMEVN O€ €va MEYOAUTEPO SLaoTNHa. AUTO ONMAiLVEL OTL
n evépyela 6gv duatnpeital.
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‘ETOL, AVOKAAUYAV HLO CUVAPTNON TTOU UTIOPEL VA HETABAAETAL
aQvVaAoya ME TNV KALpaKa kKat 6ev avalpel tnv diatnpnRon Tng
EVEPYELAG OTAV UTTIOAOYI{ETAL TO CUVAPTNOLOELDEGC TNG EVEPYELQC.
AUTO CUVETEAECE OTNV SNMIOVPYIA EVOC ATIOTEAECHATLKOU
aQAYOpPLOpOU Yia aplOMNTIKA eMEEEPYAT LA OAMATOG HE XPAON
wvlits (David Marr 1980s).



ZUVaPTAOELC Baong

It is simpler to explain a basis function if we move out of the realm of analog (functions) and into
the realm of digital (vectors) ().

Every two-dimensional vector (z,y) s a combination of the vector {1,0) and (0,1). These two
vectors are the basis vectors for (z,y). Why? Notice that z multiplied by (1,0} is the vector (z,(),
and y multiplied by (0,1) is the vector (0, y). The sum is (z.y).

The best basis vectors have the valuable extra property that the vectors are perpendicular, or
orthogonal to each other. For the basis (1,0) and ({),1), this criferia is satisfied.



ZUVaPTAOELC Baong

Now lets go back to the analog world, and see how to relate these concepts to hasis functions.
Instead of the vector (z,y), we have a function f(z). Imagine that f(z) is a musical fone, say the
note A in a particular octave. We can construct A by adding sines and cosines using combinations of
amplitudes and frequencies. The sines and cosines are the basis functions in this example, and the
elements of Fourier synthesis. For the sines and cosines chosen, we can set the additional requirement
that they be orthogonal. How? By choosing the appropriate combination of sine and cosine function
terms whose inner procuct add up to zero. The particular set of functions that are orthogonal and
that construct f(x) are our orthogonal basis functions for this problem.



ZuvapTtnoelg Baong MetafAntic KAipakog
Scale Varying Basis Functions
(SVBF)

What are Scale-varying Basis Functions?

A hasis function varies in scale by chopping up the same function or data space using different scale
sizes. For example, imagine we have a signal over the domain from 0 to 1. We can divide the signal
with two step functions that range from () to 1/2 and 1/2 to 1. Then we can divide the original
signal again using four step functions from 0 to 1/4, 1/4t0 1/2,1/2t0 3/4, and 3/4 to 1. And s0
on. Each set of representations code the original signal with a particular resolution or scale.
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Avapsoa ota 1960-1980 ot G. Weiss - R.F. Coifman peAétnoav
TA ATTAOUOTEPU OTOLYXELO TOU YWPOU MLAC ouvaptnong, Ta aroua,
ME oKOTIO va a) Bpouv Ta atopa pLag ouviROouc ocuvapTnong, Kat
B) Tov “kKavova covleonc” (assembly rule) mou eMITPETIEL TNV
AVOKATOOKEVA OAWVY TWV OTOLYXEIWVY TNG CUVAEAPTNONG HE AUTA TA
aToMa.

To 1980 o1 Grossman and Morlet eioRyayav tTa wvlts otnv

KBavTIKAR @UOLKA.
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To 1985 o0 S. Mallat ébwos véa wONnoN HE TNV Epyacia Tou oTnv
pynoelakn smeepyacia opuatoc. NMNapatApnoe tTnv vmapin
OX€0EWV METAED quadrature KATOMTPLKWY QIATPWY,

MUPAMLOIKWY aAYOoPLOMWY, Kal opOokavovikwy wvlt Baoewv.

Amo avt TNV HEAETN O Y. Meyer KaTAOKEVOAOE TA MTPWTA NoN-
trivial wvlits. Ze oxéon pe Ta wvlts Touv Haar €ival ouveXwg

SLagoplolpa aAAa 6ev éxouvv compact support.

Evw Aiya xpovia apyotepa n I. Daubechies anté tnv gpyacia tov
Mallat kataoke0aoe éva cUOVOAO amd oPOOKAVOVIKEG
CUVAPTACELC BAaonG MAvw oTLC omoiec Baogilovtal OAEC oL
ONMUEPLVEC EQAPMOYEC.
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Timeline

Wavelets have had an unusual scientific history, marked by many independent discovenies and rediscoveries.
The most rapid progress has come since the early 1980s, when a coherent mathematical theory of wavelets finally emerged.

1807 1930
Jean Baptiste Joseph Fourier John Littlewood and R.A.E.C. 1984
claims that any periodic function, Paley, of Cambridge University 1976 Joint paper by Morlet
or wave, can be _axprassad as an s i IBM physicists E.tlauda and Grossmann brings
infinite sum nf sine and cosine a wave, such as the timing of a Galand an_l:l Daniel the word “wavelet” into
waves of various frequencies. pulse of energy, can be retrieved Esteban discover subband the mathematical lexicon
Because of serious doubts over by grouping the terms of its coding, a way of encoding for the first time.
the correctness of his arguments, e e digital transmissions for
his paper is not published until the telephone.
15 years later.
1981
1909 1946 Petroleum engineer Jean Morlet of
Alfred Haar, a Hungarian Dennis (Denes) Gabor, a Elf-Aquitaine finds a way to decom-
mathematician, discovers a British-Hungarian physicist pose seismic signals into what he
“basis” of functions that are who invented holography, calls “wavelets of constant shape.”
now recognized as the first dﬂ_ﬂﬂmﬂ'ﬂ“s signals into He turns to quantum physicist Alex
wavelets. They consist of a “lime-frequency packets” Grossmann for help in proving that
short positive pulse followed or “Gabor chimps.” the method works.

by a shori negative pulse.
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1995

1086 19'5!0 ) Pixar Studios releases the movie

Stéphane Mallat, then at the David Donoho and lain Toy Story, the first fully computer-

University of Pennsylvania, shows Johnstane, at Stanford animated cartoon. In the sequel,

that the Haar basis, the Littlewood- University, use wavelets Toy Story 2, some shapes are

Paley octaves, the Gabor chirps, B rendered by subdivision surfaces,

and the subband filters of Galand L e a technique mathematically

and Esteban are all related to B related to wavelets.

wavelet-based algorithms.

