
3. DiafÏrish

3 DiafÏrish

3.1 Orismo–

Mia sunàrthsh f : R ! R e–nai paragwg–simh (diafor–simh) se kàpoio shme–o a an

lim

h!0

f(a+ h)� f(a)

h

= f

0
(a) (88)

ProkeimËnou na genike‘soume ton parapànw orismÏ kai gia dianusmatikËc sunart†seic
poll∏n metablht∏n, parathro‘me Ïti h pràgwgoc miac sunàrthshc se Ëna shme–o a mpore–
na oriste– san Ënac arijmÏc � (o opo–oc exartàtai apÏ to a) tËtoioc ∏ste na isq‘ei

lim

h!0

f(a+ h)� f(a)� �h

h

= 0 (89)

'Etsi, Ëqontac sta qËria mac th nÏrma dianusmàtwn mporo‘me na genike‘soume thn Ënnoia
thc parag∏gou gia mia sunàrthsh f : Rn ! Rm wc ex†c:

OrismÏc: Mia sunàrthsh f : Rn ! Rm e–nai diafor–simh sto shme–o a an upàrqei gram-
mikÏc metasqhmatismÏc � : Rn ! Rm tËtoioc ∏ste na isq‘ei

lim

h!0

k f(a+ h)� f(a)� �h k
k h k = 0 (90)

Shmei∏ste ed∏ Ïti to h e–nai diànusma tou Rn kai o metasqhmatismÏc � sthn ous–a ja
e–nai Ënac p–nakac pou an†kei sto M

m⇥n

.
'Etsi, Ïpwc stic sunart†seic miac metablht†c antistoiq–zoume se kàje shme–o Ënan a-

rijmÏ pou e–nai h paràgwgoc thc sunàrthshc se autÏ to shme–o, Ëtsi kai stic dianusmatikËc
sunart†seic poll∏n metablht∏n, antistoiq–zoume se kàje shme–o Ënan p–naka pou e–nai h
paràgwgoc thc sunàrthshc se autÏ to shme–o. Se analog–a pàli me tic sunart†seic miac
metablht†c mporo‘me na d∏soume kai mia gewmetrik† ermhne–a sthn Ënnoia thc parag∏gou:
stic sunart†seic mia metablht†c, h paràgwgoc prosdior–zei mia euje–a h opo–a proseg-
g–zei me ton kal‘tero dunatÏ trÏpo topikà th sunàrthsh. 'Etsi, kai stic dianusmatikËc
sunart†seic poll∏n metablht∏n, h paràgwgoc e–nai mia grammik† sunàrthsh (dhlad† Ënac
p–nakac) h opo–a prosegg–zei me ton kal‘tero dunatÏ trÏpo th sunàrthsh se mia perioq†
g‘rw apÏ to dosmËno shme–o.
Katarq†n prËpei na do‘me Ïti o orismÏc pou d∏same gia thn paràgwgo thn or–zei mono-

s†manta, dhlad† den upàrqoun àlloi grammiko– metasqhmatismo– oi opo–oi na ikanopoio‘n
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3.1. Orismo–

thn (90). Pràgmati, an up†rqe kàpoioc àlloc tËtoioc metasqhmatismÏc µ ja e–qame Êti

lim

h!0

k f(a+ h)� f(a)� µh k
k h k = 0

TÏte Ïmwc

lim

h!0

k �h� µh k
k h k = lim

h!0

k �h+ f(a+ h)� f(a) + f(a)� f(a+ h)� µh k
k h k

= lim

h!0

k �h� f(a+ h) + f(a) k
k h k + lim

h!0

k f(a+ h)� f(a)� µh k
k h k

= 0

An jËsoume t∏ra h = tx gia kàpoio stajerÏ shme–o x ja Ëqoume

0 = lim

t!0

k �(tx)� µ(tx) k
k tx k = lim

t!0

k �x� µx k
k x k

dhlad† �x = µx gia kàje x. To parakàtw je∏rhma mac d–nei Ëna pol‘ shmantikÏ ergale–o
gia na upolog–zoume thn paràgwgo miac dianusmatik†c sunàrthshc:

Je∏rhma 3.1.1 An h f : Rn ! Rm e–nai diafor–simh sto x kai h sunàrthsh g : Rm ! Rp

e–nai diafor–simh sto f(x) tÏte kai h sunàrthsh h = g � f : Rn ! Rp e–nai diafor–simh
sto x kai màlista isq‘ei

D(g � f)(x) = D(g)(f(x)) · (Df)(x) (91)

ApÏdeixh: JËtoume � = f(a)m� = (Df)(a), µ = (Dg)(f(a)) kai or–zoume

�(x) = f(x)� f(a)� �(x� a)

