
1 EisagwgikËc Ënnoiec

1.1 Sunart†seic, parag∏gish kai olokl†rwsh

• TrigwnometrikËc sunart†seic

sin

2
x+ cos

2
x = 1

sin(x+ y) = sinx · cosy + cosx · siny
cos(x+ y) = cosx · cosy � sinx · siny

sin(

⇡

2 � x) = cosx

cos(

⇡

2 � x) = sinx

sin(�x) = �sinx

cos(�x) = cosx

(1)

• Ekjetik† sunàrthsh
e = lim

n!1
�
1 +

1
n

�
n

e

lnx

= ln(e

x

) = x

e

x · ey = e

x+y

e

x

e

y

= e

x�y

(e

y

)

y

= e

xy

ln(xy) = lnx+ lny

ln(

x

y

) = lnx� lny

ln(x

y

) = y · lnx

(2)

• Paràgwgoc
f

0
(x) = lim

h!0

f(x+ h)� f(x)

h

(3)

H paràgwgoc thc f sto shme–o x mpore– na jewrhje– Ïti e–nai eke–noc o grammikÏc
metasqhmatismÏc (dhl. h euje–a gramm†) pou prosegg–zei me ton kal–tero trÏpo
(dhl. efàptetai) thn f sto shme–o x. AutÏc o orismÏc mpore– na epektaje– kai
se sunart†seic poll∏n metablht∏n. An mia sunàrthsh e–nai paragwg–simh se Ëna
shme–o, tÏte e–nai kai suneq†c sto shme–o autÏ. To ant–strofo den isq‘ei (mpore–te
na de–te the sunàrthsh f(x) = |x| h opo–a an kai suneq†c sto x = 0 den e–nai
paragwg–simh.
An mia sunàrthsh e–nai paragwg–simh se Ëna diàsthma, tÏte apÏ to prÏshmo thc
parag∏gou mporo‘me na exàgoume sumperàsmata gia th monoton–a thc sunàrthshc.
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1. EisagwgikËc Ënnoiec

Sq†ma 1: Paràgwgoc sunàrthshc.

An mia sunàrthsh e–nai paragwg–simh kai se kàpoio shme–o Ëqei topikÏ akrÏtato,
tÏte h paràgwgoc se autÏ to shme–o mhden–zetai.
IdiÏthtec parag∏gwn:

(f + g)

0
= f

0
+ g

0

(fg)

0
= f

0
g + fg

0
⇣

f

g

⌘0
=

f

0
g�fg

0

g

2

(4)

• S‘njesh sunart†sewn
Ac upojËsoume pwc Ëqoume mia sunàrthsh f : A ! B kai mia sunàrthsh g : B ! C

(sq†ma 2.3). TÏte mporo‘me na or–soume th sunàrthsh g�f : A ! C me (g�f)(x) =
g(f(x)). Gia th paràgwgo Ëqoume:

(g � f)0(x) = g

0
(f(x))f

0
(x) (5)

• Olokl†rwsh
To embadÏ metax‘ thc grafik†c paràstashc miac sunàrthshc kai tou àxona x (sq†ma
3) ja e–nai:

E(h) '
NX

n=1

f(a+ (n� 1)h) · h , N =

b� a

h

(6)

Or–zoume san to orismËno olokl†rwma thc f apÏ to a sto b:
Z

b

a

f(x)dx = lim

h!0
E(h) (7)
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1.1. Sunart†seic, parag∏gish kai olokl†rwsh

Sq†ma 2: S‘njesh sunart†sewn.

Sq†ma 3: OrismËno olokl†rwma.
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1. EisagwgikËc Ënnoiec

IdiÏthtec: R
a

b

f(x)dx = � R b

a

f(x)dx

R
b

a

(�f(x))dx = � R b

a

f(x)dx

a < b < c ,

R
c

a

f(x)dx =

R
b

a

f(x)dx+

R
c

b

f(x)dx

R
b

a

(f(x) + g(x))dx =

R
b

a

f(x)dx+

R
b

a

g(x)dx

(8)

To jemeli∏dec je∏rhma tou apeirostiko‘ logismo‘:

d

dx

R
x

a

f(s)ds = lim

h!0

R
x+h

a

f(s)ds�
R
x

a

f(s)ds

h

= lim

h!0

R
x+h

x

f(s)ds

h

= lim

h!0
hf(x)

h

= f(x)

(9)

Etsi, an

F (x) =

Z
x

a

f(s)ds+ C => F

0
(x) = f(x) (10)

kai tÏte: Z
b

a

f(x)dx = F (x)

��b
a

= F (b)� F (a) (11)

kai mporo‘me na or–soume san to aÏristo olokl†rwma th sunàrthsh F , dhlad†:
Z

f(x)dx = F (x) (12)

Parade–gmata: R
x

n

dx =

x

n+1

n+1 + CR
1
x

dx = lnx+ CR
cosxdx = sinx+ CR
sinxdx = �cosx+ C

(13)

• Allag† metablht†c:
d

dx

(f(g(x))) = f

0
(g(x))g

0
(x) (14)

Ëtsi: Z
f

0
(g(x))g

0
(x)dx = f(g(x)) + C (15)

Ïmwc, lambànontac upÏyh Ïti g0(x)dx = dg(x) Ëqoume:
Z

f

0
(g(x))g

0
(x)dx =

Z
f

0
(g(x))dg(x) (16)

kai an jËsoume u = g(x) Ëqoume:
Z

f

0
(g(x))dg(x) =

Z
f

0
(u)du = f(u) + C = f(g(x)) + C (17)
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1.1. Sunart†seic, parag∏gish kai olokl†rwsh