1992 1999
1987 The FBI chooses a wavelet Ll dik g

1985 Ingrid Daubechies constructs method developed by Tom sﬂtrgadnlzr:t;un da.m."'tr;“.i:l new
Yves Meyer of the the first smooth orthogonal Hopper of the FBI's Criminal ancard for 'g'" dp.llPErEB 2000
University of Paris wavelets with compact support. Justice Information Services %ﬂ'npr“i‘r"’ dt:arda i | ats
discovers the first Her wavelets turn the theory Division and Jonathan Bradley i @ New santa U;Ts wha ve
smooth orthogonal into a practical tool that can be and Chris Brislawn from Los 1'!;;;}';:?:: ung:u \ria:th: loss
wavelets. easily programmed and used Alamos National Laboratory, il; image quality. Web browsers

by any scientist wi_th a rni_ni_- to compress its enormous e e T e Rt
mum of mathematical training. database of fingerprints. standard by 2001.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier
H 186éa Ttou Fourier yla mapouociaon TWV CUVAPTACEWY WG
VTIEPOEO N NUITOVWY KAl CUVNHLITOVWY E1VAL KEQAAXLWOOUC
onMaoiac TOoO yla TNV aVAAUTIKH 600 KOl Yl TNV aPLlOMNTIKA
EMIAVON SLAPOPLKWY £EICWOEWVY KAl YIA TNV AVAAUCON GAAG Kal

emeEepyaocia onHATWY.
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AvaAvon Fourier
Discrete Fourier Transform (DFT)
ZTNV MeEPIiTTTWON TOU DFT 0 HETAOYNUATIOMOC EQaPMOTETAL OE
Hla ouvapTnon amnod éva MEMEPATHEVO TAROOC TWV OTNMUELWY TNG.

H os1pa Fourier €ival pia ava@Avon g€ nuitova KatL cuvnuitova:

f(z) = ag + ajcosz + by sinxdr + agcos2z + bysinz + -
Nna va utoAoyioete To b, MOAAanMAaOLAOTE KAl TIG HU0 TIAEVPEG

ME SiNX KalL OAOKANPWOTE amntd 0 w¢ 2m (n ouvaptTnon opifetTalL o€
QUTO TO dLdoTNMa). Mg @AAa AOYLO TIAPTE TO ECWTEPLKO YIVOHUEVO
KOl TWV 600 TTAEVPWVY ME TO SinX

n ' i on - r
o fla)sinzdr=qq |, sinzdz+a; fo coszsinzdz +by |, sin‘zdz + -+



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier
Discrete Fourier Transform (DFT)
ZTNV 6£1a MAevpa KaOe éva anmd Ta OAOKANPWHATA Eival 0 EKTOC
QTIO AUTO OTO OTOLO0 TO SinX TMMOAAATIAACLAlEL TOV £aUTO TOoUu. Ta

npitova kat ovvnpitova gival petagd tovg opdoywvia. Apa to b,

glval aploTeEP TIAELVPA SLaLPEMEVN HE TO HOVADLKO N pNdeviko
OAOKARPWHA.

_ Jy flajsinede _ (f(z) sinc)

fﬂzﬂ sm-:cd:c (sinz,sinz)




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)
Nna Tov UTTOAOYLO MO TOU a, Oa TTOA/HE HE COSX, YIA TOV a, MUE

C0s2X, KoK. H avaAoyia pe Tic mpoBoAéc ota Siavoopata
MPOKUTITEL av OupunOovpue oti: H ouvioTwoa Tov Siavoopatoc b
KOTA MAKOC TNG €VOElaC IOV TAPAYEL TO A Elval:

bT

a
T = =
ala
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AvaAvon Fourier
Discrete Fourier Transform (DFT)
Z€ ML OELPG TIpOoParovpue TV f(x) mMavw oto sinx. H cuvicTwoa

TOU p O€ auTrh TNV KatevBuvon givat akpLpwg b, sinx (MNna
Slavogipta Atav . O ouvteAeoTAG b, eival n Avon

EAQYXLOTWY TETPAYWVWY TNG KN EMIAVOLMNG EElowoNG

b sinx=f(x), pe aAAa AoyLa avtog @Epvel To b, sinx 600 Tto duvato
MANCLECOTEPA OTO Y. TO 1610 1oOYDEL YIa OAOUG TOUC OPOUC TNG
OELPAc, OAO KaOs évac sival MPOBOAR TOU Yy MAVW OE £€va nHiTtovo
N ouvnuiTtovo. EMeldA Ta nuiTtova KaL Ta guvnuiTova eivat
opOoywvia, n osipa Fourier 8iVEL TIC CUVTETAYUEVECG TOU
étavoouatoc f(x) wc mpoc Eéva ouvvoAo (amsipwv oto TAROBOC)

KaOéTwv aéovwv.
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AvaAvon Fourier

Discrete Fourier Transform (DFT)
Na va kaGvovpe DFT O0a mpémel anmd TIC AMELPECG SLAOTATELG va
MEPACOVME OE MEMEPATHEVEG. AAD KaOapn YPAUMLKA GAYEBpa
Baocl{wpevn oTtnV opboywvikoTnTa. Avti TG ocuvvaptnong f(x) Ta
6edopéva eival pia akoAovbia aplOpwv y,, y., ..., ¥, ,- TO
(NTOUVMEVO Elval pLa GAAN aKkoAovOia 16iou HAKOUC AR AVTIL MLaG

amnelpng akoAovdiag Eéva ocvvoAo n ouvteAeotTwv Fourier ¢, c,,

iy €. H Zx€0nNn peTa TWV OTOLXEIWVY TWV H00 aKOAOLOLWY Eival

YPAMMULKH, apa mpEémnel va didetal amod éva nivaka: tov NMINAKA
FOURIER, amnod tov omoio eEaptartal KaiL OAOKANnpPn TeXvoAoyia
EMeEEEPYAOTLAGC ONUATWVY.
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AvaAvon Fourier
Discrete Fourier Transform (DFT)
O mivakacg F eivalt CUHHETPLKOC Kal 0pOoYywVLoC (EKTOC Ao évav
OUVTEAEODTAH sqrt(n)) KaiL €XeL HOVO £€va HIKPO EAATTWHA: TA
OTOLXELa TOV Elval pyadikol aplOpol. BéBawa OAa Ta oTol)XELa

Twv F, F! eival Suvapeig tTou idov aplOpov w.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