 (y) = g(y)� g(�)� µ(y � �)

⇢(z) = g � f(x)� g � f(a)� µ � �(x� a)

TÏte

lim

x!a

k �(x) k
k x� a k = 0

lim

y!�

k  (y) k
k y � � k = 0

kai arke– na de–xoume Ïti

lim

x!a

k ⇢(x) k
k x� a k = 0

H sunàrthsh t∏ra ⇢(x) mpore– na grafe–

⇢(x) = g (f(x))� g(�)� µ (�(x� a))

= g (f(x))� g(�)� µ (f(x)� f(a)� �(x))

= [g (f(x))� g(�)� µ (f(x)� f(a))] + µ (�(x))

=  (f(x)) + µ (�(x))
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3. DiafÏrish

kai Ëtsi arke– na de–xoume Ïti

lim

x!a

k  (f(x)) k
k x� a k = 0

lim

x!a

k µ(�(x)) k
k x� a k = 0

H de‘terh sqËsh prok‘ptei e‘kola giat– o µ e–nai grammikÏc metasqhmatismÏc en∏ gia thn
pr∏th Ëqoume:

k  (f(x)) k< ✏ k f(x)� � k
gia kàpoio � tËtoio ∏ste k f(x)� � k< �. 'Etsi:

k  (f(x)) k < ✏ k f(x)� � k
= ✏ k �(x) + �(x� a) k
 ✏ k �(x) k +✏M k x� a k

gia kàpoio M > 0.

Mporo‘me t∏ra na apode–xoume tic parakàtw protàseic:

Je∏rhma 3.1.2 Isq‘oun oi akÏloujec protàseic:

1. An h f : Rn ! Rm e–nai mia stajer† sunàrthsh, tÏte (Df)(x) = 0.

2. An h f : Rn ! Rm e–nai Ënac grammikÏc metasqhmatismÏc pou or–zetai apÏ ton
p–naka T , tÏte (Df)(x) = T .

3. An h f : Rn ! Rm, tÏte h f e–nai diafor–simh sto a 2 Rn an kai mÏno an kàje
f

i e–nai diafor–simh sto a kai isq‘ei Ïti h i�gramm† tou p–naka (Df)(a) e–nai to
diànusma gramm† (Df

i

)(a).

4. An h s : R2 ! R or–zetai apÏ th sqËsh s(x, y) = x+ y, tÏte (Ds)(a, b) = (1, 1).

5. An h p : R2 ! R or–zetai apÏ th sqËsh p(x, y) = x · y, tÏte (Dp)(a, b) = (b, a).

ApÏdeixh: 1. 'Eqoume:

lim

h!0

k f(a+ h)� f(a)� 0 · h k
k h k = 0

2. 'Omoia:

lim

h!0

k f(a+ h)� f(a)� Th k
k h k = lim

h!0

k Ta+ Th� Ta� Th k
k h k = 0
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3.1. Orismo–

3. An kàje f i e–nai diafor–simh st a tÏte:

f(a+ h)� f(a)� lh =

0

B@
f

1
(a+ h)� f

1
(a)� (Df

1
)h

...
f

n

(a+ h)� f

n

(a)� (Df

n

)h

1

CA

'Etsi:

lim

h!0

k f(a+ h)� f(a)� �h k
k h k  lim

h!0

mX

i=1

k f

i

(a+ h)� f

i

(a)� (Df

i

)(a)h k
k h k = 0

Ant–strofa t∏ra, an h f e–nai diafor–simh sto a, tÏte h sunàrthsh f i

= ⇡

i � f e–nai
me th seirà thc diafor–simh.

4. Ed∏ to apotËlesma prok‘ptei e‘kola an parathr†soume Ïti h s e–nai grammikÏc
metasqhmatismÏc me p–naka (1, 1).

5. Ac jËsoume �(x, y) = (by, ax). TÏte

lim

(h,k)!0

k (a+ h)(b+ k)� ab� l(h, k) k
k (h, k) k = lim

(h,k)!0

|hk|p
h

2
+ k

2

Mporo‘me t∏ra na parathr†soume Ïti |hk|  h

2
+ k

2 kai Ëtsi

lim

(h,k)!0

|hk|p
h

2
+ k

2
= 0

Mporo‘me t∏ra na exàgoume Ënan kanÏna gia thn paràgwgo tou ajro–smatoc kai tou
ginomËnou d‘o sunart†sewn:

Je∏rhma 3.1.3 An oi f, g : Rn ! R e–nai diafor–simec sto a tÏte
D(f + g)(a) = (Df)(a) + (Dg)(a)

(Dfg)(a) = g(a)(Df)(a) + f(a)(Dg)(a)