• Paragontik† olokl†rwsh
Epeid† (fg)0 = f

0
g + fg

0 ja Ëqoume f 0
g = (fg)

0 � fg

0. 'Etsi:
Z

f

0
(g(x))g(x)dx = f(x)g(x)�

Z
f(x)g

0
(x)dx (18)

† Ïpwc mporo‘me na to gràyoume pio aplà:
Z

fdg = fg �
Z

gdf (19)

• Anàptugma Taylor
Kàje omal† sunàrthsh f se mia perioq† enÏc shme–ou a (dhlad† ape–rwc paragw-
g–simh se aut†n thn perioq†) mpore– na grafe–:

f(x) = f(a) + f

0
(a) · (x� a) +

f

00
(a)

2!

· (x� a)

2
+

f

(3)
(a)

3!

· (x� a)

3
+ . . . (20)

†

f(x) =

1X

n=0

f

(n)
(a)

n!

· (x� a)

n (21)

Ïpou f (0)
= f .

Parade–gmata seir∏n Taylor:

e

x

=

1X

n=0

x

n

n!

(22)

sinx =

1X

n=0

(�1)

n

x

2n+1

(2n+ 1)!

(23)

cosx =

1X

n=0

(�1)

n

x

2n

(2n)!

(24)

1

1 + x

=

1X

n=0

(�1)

n

x

n (25)

ln(1 + x) =

1X

n=0

(�1)

n

x

n

n

(26)

• Migadiko– arijmo–
An jËsoume i2 = �1 tÏte Ënac migadikÏc arijmÏc or–zetai wc z = x+ iy Ïpou to x
e–nai to pragmatikÏ tou mËroc (Re(z)) kai y to fantastikÏ tou (Im(z)). Upàrqei
mia fusik† isomorf–a metax‘ twn miadik∏n arijm∏n kai tou epipËdou Ïpwc fa–netai
sto sq†ma 4. An z = x + iy tÏte or–zoume to suzug† z̄ = x� iy kai ‚tsi Re(z) =
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1. EisagwgikËc Ënnoiec

Sq†ma 4: To s‘nolo twn migadik∏n arijm∏n Ëqei mia fusik† isomorf–a me ta shme–a tou
Eukle–diou epipËdou.

1/2(z + z̄) kai Im(z) = 1/2(z � z̄). Ep–shc z · z̄ = x

2
+ y

2
= |z|2. Isq‘oun oi

akÏloujec idiÏthtec:

|z · w| = |z| · |w|
�� z
w

��
=

|z|
|w|

�
z

w

�
=

z̄

w̄

z · w = z̄ · w̄

(27)

An pàroume t∏ra to anàptugma Taylor thc sunàrthshc ei✓ ja Ëqoume:

e

i✓

= 1 + i✓ +

(i✓)2

2! +

(i✓)3

3! +

(i✓)4

4! +

(i✓)5

5! +

(i✓)6

6! +

(i✓)2

2! + . . .

=

⇣
1� ✓

2

2! +
✓

4

4! + . . .

⌘
+ i

⇣
✓ � ✓

3

3! +
✓

5

5! + . . .

⌘

= cos✓ + isin✓

(28)

'Etsi cos✓ = Re(e

i✓

) kai sin✓ = Im(e

i✓

). Ep–shc ei⇡/2 = i, ei⇡ = �1.
Gia kàje migadikÏ arijmÏ z upàrqoun r, ✓ ∏ste z = r · ei✓ me r � 0 kai �⇡ < ✓  ⇡.
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1.2. S‘nola

IdiÏthtec:
cos(n✓) + i · sin(n✓) = (cos✓ + i · sin✓)n

R
cos

2
✓d✓ =

1
4(2✓ + sin2✓) + C

R
sin

2
✓d✓ =

1
4(2✓ � sin2✓) + C

R 2⇡

0 sin

2
✓d✓ =

R 2⇡

0 cos

2
✓d✓ = ⇡

(29)

1.2 S‘nola

Ac upojËsoume Ïti P (x) e–nai mia logik† Ëkfrash h opo–a perilambànei mia metablht† x.
TÏte kàje tËtoia prÏtash or–zei Ëna s‘nolo

S = {x|P (x)} (30)

to opo–o perilambànei Ïlec tic timËc thc metablht†c x pou epalhje‘oun thn prÏtash P (x).
D‘o s‘nola e–nai –sa mÏno an perilambànoun akrib∏c ta –dia stoiqe–a. 'Ena s‘nolo A lËme
Ïti e–nai upos‘nolo tou B kai sumbol–zoume A ⇢ B mÏno an kàje stoiqe–o to A e–nai kai
stoiqe–o tou B. 'Etsi, h isÏthta d‘o sunÏlwn prok‘ptei mÏno an kàje Ëna apÏ ta d‘o
upoy†fia s‘nola e–nai upos‘nolo tou àllou, dhl.