Emionc avti yua n? yla Ta n oTOoLXEia TOV mMivaka, éva YIVOMEVO
Mvakwv ogav 1o F! f(x) amaittel pévo (nlogn)/2 pApata. H
avadiatain avTth yia va yivel o ToA/poG ovopaletal Tayog
Metaoxnuatiopuog Fourier.
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AvaAvon Fourier

Discrete Fourier Transform (DFT)

Muyadilkéc AUOELG TNG povadac:

O1 pavTtaoTiKol aplOpoi emvonOnkav yia va Swoouv Avon otTnv
x2+1=0. Evw Kal yla TNV X%-i=0 vmapyeL Avon: Ol TETPAYWVIKEG
Pifec pLyadilkwv aplOpwyv gival Kal avutol pryadikol aplOpoi.
OtwpPeioTe OVUVOVAOMOUC X+iy. KGO MOAVWVYUHMO N BAOMOU €xeL n
piCscc.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O1 pilec ™NC e€lowonc x*-1=0 Oa émpeME va £LVAL OL TECTEPELC
pPifec TNG povadac. OL HU0 TETPAYWVIKEC pifec TNC povadag sival
+1 Kat -1. Ot TéTapTeC PLLEC Eival Ol TETPAYWVIKEC pilec TWV
TETPAYWVIKWY pLlwv 1,-1, i, -i. Na Tt 6ydooec pilec
XPELA{OMNAOTE TIC TETPAYWVIKEC PLleCc TNG i- ETOol 0OdnyolpaoTte
O€ MLYadilkoU¢ aplOpouc w=(1+i)/sqrt(2)=>w?=i=>ws=j4=1.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

Ot pyadikoi Tov mivaka Fourier €Youv yla mMPoayHaTiKa HEPn TA
CUVNMITOVA KOl VIO @AVTACTIKA nuiTtova.

w=co0s0+i sin0
AV TO IPAYHUATIKO HEPOC CNMUELWVETAL OTOV AEOVA X KAl TO
@POVTAOTIKO OTOV afova y, TOTE n anéoTtaon ToOu W amo To
KEVTPO sival 1(cos?0+sin?0). O w mepLEXETAL OTOV povadiaio
KUKAO KalL oxnpatifel pe tTnv opLt{ovtio ywvia 6. Na va ADCOVE

™V W"'=1 XPelalOpaoTe £161KA oNHEia Tov HovadiLaiov KUKAOU.

w? = (cosf + isind)* = cos*0 — sin* + Zicosfsind = cos20 — isin20



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

YmoAoyiloupe apyika To

w? = (cosf + isind)* = cos*0 — sin* + Zicosfsind = cos20 — isin20

KATAAABAiIVOUME OTL KAl TO W2 AVAKEL OTOV KUKAO OAAQ

oxnMatifel ywvia 20. Apa yLa TO W" UTIOPEL va gival n® n ywvia.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

YTapyel £vac KAAUTEPOG TPOTIOC YA VA OXNHUATIOOUHE TLG
Suvapelc Touv w. NMNPOKUVUTITEL OTL O CUVOVACHUOGC NUITOVOL ME TO
guvnuiTovo gival pa Hyadik ekOetik SVvapun edpouc 1 Kat
Ywvioac @acewc 0.

cosf - isinf = ¢

apa w"= e"® §A6 n n-tooTh SVvapun oxnpatilel ywvia n6. Otav
n=-1 o avtioTpo@oc 1/w oxnmatifel ywvia -0.
loxveL wxw1=1?



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

Na va KOTAVONOETE TO WG TIEPACTAME ATIO TPLYWHETPLKA REYVEODN
OTOUG MLYadLKOUG aptOpouc AaBete vtoywn
(i0)% | (i8)°

2! | 3! |

e’ — 1 4 10 -

OTIOU TO TMPAYHMATLKO HEPOC ELVAL TO CUVNMUITOVO Kal TO

@AVTAOCTIKO (XWELC Ta i) Eival To npitovo.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

Na va AOCOuVHE TNV W'=1 XPNOLHOTIOLIOUHME TNV e"®=1, onoTE TO
nO Oa mMpPémeL va @EPEL oTNV apPX TOU KUKAoL. H Avon va

eMIAéEovpe 0=21/n. H mpwTapXlkR AVON TNG povadacg sivat:
w,, = eX™/™ = cos(2n /n) + isin(2mi /n)

n w" elval e?™ mtou €ival ioo pe 1. Na n=4 KaL n=8:

wy = cosm/24 sinm/2i =1,

ws = cosm/4+ sinm/di =21 +1)/2




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

H tétaptn KatL n 0ydon pifa oxnpatifouvv ywviec 90° kat 45°,
avtigolya. AvtiotolYouv ota 360/4 katL 360/8 aAAa dsv sival ol
HOVadLKEG. OL utOAoLTteG TETAPTEG PLLEC ival oL Buvapelg i2=-1,
i’=-i, i*=1. Evw ol 0ydoec pilec eivalL oL duvapuselc 2,3,4,...8. OL
pifec Lloaméyouv HeETAED TOUC KaTa 21t/n. Mapatnpeiote 6TL TO
TETPAYWVO TNG W, €ival To w, (onpavtiko otov FFT). Emiong
MAPATNPELOTE OTL TO GOPOLoHA OAWY TWVY PLLWVY eival 0 (onueia

OTOV KUKAO ME LOEC KOL AVTIOETEG CUVTETAYHEVEG).



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

ZTN OUVVEXN MeEpimMTWoN N gelpa Fourier avanapayetl tTnv f(x) oe
OAO TO S1aoTNMA OPLOHMOU TNG XPNOLHOTIOLWVTAC ATIELPA NHiTOVa
KOl OUVNMiTOVA. ZTNV SLaKPLTA MEPIMTWON TIOU EKAEYOUME HOVO
N CUVTEAEOTEC BEV MTTOPOUME VA TTEPLHEVOU KATL TTAPOMOLO.
ZNTAME MOVO TNV LOOTNTA OE N onMeEia, BAD n eSlowoelc. Zg éva

TUTILKO TIPOBANMa pe n=4, oL TIHEG TIOV MAPAYOUV TIG TLHEG 2, 4,
6, 8 eivaut: co+ 1+ co+cqg=2
co+1cp —cyg —1cg3 =4
co—C +cg—c3="0

co—1C1 —Co +1c3 = 8



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

H akoAovulia Twv dsdopévwv sivar f(x)=2,4,6,8. H akoAouvbia
TWV {NTouvpévwy givat ¢, €, C,, C.. OL E§LIOWOELG UTTOPOUV Va

nMpoodlopicouvv pLa gelpa Fourier TEooApw OPWVY TTOL TALPLAlEL

ota dedbopéva yia téooepa Loanéyovta onpeia and 0 wg 2m:
4

2 =0
r=m/2
=T

8 ==3n/2.