EpiplËon, an g(a) 6= 0

D

✓
f

g

◆
(a) =

g(a)(Df)(a)� f(a)(Dg)(a)

[g(a)]

2

ApÏdeixh: 'Eqoume f + g = s � (f, g) kai Ëtsi
D(f + g)(a) = (Ds)(f(a), g(a))((Df)(a), (Dg)(a)) = (Df)(a) + (Dg)(a)

'Omoia gia th de‘terh sqËsh Ëqoume Ïti fg = p � (f, g) kai Ëtsi
D(fg)(a, b) = (Dp)(f(a), g(a))((Df)(a), (Dg)(a)) = g(a)(Df)(a) + f(a)(Dg)(a)

TËloc, h teleuta–a sqËsh prok‘ptei an do‘me pwc h D(1/g)(a) = �(Dg)(a)/[g(a)]

2.
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3. DiafÏrish

3.2 MerikËc paràgwgoi

H e‘resh thc parag∏gou miac sunàrthshc me ta ergale–a pou anapt‘qjhkan sthn proh-
go‘menh paràgrafo odhgo‘n se mia arketà ep–ponh diadikas–a. Ed∏ ja do‘me pwc to
prÏblhma thc e‘reshc thc parag∏gou mpore– na anaqje– sthn e‘resh thc parag∏gou miac
sunàrthshc miac metablht†c.

OrismÏc: Onomàzoume i�ost† merik† paràgwgo thc f : Rn ! R thn paràgwgo thc
sunàrthshc an jewr†soume Ïlec tic metablhtËc ektÏc apÏ thn xi san stajerËc posÏthtec.
H merik† paràgwgoc sumbol–zetai

@f

@x

i

(92)

AkÏma kai an h f pa–rnei timËc sto Rm mporo‘me na or–soume th merik† paràgwgo thc
i�sunist∏sac thc f wc proc th metablht† x

j me ton –dio trÏpo. Aut† h paràgwgoc
sumbol–zetai me

@f

i

@x

j

(93)

Me thn –dia logik† mporo‘me na or–soume kai merikËc parag∏gouc an∏terhc tàxhc. 'Etsi
h Ëkfrash

@

3
f

i

@x

j

@x

k

@x

l

shma–nei pwc arqikà paragwg–zoume thn f i wc proc th metablht† x

l, to apotËlesma to
paragwg–zoume wc proc xk kai tËloc to apotËlesma pou prok‘ptei to paragwg–zoume wc
proc xj. Shmei∏netai ed∏, pwc an upàrqei h paràgwgoc megal‘terhc tàxhc, h seirà me
thn opo–a ektelo‘me tic paragwg–seic den Ëqei shmas–a. 'Etsi:

@

2
f

i

@x

j

@x

k

=

@

2
f

i

@x

k

@x

j

(94)

Mporo‘me t∏ra na diatup∏soume to pol‘ shmantikÏ akÏloujo je∏rhma:

Je∏rhma 3.2.1 An h f : Rn ! Rm e–nai paragwg–simh sto a, tÏte to stoiqe–o thc
i�gramm†c kai thc j�st†lhc thc (Df)(a) d–netai apÏ th sqËsh

[(Df)(a)]

i

j

=

@f

i

@x

j

(95)

ApÏdeixh: Prok‘ptei apÏ ton orismÏ thc parag∏gou kai an jewr†soume kàje forà Ïti
prosegg–zoume to shme–o a metabàllontac mÏno thn j�metablht†, dhlad† jËtoume hk

=

0, k 6= j.

To ant–strofo tou prohgo‘menou jewr†matoc isq‘ei, dhlad† an upàrqoun Ïlec oi merikËc
paràgwgoi sto shme–o a, tÏte kai h sunàrthsh e–nai diafor–simh sto a. Ep–shc an Ëqoume
th sunàrthsh g : Rn ! Rm kai th sunàrthsh f : Rm ! R, tÏte h merik;h paràgwgoc
thc f � g d–netai ✓

@(f � g)
@x

i

◆

x

=

✓
@f

@x

j

◆

g(x)

·
✓
@g

j

@x

i

◆

x

(96)
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3.3. Ant–strofec kai peplegmËnec sunart†seic

Ïpou o sumbolismÏc ✓
@f

i

@x

j

◆

a

shma–nei pwc pa–rnoume th j�ost† merik† paràgwgo thc f i sto shme–o a.