A = B () A ⇢ B and B ⇢ A (31)

Me ton trÏpo pou or–same ta s‘nola, e–nai dunatÏn Ëna s‘nolo na periËqei wc stoiqe–a
àlla s‘nola. 'Ena tËtoio s‘nolo to onomàzoume sullog† kai e–nai s‘nhjec na periËqei
mia metr†simh posÏthta sunÏlwn. 'Etsi, mia tËtoia sullog† th sumbol–zoume

U = {U
i

, i 2 I} (32)

Ïpou I Ëna upos‘nolo twn fusik∏n arijm∏n.
O orismÏc twn sunÏlwn Ïpwc dÏjhke parapànw kal‘ptei Ïlec sqedÏn tic praktikËc

anàgkec allà dhmiourge– kai kàpoiec logikËc duskol–ec. H pio fhmismËnh apÏ autËc e–nai
to gnwstÏ paràdoxo tou Russell, s‘mfwna me to opo–o jewro‘me th sullog† twn sunÏlwn
eke–nwn pou den periËqoun ton eautÏ touc. H sullog† aut†, an den periËqei ton eautÏ thc,
ja Ëprepe na e–nai stoiqe–o thc en∏ an periËqei ton eautÏ thc tÏte autÏ enanti∏netai ston
orismÏ thc sullog†c. Se kàje per–ptwsh odhgo‘maste se àtopo (upàrqoun s‘nola pou
periËqoun ton eautÏ touc, Ïpwc to s‘nolo Ïlwn twn sunÏlwn pou Ëqoun àpeira stoiqe–a).
Stic peript∏seic pou ja sunant†soume, ja jewro‘me pànta s‘nola pou den upofËroun
apÏ to paràdoxo tou Russell.
Mporo‘me na or–soume t∏ra merikËc pràxeic sta s‘nola. Arqikà Ëqoume thn tom† d‘o

sunÏlwn h opo–a sumbol–zetai A\B kai or–zetai na e–nai to s‘nolo twn koin∏n stoiqe–wn
twn d‘o sunÏlwn. An ta s‘nola den Ëqoun koinà stoiqe–a, tÏte to apotËlesma e–nai to
kenÏ s‘nolo to opo–o sumbol–zetai e–te {} e–te ;. 'Omoia mporo‘me na or–soume thn Ënwsh
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1. EisagwgikËc Ënnoiec

d‘o sunÏlwn, h opo–a sumbol–zetai A[B, san to elàqisto s‘nolo tou opo–ou kai ta d‘o
s‘nola e–nai upos‘nola. 'Etsi

A \ B = {x|x 2 A and x 2 B}
A [ B = {x|x 2 A or x 2 B} (33)

Mia àllh pràxh pou mporo‘me na or–soume e–nai h diaforà d‘o sunÏlwn A, B h opo–a
sumbol–zetai me A� B kai e–nai to s‘nolo Ïlwn twn stoiqe–wn tou pr∏tou sunÏlou pou
den an†koun sto de‘tero. 'Etsi,

A� B = {x|x 2 A and x /2 B} = A \ B

0 (34)

Ïpou me B0 sumbol–zoume to s‘nolo Ïlwn twn stoiqe–wn pou den an†koun sto B (tic pio
pollËc forËc, Ïla ta s‘nola me ta opo–a doule‘oume e–nai upos‘nola kàpoiou sunÏlou to
opo–o perilambànei Ïla ta stoiqe–a pou mporo‘n na e–nai mËlh twn sunÏlwn mac).
D‘o pol‘ qr†simec sqËseic gia tic pràxeic metax‘ sunÏlwn e–nai oi t‘poi DeMorgan:

(A \ B)

0
= A

0 [ B

0

(A [ B)

0
= A

0 \ B

0 (35)

1.3 To s‘nolo Rn

'Estw R to s‘nolo twn pragmatik∏n arijm∏n. Or–zoume to s‘nolo
Rn

= R⇥R⇥ . . .⇥R| {z }
n times

(36)

san to s‘nolo pou ta stoiqe–a tou e–nai Ïlec oi n�àdec thc morf†c
(a1, a2, . . . , an) (37)

me a
i

2 R, i = 1, 2, . . . , n. Ta stoiqe–a tou Rn ta onomàzoume kai dian‘smata.
An A = (a1, . . . , an), B = (b1, . . . , bn) 2 Rn kai � 2 R tÏte or–zoume:

A+B = (a1 + b1, . . . , an + b

n

)

�A = (�a1, . . . ,�an)
(38)

'Estw t∏ra ta dian‘smata A1
, A

2
, . . . , A

n. Ja lËme Ïti apotelo‘n m–a bàsh tou Rn an gia
kàje diànusma B 2 Rn upàrqoun pragmatiko– arijmo– �1, �2, . . . �n

tËtoioi ∏ste:

B = �1A
1
+ �2A

2
+ . . .+ �

n

A

n (39)

'Ena s‘nolo apÏ k�dian‘smataA1
, A

2
, . . . , A

k ja lËme Ïti e–nai anàgwgo († Ïti ta A1
, A

2
, . . . , A

k

e–nai grammikà anexàrthta) àn isq‘ei h akÏloujh sunepagwg†:

�1A
1
+ �2A

2
+ . . .+ �

k

A

k

= 0 ) �1 = �2 = . . . = �

k

= 0 (40)

Ac jewr†soume t∏ra Ïlec tic grammikËc sunart†seic apÏ to Rn ! R. Gia mia tËtoia
sunàrthsh T ja isq‘ei:

T (�1A
1
+ �2A

2
) = �1T (A

1
) + �2T (A

2
) (41)
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1.3. To s‘nolo Rn

'Etsi, an Ëqoume mia bàsh E

1
, E

2
, . . . , E

n kai Ëna tuqa–o diànusma A =

P
n

i=1 aiE
i ja

isq‘ei

T (A) = T

 
nX

i=1

a

i

E

i

!
=

nX

i=1

a

i

T

�
E

i

�
(42)

ApÏ thn prohgo‘menh sqËsh mporo‘me na diapist∏soume Ïti h sunàrthsh T prosdior–zetai
pl†rwc apÏ touc n�arijmo‘c T (Ei

) kai mporo‘me na de–xoume e‘kola Ïti o q∏roc twn
grammik∏n sunart†sewn T fËrei th dom† tou Rn. To q∏ro autÏ ton onomàzoume duikÏ
q∏ro tou Rn kai e–nai isÏmorfoc me ton Rn.
Or–zoume t∏ra san eswterikÏ ginÏmeno d‘o dianusmàtwn th digrammik† sunàrthsh

< ·, · >: Rn ⇥Rn ! R h opo–a ikanopoie– tic akÏloujec treic idiÏthtec:
< A,B >=< B,A >

< aA+ bB,C >=< a < A,C > +b < B,C >, a, b 2 R
(A,A) � 0, < A,A >= 0 , A = 0

(43)

'Ena pol‘ s‘nhjec eswterikÏ ginÏmeno or–zetai san

< A,B >=

nX

i=1

A

i

B

i

(44)

Ïpou A
i

, B

i

oi suntetagmËnec twn A,B.
Mporo‘me t∏ra na or–soume to mËtro enÏc dian‘smatoc k A k= p

< A,A >. Ep–shc
lËme Ïti d‘o dian‘smata e–nai metax‘ touc kàjeta an < A,B >= 0. Me th bo†jeia twn
parapànw orism∏n mporo‘me na kataskeuàsoume mia orjokanonik† bàsh, thc opo–ac Ïla
ta mËlh e–nai metax‘ touc kàjeta kai Ëqoun monadia–o mËtro.
St ex†c ja sumbol–zoume me Ai th i�suntetagmËnh enÏc dian‘smatoc st†lh

0

BBB@

A

1

A

2

...
A

n

1

CCCA
(45)

kai me A
i

th i�suntetagmËnh tou dian‘smatoc gramm†
(A1, A2, . . . , An

) (46)

Ep–shc, an se mia Ëkfrash sunanto‘me ton –dio de–kth na epanalambànetai kai san de–kthc
kai san ekjËthc, tÏte ja uponoe–tai àjroish pànw se Ïlec tic dunatËc timËc tou de–kth.
'Etsi:

nX

i=1

a

i

b

i

= a

i

b

i (47)

Ac jewr†soume t∏ra to s‘nolo

(Rn

)

k

= Rn ⇥Rn ⇥ . . .⇥Rn

| {z }
k times

(48)
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1. EisagwgikËc Ënnoiec

tou opo–ou ta stoiqe–a mporo‘n na grafo‘n:

0

BBB@

a

1
1 a

1
2 . . . a

1
n

a

2
1 a

2
2 . . . a

2
n

...
...

...
a

k

1 a

k

2 . . . a

k

n

1

CCCA
(49)

kai ta onomàzoume p–nakec me diàstash k ⇥ n (dhlad† me k�grammËc kai n�st†lec).
Parathre–ste Ïti to stoiqe–o thc i�gramm†c kai thc j�st†lhc to sumbol–zoume me ai

j

.
Me fusiologikÏ trÏpo mporo‘me t∏ra na or–soume thn prÏsjesh d‘o pinàkwn kaj∏c kai
ton pollaplasiasmÏ enÏc pragmatiko‘ arijmo‘ me Ënan p–naka. ep–shc, an A 2 (Rn

)

k tÏte
ja lËme Ïti A 2 M

k⇥n

.
'Estw t∏ra Ïti A 2 M

k⇥n

kai B 2 M

n⇥s

. Or–zoume ton p–naka C 2 M

k⇥s

me stoiqe–a

C

i

j

= A

i

l

B

l

j

(50)

Sth sunËqeia ja jewro‘me p–nakec pou en†koun sto M
n⇥n

, dhlad† Ëqoun n�grammËc kai
n�st†lec.
O p–nakac AT onomàzetai anàstrofoc tou A an

�
A

T

�
i

j

= A

j

i

(51)

dhlad† enallàssoume tic grammËc me tic st†lec. Ep–shc, o monadia–oc p–nakac I
n

or–zetai
wc o p–nakac me stoiqe–a

(I

n

)

i

j

= �

i

j

(52)

Ïpou

�

i

j

=

(
1, i = j

0, i 6= j

(53)

dhlad†

I

n

=

0

BBB@

1 0 . . . 0

0 1 . . . 0

...
...