- - - 4
o -\—Clﬁlm +Cz€2m: _|_C%1:1: — ! ;

\



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:
Nna Xx=21 n oeLlpa EMOTPEPEL OTNV APXLKA TNG TIKUA f(X,)=2 Kat

guve) (el IEPLOOLKA.

H os1pa Fourier ypa@eTalL CUXVOTEPA OTNV EKOETIKA TNC HOPPR,
WG OUVOUVAOHOC TWV EKOETIKWY e, mapd WC ouVOVATHOG
NMUITOVWV-CUVNHMITOVWY. OTav ouuneplAapuBavovtal OAEC oL

APMHOVIKEC, OL BUO TPOTIOL Eival LoodVvauoL, AOyw

L€ + c_ e = qp.coskr + bysinkz



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:
FPGa@ovTtac ToO CUCTNHA UTIO HOPPN TIVAKWY elval Fc=f(x) sivar:

1 1 1

11 1 @ ¢ 7
BRI
B0




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

H S1a81Kaoia TIOU TIEPLYPAYOAHME ETIEKTEIVETAL O KAOE n, 6OV O
Mivakag mov ouvdéel 1o f(Xx) HE TO C uMOPEL va KaTtaypa@el Kal
VA QVTIOTPAPEL EVKOAX. O TIIVAKAC TIAPLOTAVEL N EELOWOELC, KAOE
HLA ATIO TLC OTIOIEC ATIALTEL ATIO TNV MEMEPACTUEVN TELPA
c,tc.e*+... (n 6pol) va ovumintel pe to f(x) oe kKGO onpeio. H

mpwTn cupBaivel yia x=0:

o+t + o1 = flmo)



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

H 6e0tepn ocuppaivel yia x=21m/n, IOV £LOAYEL TOV KPLOLHO
APLOMO w=e'2"n;

ottt = fla)

H tétaptn oupBaivel yia x=41/n, MOV EL0AYEL TOV KPLOLMO
aAPLOMO w=e"*"" TTou eival To w?:

e+ 4o, = flay)



Discrete Fourier Transform (DFT)

Ynowkn Eneiepyacia ZApMATOC

O mivakac Fourier:

AvaAvon Fourier

Ta UTIOAOLTIA ONMELX ELOAYOUV AVWTEPEC OUVAMELC TOU W Kal

TEALKA To guoTnMa (0 mMivakag) yivetal:

1

u1

u1

1 w

2

n—1

1
u1
ui

u1

2
4

2(n—1)

1

wn—l

12(?’1—1)




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

Nna n=4 o aplOpé6c Rtav w AtTav to i, n tétaptn pila Tng
HOovadag. NEvika o w LoovTal pE TNV MPWTNH h-00TH pLla TNG
povadac e?2™", To otowxeio Tov F otnv j YPappl Kat otnv k

OoTAAN &ival pla S0vapn tov w: F, =w*. H mpwtn ypappn £xel

j=k=0 apa F  =1.



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

Nna va BPOUHE TA € TIPETEL VA AVTIOTPEPYOUVME TOV F. ZTNV
MeEPITTTWON 4 X 4 0 AVTIOTPOPOC TIEPLELXE ODUVAMELC TOU -i, ME
aAAa Aovyia o F! kataokevalotav amo to 1/i. AUTOC €lval KaL O
YEVIKOC Kavovoc: o F! mPpoKUTITEL ATIO TOV MIYASIKO aptOpd wi,

MoV oYNMatifel ywvia -2m/n, Evw 0 w oxnMatife ywvia 2mn/n:

1 1 1 -1
1 wt w2 . (D
Fl1_-1 1 w2 w4 _ u,—?(n—l)




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

Na n=2 kaL n=3:

o—i2m/3
oidn/3  i8n/3 | p—idn/3

€
€

—idr /3
—i87 /3




Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

KOl 0 avTioTPo@oC F! auéowc TPOKUTITEL OTL Eival:

IR B
oa| L) (R
CT P
1P PP



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

MNpémel va emaAn@svoocupe O6tL o FF! LoouTal pe tov | mivaka.
Na tnv KopLa dtaywvio eivar ca@éc. H ypappn j Tou F! emi tn
oTAAN j Tou F givar (1/n)(1+1+...+1)=(1/n)n=1. MéveL va S00uE
TL YIVETAL ME TA OTOLXEiIO EKTOC TNC Slaywviov, OTIOU TIPETIEL va
6eiouvpe 6TL N YPAMMA j TOU F emtl Tn ypappi k Touv F! 1oo0TOL pE
KHN&év:

Ll wl w P 4w 2k DI gpn=1k = 0, 7#k

ApPKEL va TapatnPROOVME OTL OL OpOoL auTol Elval SUVAMELC TOV

W =wiwk:



Ynowkn Eneiepyacia ZApMATOC
AvaAvon Fourier

Discrete Fourier Transform (DFT)

O mivakac Fourier:

L W2 4wl =
KOl TTAAL va AdBoupe vtoyn o6tL Kat To W gival pua pifa tTng
povadac: Wr=wniwk=1il«k=1. Ta j,k eival dtagopetTika Tov 1 Kat

To W gival SLa@opeTikd. Opwg LoxveL oTu:

L-T" = (1 =W)[L+ W+ W44 WD

Kol eEmeldn Wn=1 kat W#1 tote n 6e0tepn mapévOeon oto 6£E10
HEAOG elval pndev.