...
0 0 . . . 1

1

CCCA
(54)

O ant–strofoc A�1 enÏc p–naka A or–zetai san o p–nakac gia ton opo–o isq‘ei

A · A�1
= A

�1 · A = I

n

(55)

PrËpei na shmeiwje– ed∏ Ïti den Ëqoun Ïloi oi p–nakec ant–strofo. To s‘nolo twn pinàkwn
pou Ëqoun ant–strofo to sumbol–zoume me GL (n,R).
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1.4. Or–zousec

1.4 Or–zousec

'Estw
�
a

i

j

� 2 M

n⇥n

. Or–zoume san or–zousa a tou
�
a

i

j

�
ton arijmÏ

a =

X

j1,j2,...,jn

(�1)

k

a

1
j1
· a2

j2
· · · an

j

n

(56)

Ïpou h àjroish ekte–netai se Ïlec tic n! metajËseic twn j1, j2, . . . , jn kai to k pa–rnei thn
timË 0 h 1 anàloga me to an h ant–stoiqh metàjesh e–nai àrtia † peritt†.
Epeid† ston orism'p thc or–zousac ta stoiqe–a j1, j2, . . . , jn Ëqoun Ïla metax‘ touc dia-

foretikËc timËc, mporo‘me na anadiatàxoume touc Ïrouc tou ajro–smatoc kai na gràyoume

a =

X

j1,j2,...,jn

(�1)

k

a

j1
1 · aj22 · · · ajn

n

(57)

Parathro‘me loipÏn pwc h or–zousa tou p–naka
�
a

i

j

�
apotele–tai apÏ n! Ïrouc, kàje Ënac

apÏ touc opo–ouc e–nai Ëna ginÏmeno n�stoiqe–wn tou p–naka, pa–rnontac kàje forà Ëna
stoiqe– apÏ kàje gramm† kai kàje st†lh. 'Etsi, an k�mia tuqa–a gramm† tou p–naka,
mporo‘me na gràyoume

a = a

k

1A
1
k

+ a

k

2A
2
k

+ . . .+ a

k

n

A

n

k

(58)

Ïpou me Aj

k

sumbol–zoume Ïlouc touc Ïrouc pou sunantàme sthn or–zousa pou periËqoun to
stoiqe–o ak

j

(afo‘ bËbaia Ëqoume bgàlei koinÏ paràgonta ton ak
j

). Epeid† loipÏn kàje Ïroc
thc or–zousac periËqei mÏno Ëna stoiqe–o apÏ kàje gramm† kai kàje st†lh, to stoiqe–o Aj

k

ja periËqei Ïlouc touc sunduasmo‘c twn stoiqe–wn tou p–naka afo‘ Ïmwc Ëqoume afairËsei
thn k�gramm† kai thn j�st†lh. EpiplËon, prin afairËsoume thn k�gramm† mporo‘me na
thn metakin†soume (k�1) jËseic ∏ste na thn kànoume pr∏th gramm† kai to –dio mporo‘me
na kànoume kai gia thn j�st†lh. 'Etsi to stoiqe–o A

j

k

or–zetai na e–nai h or–zousa tou
(n � 1) ⇥ (n � 1) p–naka pou prok‘ptei an afairËsoume thn k�gramm† kai thn j�st†lh
pollaplasiasmËnh me (�1)

k+j.
Ac do‘me merikËc basikËc idiÏthtec twn orizous∏n:

• An d‘o grammËc † d‘o st†lec enÏc p–naka allàxoun jËsh, tÏte h or–zousa allàzei
prÏshmo. Pràgmati, oi d‘o or–zousec ja Ëqoun akrib∏c to –dio s‘nolo Ïrwn me th
diaforà Ïmwc Ïti kàje àrtia metàjesh twn stoiqe–wn tou enÏc p–naka ja e–nai peritt†
metàjesh twn stoiqe–wn tou àllou kai Ëtsi kàje Ïroc ja sunantàtai me diaforetikÏ
prÏshmo.

• An d‘o grammËc † d‘o st†lec enÏc p–naka e–nai –diec, tÏte h or–zousa e–na mhdËn.

• An pollaplasiàsoume m–a gramm† tou p–naka † mia st†lh me Ënan arijmÏ, tÏte h
or–zousa pollaplasiàzetai me thn –dio arijmÏ.

• An prosjËsoume ta stoiqe–a miac gramm†c (st†lhc) me ta stoiqe–a miac àllhc gram-
m†c (st†lhc) tÏte h or–zousa tou p–naka pou prok‘ptei e–nai –dia me tou arqiko‘
p–naka.
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1. EisagwgikËc Ënnoiec

Epeid† t∏ra a = a

k

j

A

j

k

kai to Aj

k

den periËqei ton Ïro ak
j

ja Ëqoume

A

j

k

=

@a

@a

k

j

(59)

Ac jewr†soume t∏ra to àjroisma a0 = a

k

j

A

j

l

. Epeid† o Ïroc Aj

l

Ïpwc Ëqoume pei Ëqei na
kànei me thn or–zousa tou p–naka pou prok‘ptei apÏ ton A an afairËsoume thn j�st†lh
kai thn l�gramm†, e–nai anexàrthtoc apÏ ta stoiqe–a thc l�gramm†c. 'Etsi, mporo‘me ston
p–naka A na antikatast†soume ta stoiqe–a thc l�gramm†c me ta stoiqe–a thc k�gramm†c.
To àjroisma loipÏn ak

j

A

j

l

den e–nai t–pote àllo apÏ thn or–zousa auto‘ tou nËou p–naka h
opo–a e–nai 0 giat– Ëqei d‘o –diec grammËc (thn k kai thn l). 'Etsi, ftàsame sto sumpËrasma
Ïti

a

k

j

A

j

l

= �

k

l

· a (60)

An t∏ra or–soume ton p–naka
�
b

j

k

�
me bj

k

= a

�1
A

j

k

ja Ëqoume gia to ginÏmeno
�
c

j

k

�
tou

�
b

j

k

�

me ton
�
a

j

k

�

c

i

j

= a

i

k

b

k

j

= a

i

k

a

�1
A

k

j

= aa

�1
�

i

j

= (I

n

)

i

j

(61)

kai Ëtsi o
�
b

j

k

�
e–nai o ant–strofoc tou

�
a

j

k

�

1.5 Grammik† àlgebra

Or–zoume t∏ra to genikeumËno s‘mbolo tou Kronecker:

�

j1j2...jn

h1h2...hn

=

0

BBB@

�

j1
h1

�

j1
h2

· · · �

j1
h

n

�

j2
h1

�

j2
h2

· · · �

j2
h

n

...
...

...
�

j

n

h1
�

j

n

h2
· · · �

j

n

h

n

1

CCCA
(62)

E‘kola mporo‘me na diapist∏soume Ïti an d‘o apÏ ta j

i

† d‘o apÏ ta h

i

e–nai metax‘
touc –sa, tÏte to genikeumËno s‘mbolo tou Kronecker e–nai mhdËn giat– h or–zousa ja Ëqei
d‘o grammËc † d‘o st†lec –diec. Ep–shc, Ïloi oi Ïroi thc or–zousac ja e–nai 0 ektÏc apÏ
Ënan mÏno Ïro o opo–oc ja e–nai † 1 † �1. AutÏ sumba–nei giat– o p–nakac Ëqei se kàje
st†lh tou kai se kàje gramm† tou mÏno Ëna stoiqe–o pou e–nai –so me to 1 kai Ïla ta àlla
stoiqe–a 0. 'Etsi, o mÏnoc mh mhdenikÏc Ïroc thc or–zousac ja e–nai autÏc pou epilËgei
apÏ kàje st†lh kai apÏ kàje gramm† to mh mhdenikÏ stoiqe–o. To prÏshmo t∏ra ja Ëqei
na kànei me to an ta j1, j2, . . . , jn e–nai àrtia † peritt† metàjesh twn h1, h2, . . . , hn

. 'Etsi

�

j1j2...jn

h1h2...hn

= sgn

✓
j1 j2 · · · j

n

h1 h2 · · · h

n

◆
(63)

'Etsi gia paràdeigma
�

123
321 = 1, �

123
312 = �1, �

123
112 = 0 (64)

me th bo†jeia t∏ra tou genikeumËnou sumbÏlou Kronecker Ëqoume gia thn or–zousa

a =

1

n!

�

i1i2...in
j1j2...jn

a

j1
i1
· aj2

i2
· · · ajn

i

n

(65)
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1.5. Grammik† àlgebra

O Ïroc 1
n! emfan–zetai giat– upolog–zoume n! forËc thn or–zousa. Or–zoume t∏ra to

s‘mbolo
✏

j1j2...jn
= �

j1j2...jn
1 2 ...n

✏

j1j2...jn = �

1 2 ...n

j1j2...jn

(66)

Mporo‘me t∏ra na gràyoume gia thn or–zousa

✏

j1j2...jna = ✏

i1i2...in · ai1
j1
· ai2

j2
· · · ain

j

n

(67)

kai
✏

j1j2...jn
a = ✏

i1i2...in · aj1
i1
· aj2

i2
· · · ajn

i

n

(68)

'Estw t∏ra
�
c

i

j

�
=

�
a

i

j

� · �bi
j

�
dhlad† ci

j

= a

i

k

b

k

j

. TÏte:

c =

1

n!

�

i1i2...in
j1j2...jn

· cj1
i1
· cj2

i2
· · · cjn

i

n

)

c =

1

n!

�

i1i2...in
j1j2...jn

· aj1
l1
· bl1

i1
· · · ajn

l

n

· bln
i

n

)

c =

1

n!

1

n!

�

i1i2...in
l1l2...ln

· �l1l2...ln
j1j2...jn

· aj1
l1
· · · ajn

l

n

· b

l1
i1
· · · bln

i

n

)
c = a · b (69)

dhlad† h or–zousa tou ginomËnou d‘o pinàkwn e–nai to ginÏmeno twn orizous∏n.
'Estw t∏ra (xi

) Ëna diànusma pou ikanopoie– tic sqËseic

a

i

j

· xj

= b

i (70)

dhlad†

a

1
1x

1
+ a

1
2x

2
+ . . .+ a

1
n

x

n

= b

1

a

2
1x

1
+ a

2
2x

2
+ . . .+ a

2
n

x

n

= b

2

... =

...
a

n

1x
1
+ a

n

2x
2
+ . . .+ a

n

n

x

n

= b

n

TÏte, an
�
a

i

j

� 2 GL(n,R), ja upàrqei o p–nakac
�
a

i

j

��1. 'Etsi:
�
a

i

j

��1 · �ai
j

� · �bi� =

�
a

i

j

��1 · �bi�)
x

i

= (a

�1
)

i

j

· bj (71)

'Omwc
�
a

�1
�
i

j

=

1

a

A

I

j

(72)

kai Ëtsi
x

i

=

1

a

b

j

A

i

j

(73)

Jum–zoume t∏ra Ïti a1
i1
A

i1
1 +a

2
i�2A

i2
2 +. . .+a

n

j

i

A

j

i

n

kai Ëtsi to àjroisma bjAi

j

den e–nai t–pote
àllo apÏ thn or–zousa tou p–naka

�
a

i

j

�
ston opo–o Ëqoume antikatast†sei thn i�st†lh

me to diànusma (bi).
Sthn per–ptwsh t∏ra pou o p–nakac

�
a

i

j

�
/2 GL(n,R) diakr–noume d‘o peript∏seic:
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1. EisagwgikËc Ënnoiec

• An upàrqei or–zousa a(b,i) pou prok‘ptei apÏ thn antikatàstash thc i�st†lhc me to
diànusma (bi) kai e–nai 0, tÏte mporo‘me na jËsoume ton àgnwsto xi san paràmetro
kai na prospaj†soume na l‘soume gia touc upÏloipouc n� 1 agn∏stouc.