Ynowkn Eneiepyacia ZApMATOC

OpoldéTNTEC HETAED TWV HETAOYNMHOTIOMWY Fourier - Wavelet:

O FFT kot o DWT sival ypapuIKEC BLadilkaoiec Tov dSnuitovpyouvv
pLa Gopn 6edopévwy pe log,n otolxeia SLa@opwv peyedwv, Ta
omoia Ta anodnkKevoOUV Kal Ta HETaoYnRatifovv os éva dSiavuopa
HE HEyEOoOG 2,

O avTioTpo@oc mivakag yia FFT-DWT &ival io0o¢ pe Tov
QVACTPOPO TOL aPXLKOU. OmoTE KAl oL 5UV0 HETAOYNHUATLOMOL
MTTOPOUV va OewpnOolv oav MEPLOTPOPEC OE EVAV
CUVAPTNOLAKO XWPO Ot HLx SLa@opeTIKA tEPLOXR.- MNa tov FFT
aUTA N MEPLOYXN



Ynowkn Eneiepyacia ZApMATOC

OpoldéTNTEC HETAED TWV HETAOYNMHOTIOMWY Fourier - Wavelet:

O1 guvapTtAoEelc Baong yia tov FFT og auth TNV MEPLOXN Elval
npiTova Kat cuvnpitova. Na tov DWT, oL cuvapTACELS Baong
gival Ta wvlts, pntpika wvits, R wvits avaivonc.

Mo aKOMN OHOLOTNTA TOUG BPIOKETAL OTO YEYOVOC OTL OL CULV.
Baong sival TOMIKEC WG TTPOG TNV oUYVOTNTA, KABLoTOVTAC
XPNOLHA TA HOONMATIKA EPYAAELX OTIWG TO power spectra (6Ad
moon Suvaun mepLEXeTal o€ £€va S1ACTNHMA CUXVOTATWY) KAl TWV
scalegrams (o& emopevn da@avela) yia tnv emAoyn

CUXVOTATWY Kal YL KATAVOMEG Suvaung.



Ynowkn Eneiepyacia ZApMATOC

Ao @opéC PETAED TWVY pHETAOXNMUATIOMWY Fourier - Wavelet:

H o evéla@épouvoa dLa@opd EyKELTAL OTO YEYOVOG OTL Ol
guvapTtNoslc wvlt eival Ttomtikéc (localized) otov XYWPO évw TA
nUitova KaL cvvnuitova 6&v £ival. AUTO TO XAPAKTNPLOTIKO TWV
wvlit pall pe To yeyovog o6t eival localized kat wg mpo¢ t™n
gUYVOTNTA, £XEL WC ATIOTEAECHNA VA METATPETIEL TTOAAEC
OUVOPTAOCELC KOL TEAEOTEG O€ “sparce” 6Ttav TIG
eneepyalopaote pE wvlt. AutO HE TN OELPA TOU €XEL WG
ATIOTEAEC A TIOAAEC XPAOLMEG EQAPHOYEC OTIWG data
compression, detecting features in images, KatL antopakpuvon

ToU O0pPUBOL ATIO XPOVOOELPEG.



Ynowkn Eneiepyacia ZApMATOC

Ao @opéC PETAED TWVY pHETAOXNMUATIOMWY Fourier - Wavelet:

‘EVvac TPOTOGC YL v SOUME TIC SLa@popéc oTtnv avaAuon o& XpOvo-
guUYVOTNTA YLA TOUC 600 METACYNMATIOMOUC Eival va
MAPATNPHOOVHUE OTO MWCE KAADTTTOUV TO ETMIESO YpOVOUL-
guUYVOTNTAG Ol CUV. BAONC. ZTO OXAMA BAETIOUME éva
W(indowed)FT omovu to window gival éva TETPAYWVIKO KUpa. To
window TETPAYWVIKOU KOMATOC “OTPOYYUAOTIOLEL” TIG
OUVAPTACELC Sine-cosine yLa va tTalptalouvv oe éva window

CUYKEKPLHEVOU peyéOouc.



Ynowkn Eneiepyacia ZApMATOC

Ao @opéC PETAED TWVY pHETAOXNMUATIOMWY Fourier - Wavelet:

U

Frequency

N T,

Time

Fig. 1. Fourier basis functions, time-frequency tiles, and coverage of the time-frequency plane.



Ynowkn Eneiepyacia ZApMATOC

Ao @opéC PETAED TWVY pHETAOXNMUATIOMWY Fourier - Wavelet:

Enteldn éva Kat povo window XPNOLHOTIOLELTAL YA OAEC TIG
CUXVOTNTEC N SLAKPLTIKIKA IKAVOTNTA TNG avaAvong ival n idwa

O€& OAEG TIC MMEPLOYXEGC TOU EMUITMESOL Y POVOL-TLUYVOTNTAG.

To mAgovéEKTNMa TWY WVIt eival 0TtL To window motlKiAsL. MNa va
OTIOMOVWOOUME AOUVEYELEC TOU OAQMATOG, XPELATETAL VA EYOUME
TOAD MLKPEG oLV, Baonc. TautOXpPOVA, YIA VA ETIITUYXOUME
AETITOMEPN AVAAVC N TWV CUXVOTATWY, XPELA{ETAL VA £€XOUME
TMOAD “MaKpPLEC” ouv. Baong. Evac TPOTOG £ival va £€YOUME
MLKPEGC OUV. BAONC LYNAWY CUYVOTATWY KAl “HAKPLEC” XARNAWVY
CUXVOTATWY. AUTO emITUYXAVETAL HE Ta wVits. ZTO mMapAKATW

oXAMa TTapouvoLlaleTal N KAAUYN TOV TMESLOU XPOVOUL-TUYVOTNTAG



Ynowkn Eneiepyacia ZApMATOC
Ao @opéC PETAED TWVY pHETAOXNMUATIOMWY Fourier - Wavelet:

AuTO emiTUyYAveTal HE Ta wVits. ZTO MAPAKATW OYAMA
nmapouvoLalstal n KAAvyYn Tou eSOV XPOVOL-CLYVOTNTAC ME TO
wvlit Daubechies.

N A A

R s i e D

Freguency

e,
Pl T T ]
LA L

N

Tirme

Fig. 2. Daubechies wavelet basis functions, time-freguency tiles, and coverage of the time-frequency
plane.



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet

Me t1 powalouv ta Wavelets:

OL SLaPOPETIKEC OLKOYEVELEC TWV WVIts SlaywpilovTal o0To WG
oL ouv. Baonc eival localized oTtov YWPO KAl TTOOO OMAAEC Eival.

Kamowa and ta wvlts éxouvv dopun fractal, m.x. ot olkoyévela Twv

wvlits Daubechies 0.07 ' PP
006

0.05f
0.04 f

0037

0.02 1200 1250 1300 1350 1400 1430 1500 ]
0.01 f
0} P S
-0.01f
0.0z 0 :_:[:]D | .D[:][:l 1.5[][] El[][:”:l 2500

Fig. 3. The fractal self-similiarity of the Daubechiez mother wavelet.



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet

Me t1 powalouv ta Wavelets:

Méoa o& KaOe olkoyévela wvilts uTTAPYOUV UTIOKATNYOPLEC TIOU
OLa@épPOouV OTOV APLOMO TWV CUVTEAECTWY KOl OTO MEYEDOC TWVY
EMAVAARYPEWY. ZUVAOWG KATNYOPLOTTOLOUVTAL ATIO TOV aApPLOMO
TWV ATIAAELPOMEVWY POTTIWV. AUTO ammoTeAEL éva extra gOvoAo
aTtO PAONMATIKEC OXETELC TIOU TIPETEL VA LKAVOTIOLOUV Ol
OUVTEAEOTEC, KOl EVOEWC AVAAOYO TIPOG TOV APLOMO TWV
guvTeEAeoTWY. MNa mapadeiypa, otnv otkoyéveila Coiflet
vntapyouv Coiflets pe 2 kat Coiflets pe 3 anaAel@ONEVEG POTIEG.
210 oXAMa mapouvoLlalovTal SLaPOoPETIKEG OLKOYEVELEC atto WVIts



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet

Me t1 powalouv ta Wavelets:

0.06 . . r : 0.06 r r
0.05 Daubechies_6 - 0.05} Coiflet_3
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ﬂ-l:ll CI-QE 3
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Fig. 4. Sewveral different families of wawvelets. The number next to the wavelet name represents the number of
vanishing moments (A stringent mathematical definition related to the number of wavelet coefficients) for the subclass

of wavelet. These ficures were generated using WaveLab.



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet
Nna tnv av@Avon ocAMHATOC HE WVIts XPNOLHMOTIOLIOVME LA UNTPIKA
ouvvaptnon N éva wvlt avaAvonc ®(x), mtov opilel pLa
opOoywvikA Baon, Tnv Baon wvlt:

oy (2) =277 (2772 — )

O petaBAnTéc s, | eival aképatol tov Swafapifouvv kal dilate Tnv
® yua va mapaiouvv wvlts, otwc tnv otkoyévela Daubechies. O
MAPAYOVTAC KALHAKWONG (SLtafaduiong) s kaBopifel To MAATOG
Tou wvlit kat o mapayovtag Oéong | 6516eL Tnv 0éon Tou. H ® Kabe
@POPA KALHOKWVETAL KATA £évav mapdyovta 2, Kat peTatomieTal

KOTA aKEpaiovs aplOpouc.



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet
Ta wvlits elval ommovdaia Aowtmtov yLati £€Youv TNV AUTOOMOLOTNTA
(BA. fractals) mou mnyadsL amo TNV KALHAKWON KAl TNV
pETaTOomion. Av Yyvwpillovpe TNV ® TOTE E£POULME TA TIAVTA YA
™V Baon.

Na va eEMEKTEIVOUME TA BESOMEVA HAGC O BLaPOPETIKEG
avaAvoels (resolutions), To wvlt avd@Avong XpPNOLHOTOLELTAL OE
HLa £Elowon KALLAKWONG:

N-1
roFon Fy '.II.' i
Wir)= Z (=1)" cpe1 P (22 + k)
h=-1
omtov W(x) eivat N Ouv. nAtpunwury yuw upv w, Kat ¢, Ol

OUVTEAEOCTEG TOUL WVIL.



Ynowkn Eneiepyacia ZApMATOC
Avaivon Wavelet
Ol OUVTEAECTEC TIPETIEL VA LKAVOTIOLOUV TIEPLOPLOHOUC

YPOAMMULKOUC Kal devtepofadOuiouc:

N-1 N-1

Z cp = 2, Z CkCryar = 207

k=0 k=0

omovu 6 eival n cuvvaptTnon 6éAta kat | o eiktTng Oéonc.

ZNMELWVETE N EVKOALA OTNV EMIAOYH TWV CUVTEAECTWY YLA é€va
guotnua wvlit yia éva mpoBAnua, m.X. n Daubechies éxel
TIPOTELVEL CUYKEKPLUEVEC OLKOYEVELEC amo wvlts Tta omola eival
TMOADU KAAQ O0TO v EHPAVIIOUV TIOAUWVUHLKA CUMTIEPLPOPG. Tou

Haar elval aKkOpn 1o amAd.



Ynewakni Eneispyacia ZAHATOC
Avaivon Wavelet

OL guVvTEAEOTEC TIPETEL VA OewpnOolv oav éva £160¢ @iAtpou. To
@LATPO TOTMOOETEITAL OTOV TIIVAKA HETACYNHUATIOMOU, O OTIOLOC
EQUAPMOTETAL OTA APXLKA HOU HeBOpéVA. OL CUVTEAEOTEC
KATATAOOOVTAL HE Baon 500 KATEVOOUVOELG: MLA TIOV EVEPYEL WG
@iATpo opalomoinong (m.X. £€vac KIvoOHEVOG HEoOC 6p0C), Kat
HLA TTOU EVEPVYEL £€TOL WOTE VA AVASEIEEL TIC AETITOMEPELEC TWV
6edbopévwv.



Ynewakni Eneispyacia ZAHATOC
Avaivon Wavelet

O MiVaKAC HETATYNMUATIOMOU £QaAPHOTeTAL OTA HEOOMEVA HOC ME
EVav LEPAPYXLKO aAyOopLlOmo, ouxva ovopalstal mMupaliSiKoc
aAyopLOLO0c.OL CUVTEAEOTEC SLATACOVTAL £TOL WOTE Ol TIEPLTTEC
YPAMMEC va SpoUV WG @LATPO OMAAOTIOINO NG, EVW Ol APTLEC
YPOMHEC VA AVASEIKVOOUV TIC AETITOMEPELEGC TWV BEBOMEVWV.
ApYIka e@appoletal o€ OAa Ta dcdopeva. Enelta 1o Siavuoua
OMOAOTIOLEITAL KAL ATIOKOMTETAL OTO HLOO Kal Eavaspapuolstal o
nivakag. H d1adikaocia emavaABavetal HEXPL VA EXOUME EVAV
LKAVOTIOLNTLKO aplOpo S1ad0XIKWY OMAAOTIOLACEWY (TPLA
ATOTEAEOHATA Va eival E§ioov opaAomtoltnpéva). ‘ETol KaOe
EQUAPMOYN AUEAVEL TNV aVAAUON (EVUKPLVELA) EVW OMAAOTIOLEL TA

MapapeEivovta 6edopéva.