• An den upàrqei or–zousa a(b,i) pou prok‘ptei apÏ thn antikatàstash thc i�st†lhc
me to diànusma (bi) kai na e–nai 0, tÏte den upàrqoun l‘seic gia ta xi.

'Estw t∏ra Ëna diànusma (xi

) me thn idiÏthta:
�
a

i

j

� · �xi

�
= � · �xi

�
(74)

dhlad†
a

i

j

· xj

= �x

i (75)

tÏte lËme Ïti to diànusma (xi

) e–nai idiodiànusma tou p–naka
�
a

i

j

�
me idiotim† �.

An t∏ra Ëqoume Ënan p–naka
�
a

i

j

�
me idiodian‘smata (xi

1) , (x
i

2) , . . . , (x
i

k

) kai ant–stoiqec
idiotimËc �1,�2, . . . ,�k

me �
i

6= �

j

an i 6= j, tÏte ta (xi

1) , (x
i

2) , . . . , (x
i

k

) e–nai grammik∏c
anexàrthta. Pràgmati, an ta (x

i

1) , (x
i

2) , . . . ,
�
x

i

k�1

�
e–nai grammik∏c anexàrthta kai ta

(x

i

1) , (x
i

2) , . . . , (x
i

k

) e–nai grammik∏c exarthmËna ja Ëqoume:

a1

�
x

i

1

�
+ a2

�
x

i

2

�
+ . . .+

k�1

�
x

i

k�1

�
+ a

k

�
x

i

k

�
= 0 (76)

me a1 6= 0. Pollaplasiàzontac t∏ra me
�
a

i

j

�
ja Ëqoume

a1�1

�
x

i

1

�
+ a2�2

�
x

i

2

�
+ . . .+

k�1 �k�1

�
x

i

k�1

�
+ a

k

�

k

�
x

i

k

�
= 0 (77)

Pollaplasiàzontac t∏ra thn (76) me �
k

kai afair∏ntac apÏ thn (77) prok‘ptei:

a1(�1 � �

k

)

�
x

i

1

�
+ . . .+ a

k�1(�k�1 � �

k

)

�
x

i

k�1

�
= 0 (78)

'Omwc ta (xi

1) , (x
i

2) , . . . ,
�
x

i

k�1

�
e–nai grammikà anexàrthta kai Ëtsi gia paràdeigma �1 = �

k

pràgma to opo–o e–nai àtopo. 'Etsi ta (xi

1) , (x
i

2) , . . . , (x
i

k

) e–nai grammikà anexàrthta.
Gia na bro‘me tic idiotimËc enÏc p–naka

�
a

i

j

�
ja prËpei:

�
a

i

j

� · �xi

�
= � · �xi

�)
��
a

i

j

�� �I

� · �xi

�
= 0 (79)

Gia na Ëqei Ïmwc h (79) mh medenik† l‘sh ja prËpei

det

��
a

i

j

�� � · I� = 0 (80)

h opo–a e–nai h qarakthristik† ex–swsh, oi r–zec thc opo–ac mac d–noun Ïlec tic dunatËc
idiotimËc. An xËroume tic idiotimËc mporo‘me na l‘soume ta ant–stoiqa grammikà sust†mata
kai na upolog–soume ta idiodian‘smata.
MerikËc idiÏthtec twn idiotim∏n kai twn idiodianusmàtwn e–nai:

• An (xi

) e–nai idiodiànusma tou
�
a

i

j

�
me idiotim† � tÏte kai to diànusma

�
ka

i

j

�
e–nai

idiodiànusma me thn –dia idiotim†
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• An (xi

) , (y

i

) e–nai idiodian‘smata me thn –dia idiotim† �, tÏte kai to diànusma (kxi

)+

(ly

i

) e–nai idiodiànusma me thn –dia idiotim†

E–nai fanerÏ pwc an
�
a

i

j

� 2 GL(n,R) tÏte ‚qei to pol‘ n�diaforetikËc idiotimËc. An
t∏ra Ëqei akrib∏c n�diaforetikËc idiotimËc, tÏte ta ant–stoiqa idiodian‘smata epeid† e–nai
grammikà anexàrthta ja apotelo‘n kai m–a bàsh tou (f i

1) , (f
i

2) , . . . , (f
i

n

).
'Estw �1,�2, . . . ,�n

oi n�diaforetikËc idiotimËc tou p–naka �ai
j

�
kai (f i

1) , (f
i

2) , . . . , (f
i

n

)

ta ant–stoiqa idiodian‘smata. An (xi

) Ëna tuqa–o diànusma, tÏte epeid† ta (f i

1) , (f
i

2) , . . . , (f
i

n

)

ja apotelo‘n bàsh tou (f i

1) , (f
i

2) , . . . , (f
i

n

) ja Ëqoume:
�
x

i

�
= k1

�
f

i

1

�
+ . . .+ k

n

�
f

i

n

�
(81)

'Etsi �
a

i

j

� · �xi

�
= k1�1

�
f

i

1

�
+ . . .+ k

n

�

n

�
f

i

n

�
(82)

'Etsi, wc proc th bàsh
�
f

i

j

�
, o p–nakac

�
a

i

j

�
ja e–nai diag∏nioc me ta diag∏nia stoiqe–a na

e–nai oi idiotimËc �1, . . . ,�n

.

1.6 Ask†seic

1. Na upologiste– h paràgwgoc twn parakàtw sunart†sewn: (i) sinx2, (ii) cosex kai
(iii) xx.
L‘sh:
(i) An f(x) = x

2 kai g(x) = sinx tÏte sinx2
= g(f(x)) = (g � f)(x). EpomËnwc,

�
sinx

2
�0
= g

0
(f(x)) · f 0

(x) = cosx

2 · 2x

(ii) 'Omoia: f(x) = cosx kai g(x) = e

x. TÏte cosex = f(g(x)) = (f � g)(x). 'Etsi:

(cose

x

)

0
= �sine

x · ex

(iii) 'Eqoume xx

= e

x·lnx. 'Etsi:

(x

x

)

0
= e

x·lnx
(x · lnx)0 = x

x · (1 + lnx)

2. Na upologiste– to olokl†rwma I
n

=

R
x

n

e

x

dx.
L‘sh:

I

n

=

Z
x

n

e

x

dx =

Z
x

n

de

x

= x

n

e

x �
Z

e

x

dx

n

= x

n

e

x � n

Z
x

n�1
e

x

dx

'Etsi I
n

= e

n

e

x � n · I
n�1 kai i0 =

R
e

x

dx = e

x

+ C kai Ëtsi me anadromikÏ trÏpo
mporo‘me na upolog–soume to I

n

.

3. An B1, B2, . . . Bn

2 R kai ai
j

= B

i

·B
j

ta stoiqe–a enÏc p–naka, na upolog–sete thn
det

�
a

i

j

�
.
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L‘sh:

det

�
a

i

j

�
=

X

j1,...jn

(�1)

�

a

1
j1
a

2
j2
. . . a

n

j

n

)

det

�
a

i

j

�
=

X

j1,...jn

(�1)

�

B1Bj1B2Bj2 . . . Bn

B

j

n

)

det

�
a

i

j

�
=

X

j1,...jn

(�1)

�

B

2
1B

2
2B

n

n

afo‘ ta j1 . . . jn pa–rnoun Ïlec tic timËc apÏ to 1 � n. Epeid† oi misËc metajËseic
e–nai àrtiec kai oi misËc perittËc kai Ïloi oi Ïroi tou ajro–smatoc e–nai –soi kat>
apÏl‘th tim†, to àjroisma ja mhden–zetai. 'Etsi det(ai

j

) = 0.

4. An aj
k

= �a

k

j

kai n�peritÏ, na deiqte– Ïti det �ai
j

�
= 0.

L‘sh:

det

�
a

i

j

�
=

P
j

a

...j

n

(�1)

�

a

1
j1
. . . a

n

j

n

=

P
j

a

...j

n

(�1)

�

(�1)

n

a

j1
1 . . . a

j

n

n

= �det

�
a

i

j

�

giat– to n�perittÏ. 'Etsi, det �ai
j

�
= 0.

5. Na de–xete Ïti o p–nakac ✓
cos✓ �sin✓

sin✓ cos✓

◆

Ïtan pollaplasiaste  me to diànusma (x, y)T , d–nei Ëna nËo diànusma (x0
, y

0
)

T me to
–dio mËtro allà Ëqei peristrafe– katà gwn–a ✓.
L‘sh:
Ja qrhsimopoi†soume thn isomorf–a touR2 me to C. To diànusma (x, y)T antistoiqe–
ston migadikÏ arijmÏ z = re

i! me x = rcos! kai y = rsin!. An pollaplasiàsw me
ton arijmÏ ei✓ ja pàrw ton migadikÏ arijmÏ z0 = re

i(!+✓), dhlad† o z ja Ëqei strafe–
katà gwn–a ✓. 'Omwc tÏte:

z

0
= rcos(! + ✓) + isin(! + ✓)

= r(cos! · cos✓ � sin! · sin✓) + ir(sin! · cos✓ + cos! · sin✓)

dhlad†
x

0
= xcos✓ � ysin✓

y

0
= xsin✓ + ycos✓

Çra ✓
x

0

y

0

◆
=

✓
cos✓ �sin✓

sin✓ cos✓

◆
·
✓

x

y

◆
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1.6. Ask†seic

Sq†ma 5: S‘njesh sunart†sewn.

6. Na de–xete Ïti Ïtan to x e–nai pol‘ kontà sto 0, tÏte 1
1+x

' 1�x kai
p
1 + x ' 1+

x

2 .
L‘sh:
Ja qrhsipoi†soume to anàptugma Taylor kai ja krat†soume mÏno touc d‘o pr∏touc
Ïrouc:

f(x) =

1

1 + x

, f

0
(x) = � 1

(1 + x)

2

Ëtsi:
f(x) ' f(0) + f

0
(0) · x = 1� x

'Omoia:

g(x) =

p
1 + x , g

0
(x) = � 1

2

p
1 + x

Ëtsi:
g(x) ' g(0) + g

0
(0) · x = 1 +

x

2
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