Ynowakn Eneiepyaocia ZARATOC
Avaivon Wavelet

ZTNV mMpaypatikoTtnTa e@pappuolovtal makéta wvlts. AAS
YPOHHLKOL cuvbuvaopol and wvlts. Avta oxnuatifouv Baocelc mou
dLatnpouvv TnV o0pOBoywvikoTNTA, TNV OHAAOTNTA, KAl TO
localization (evtomiopnd) amnd ta yovika wvlts. OL ouvteAEoTEG
TOUL YPOAH. CUVOUVAOCHOU uTtoAoyi{ovTal amnmd £€vav EMAVAANTITIKO
aAYOpPLOMO O OTI0i0C YIa Va TIPAYHATOTIOLAON TNV MEPALTEPW

QVAAUVGC N XPNOLHOTOLEL QUTAV TNV CELPA TWV CUVTEAECTWV.
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H Baon:
H ouv. Baonc mepLéEXEL TNV amapaitnTn MANPOPOPIia yid TO CHMA,
KOL AV (VAL AIMOTEAECMATLKH TOTE 6a N MANnPOYOoPia TOL CHNATOG
Oa €xeL CUMTILEOTEL. Ol 1B1OTNTEC IOV O TMPETEL VA TIANPEL ML
Baon sivai:
* TaXU UTTIOAOYLOHMO TWV ECWTEPLKWVY YIVOHEVWY ME AAAEG
COUVaPTHOELC Bdaonc.
* Tayxsia vtépOeon Twv ocuv. Baonc.
* KOAO XWPLKO EVTOTIIOMNO, €TOL WOTE va lval Suvatoc o
MPOOCOIOPLONOC TOV ONMUELOU TOU OAHMATOC TIOU CUVET PEPEL
QPKETA.
s aveEaptTnoia, £TOL WOTE Alya oTOolXEla BAONGC va avTLOTOLYOUV

oTO 1610 TUAMA TOV OAMATOC.
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YTOAOYILOTIKH Kal avOpwtiivn 6pacn:

Marr believed that it was important to establish scientific foundations for vision, and that while

doing so, one must limit the scope of investigation by excluding everything that depends on training,
culture, and so on, and focus on the mechanical or involuntary aspects of vision. This low-level vision
15 the part that enables us to recreate the three-dimensional organization of the physical world around
us from the excitations that stimulate the retina. Marr asked the questions:

o How is it possible to define the contours of objects from the variations of their light intensity?”
o How is it possible to sense depth?

e How 15 movement sensed?

He then developed working algorithmic solutions to answer each of these questions.
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YTOAOYILOTIKH Kal avOpwtiivn 6pacn:

Marr's theory was that image processing in the human visual system has a complicated hierarchi-
cal structure that involves several layers of processing. At each processing level, the retinal system
provides a visual representation that scales progressively in a geometrical manner. His arguments
hinged on the detection of intensity changes. He theorized that intensity changes oceur at different
scales in an image, so that their optimal detection requires the use of operators of different sizes.
He also theorized that sudden intensity changes produce a peak or trough in the first derivative of
the image. These two hypotheses require that a vision filter have two characteristics: it should be
a differential operator, and it should be capable of being tuned to act at any desired scale. Marr’s
operator was a wavelet that today is referred to as a “Marr wavelet.”
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ZUMTILEON ATIOTUTIWHGTWY oTo FBI:

Between 1924 and today, the US Federal Burean of Investigation has collected about 30 million sets
of fingerprints (7). The archive consists mainly of inked impressions on paper cards. Facsimile scans
of the impressions are distributed among law enforcement agencies, but the digitization quality is
often low. Because a number of jurisdictions are experimenting with digital storage of the prints,
incompatibilities between data formats have recently become a problem. This problem led o a
demand in the criminal justice community for a digitization and a compression standard.
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ZUMTILEON ATIOTUTIWHGTWY oTo FBI:

In 1993, the FBI's Criminal Justice Information Services Division developed standards for fin-
gerprint digitization and compression in cooperation with the National Institute of Standards and
Technology, Los Alamos National Laboratory. commereial vendors, and eriminal justice communities

o . ]

9).

Let’s put the data storage problem in perspective. Fingerprint images are digitized at a resolution
of 500 pixels per inch with 256 levels of gray-scale information per pixel. A single fingerprint is about
700,000 pixels and needs about 0.6 Mbytes to store. A pair of hands, then, requires about 6 Mbytes
of storage. So digitizing the FBI's current archive would result in about 200 terabytes of data.
(Notice that at today's prices of about $900 per Ghyte for hard-disk storage, the cost of storing
these uncompressed images would be about a 200 million dollars.) Obviously, data compression is
important to bring these numbers down.
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ZUMTILEON ATIOTUTIWHGTWY oTo FBI:

Fig. 5. An FBIl-digitized left thumb fingerprint. The image on the left is the original; the one on the right
is reconstructed from a 26:1 compression. These images can be retrieved by anonymous FTP at ftp.e3.1lanl.gov
(128.165.21.64) in the directory pub/WSQ/print-data. (Courtesy Chris Brislawn, Los Alamos National Laboratory.
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Amtopakpuvon tov Oopufou:

In diverse fields from planetary science to molecular spectroscopy, scientists are faced with the
problem of recovering a true signal from incomplete, indirect or noisy data. Can wavelets help
solve this problem? The answer is certainly “ves,” through a technique called wavelet shrinkage and

thresholding methods, that David Donoho has worked on for several years (10).

The technique works in the following way. When you decompose a data set using wavelets, you
use filters that act as averaging filters and others that produce details (11). Some of the resulting
wavelet coefficients correspond to details in the data set. If the details are small, they might be
omitted without substantially affecting the main features of the data set. The idea of thresholding,
themn, 1s to set to zero all coefficients that are less than a particular threshold. These coeflicients are
nsed in an inverse wavelet transformation to reconstruct the data set. Figure 6 15 a pair of “before”
and “after” illustrations of a nuclear magnetic resonance (NMR) signal. The signal 1s transformed,
thresholded and mverse-transformed. The technique 1s a significant step forward in handling nosy
data because the denoising is carried out without smoothing out the sharp structures. The result is
cleaned-up signal that still shows important details.
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Amopdakpuvon tov Oopufouvu:

Figure 7 displays an image created by Donoho of Ingrid Daubechies (an active researcher in
wavelet analysis and the inventor of smooth orthonormal wavelets of compact support). and then
several close-up images of her eve: an original, an image with noise added. and finallv denoised
image. To denoise the image Donoho

1. transformed the image to the wavelet domain using Coiflets with three vanishing moments,

2. applied a threshold at two standard deviations, and

3. inverse-transformed the image to the signal domain.
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Amopdakpuvon tov Oopufouvu:
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Fig. 6. “Before” and *“after” illustrations of a nuclear magnetic resonance signal. The original signal
is at the top, the denoised signal at the bottom. {Images courtesy David Donoho, Stanford University, NMR data

courtesy Adrian Maudsley, VA Medical Center, San Francisco).
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Amtopakpuvon tov Oopufou:

Ingrid Daubechies

Closeup
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Fig. 7. Dencising an image of Ingrid Daubechies® left eye. The top left image is the original. At top right
is a close-up image of her left eve. At bottom left is a close-up image with noise added. At bottom right is a close-up
image, denoised. The photograph of Danbechies was taken at the 1993 AMS winter meetings with a Canon XapShot
video still-frame camera. [Courtesy David Donohaol
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Aviyvevon fractal cuunepLpopac:

Wavelet analysis is proving to be a very powerful tool for characterizing behavior, especially self-
similar behavior, over a wide range of time scales.

In 1993, Scargle and colleagues at NASA-Ames Research Center and elsewhere investigated the
quasiperiodic oscillations (QPOs) and very low-frequency noise (VLFN) from an astronomical X-ray
accretion source, Sco X-1 as possibly being caused by the same physical phenomenon (12). Sco X-1
15 part of a close binary star system in which one member 15 a late main sequence star and the other
member (Seo X-1) 1s a compact star generating bright X rays. The canses for QFPOs in X-ray sources
have been actively investigated in the past, but other aperiodic phenomena such as VLFNs have not
been similarly linked in the models. Their Sco X-1 data set was an interesting 5-20 keV EXOSAT
satellite time-series consisting of a wide-range of time scales, from 2 ms to almost 10 hours,
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Aviyvevon fractal cuunepLpopac:

Galactic X-ray sources are often caused by the accretion of gas from one star to another in a
binaryv star system. The accreted object is usually a compact star such as a white dwarf, neutron
star, or black hole. Gas from the less massive star flows to the other star via an accretion disk
(that is, a disk of matter around the compact star Howing inward) around the compact star. The
variable lnminosities are caused by irregularities in the gas How. The details of the gas flow are not

well-known.

The researchers noticed that the luminosity of Sco X-1 varied in a self-similar manner, that
15, the statistical character of the luminosities examined at different time resolutions remained the
same. Since one of the great strengths of wavelets is that they can process information effectively

at different scales, Scargle used a wavelet tool called a scalegram to investigate the time-series,
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Aviyvevon fractal cuunepLpopac:

Scargle defines a scalegram of a time series as the average of the squares of the wavelet coeflicients
at a given scale. Plotted as a function of scale, it depicts much of the same information as does the
Fourier power spectrum plotted as a function of frequency. Implementing the scalegram involves
summing the product of the data with a wavelet function, while implementing the Fourler power
spectrum involves summing the data with a sine or cosine function. The formulation of the scalegram
makes it a more convenient tool than the Fourier transform because certain relationships between
the different time scales become easier to see and correct, such as seeing and correcting for photon
noise,

The scalegram for the time-series clearly showed the QPOs and the VLENs, and the investigators
were able to calculate a power-law to the frequencies. Subsequent simulations suggested that the
canse of Sco-X1's luminosity Auctuations may be due to a chaotic aceretion flow,
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Aviyveuvon fractal cupmnepLpopdac:

Ingrid Daubechies Closeup
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Fig. T. Denoising an image of Ingrid Daubechies® left eye. The top left image is the original. At top right
iz a close-up image of her left eve. At bottom left is a close-up imapge with noise added. At bottom right is a close-up
image, denoised. The photograph of Daunbechies was taken at the 1993 ANMS winter meetings with a Canon XapShot
video still-frame camera. [Courtesy David Donoho)
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MoOUOIKR:

Vietor Wickerhauser has suggested that wavelet packets could be useful in sound synthesis (13). His

1dea 1s that a single wavelet packet generator could replace a large number of oscillators. Through
experimentation, a musician could determine combinations of wave packets that produce especiall
interesting sounds.

Wickerhauser feels that sound svnthesis is a natural use of wavelets. Say one wishes to ap
proximate the sound of a musical instrument. A sample of the notes produced by the instrumen
could be decomposed into its wavelet packet coefficients. Reproducing the note would then requir
reloading those coefficients into a wavelet packet generator and playing back the result. Transien
characteristics such as attack and decay- roughly, the intensity variations of how the sound start
and ends- could be controlled separately (for example, with envelope generators), or by using longe
wave packets and encoding those properties as well into each note. Any of these processes could b
controlled in real time. for example, by a kevboard.

Notice that the musical instrument could just as well be a human voice, and the notes words o
phonemes.
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MoOUOIKR:

Notice that the musical instrument could just as well be a human voice, and the notes words or
phonemes,

A wavelet-packet-based music synthesizer could store many complex sounds efficiently hecanse

o wavelet packet coeflicients, like wavelet coeflicients, are mostly very small for digital samples
of smooth signals; and

o discarding coefficients below a predetermined cutoff introduces only small errors when we are
compressing the data for smooth signals.

Similarly, a wave packet-based speech synthesizer could be used to reconstruct highly compressed
speech signals. Figure 8 illustrates a wavelet musical tone or toneburst.
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MoOUOIKR:

Fig. 8. Wavelets for music: a graphical representation of a Wickerhauser toneburst. This screenshot of
a toneburst was taken while it was playing in the Macintosh commercial sound program Kaboom! Factory., { Toneburst

courtesy Victor Wickerhauser)
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Figure 2. The continuous wavelet transform of an aeromagnetic profile. The waveler coefficients are
displaved as an image with the smaller scales ar the rop of the image (eg higher frequencies), the
position on the horizontal axis and the magnitude of the wavelet displaved by colour. Clicking on the
image will plav the accompanving wavelet music.