3.3 Ant–strofec kai peplegmËnec sunart†seic

Sto shme–o autÏ ja estiàsoume stic sunart†seic me ped–o orismo‘ Ëna upos‘nolo tou Rn

kai ped–o tim∏n to Rn. Se aut†n thn per–ptwsh, h paràgwgoc thc sunàrthshc se Ëna
shme–o e–nai Ënac tetragwnikÏc p–nakac diàstashc n ⇥ n. Me dedomËno Ïti h paràgwgoc
thc sunàrthshc e–nai mia grammik† prosËggish thc sunàrthshc topikà g‘rw apÏ to shme–o
pou upolog–zoume thn paràgwgo, ja mporo‘same na gràyoume

f(x)� f(a) ⇠ (Df)(a) · (x� a) (97)

An t∏ra h or–zousa tou p–naka (Df)(a) e–nai diàforh tou mhdenÏc, mporo‘me na upolo-
g–soume ton ant–strofo p–naka kai na gràyoume

x� a = [(Df)(a)]

�1
(f(x)� f(a)) (98)

dhlad† br†kame Ënan ant–strofo metasqhmatismÏ o opo–oc ja mporo‘se na e–nai h paràgw-
goc thc ant–strofhc sunàrthshc.
Xekinàme loipÏn na de–xoume thn ‘parxh † Ïqi thc ant–strof†c sunàrthshc apÏ to

epÏmeno l†mma:

L†mma 3.3.1 An f : A ⇢ Rn ! Rn mia suneq∏c diafor–simh sunàrthsh kai M tËtoio

∏ste
⇣

@f

i

@x

j

⌘

x

 M gia x eswterikÏ shme–o tou A, tÏte

kf(x)� f(y)k  n

2
Mkx� yk

gia Ïla tq x, y 2 A.

ApÏdeixh: Sthn Ëkfrash f (
y) � f

j

(x) mporo‘me na prosjËsoume kai afairËsoume Ïtouc
kai na gràyoume

f

i

(y)� f

i

(x) =

nX

j=1

⇥
f

i

(y

1
, . . . , y

j

, x

j+1
, . . . , x

n

)� f

i

(y

1
, . . . , y

j�1
, x

j

, . . . , x

n

)

⇤

An efarmÏsoume t∏ra to je∏rhma mËshc tim†c ja Ëqoume

f

i

(y

1
, . . . , y

j

, x

j+1
, . . . , x

n

)� f

i

(y

1
, . . . , y

j�1
, x

j

, . . . , x

n

) =

�
y

j � x

j

� ·
✓
@f

i

@x

j

◆

z

ij

kai epeid† h Ëkfrash sto de‘tero mËloc e–nai  M · kyj � x

j| ja Ëqoume
kf i

(y)� f

i

(x)k  nMky � x|
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3. DiafÏrish

f λ−1

f−1

λ

Sq†ma 8: Mporo‘me na antikatast†soume thn f me th sunàrthsh ��1 � f , Ïpou � =

(Df)(a) thc opo–ac h paràgwgoc sto a e–nai o monadia–oc p–nakac.

TËloc

kf(y)� f(x)k 
nX

i=1

kf i

(y)� f

i

(x)k  n

2
Mky � xk

Mporo‘me t∏ra na diatup∏soume to je∏rhma gia thn ant–strofh sunàrthsh:

Je∏rhma 3.3.2 UpojËtoume Ïti h f : Rn ! Rn e–nai suneq∏c diafor–simh se Ëna anoiktÏ
s‘nolo pou periËqei to shme–o a kai det ((Df)(a)) 6= 0. Upàrqei tÏte Ëna anoiktÏ s‘nolo
V pou periËqei to a kai Ëna anoiktÏ s‘nolo W pou periËqei to f(a), Ëtsi ∏ste h f : V !
W na Ëqei suneq† ant–strofh sunàrthsh f�1

: W ! V h opo–a e–nai diafor–simh kai gia
Ïla ta y 2 W isq‘ei �

Df

�1
�
(y) =

⇥
(Df) (f

�1
(y))

⇤�1 (99)

ApÏdeixh: 'Estw � = (Df)(a) kai epeid† det(�) 6= 0 ja upàrqei o ant–strofoc p–nakac
�

�1. Jewro‘me t∏ra th sunàrthsh ��1 � f thc opo–ac h paràgwgoc sto a ja e–nai
�

�1 ·� = I

n

, dhlad† to monadia–o p–naka. Epeid† o � e–nai Ënac grammikÏc metasqhmatismÏc,
prok‘ptei e‘kola pwc an to je∏rhma isq‘ei gia th sunàrthsh ��1 � f ja isq‘ei kai gia
thn f . EpomËnwc, mporo‘me apÏ ed∏ kai pËra na jewro‘me Ïti h paràgwgoc thc f sto a
e–nai o monadia–oc p–nakac. Me aut†n thn paradoq†, an up†rqe kàpoio shme–o y kontà sto
a tËtoio ∏ste f(y) = f(a) ja e–qame

kF (y)� f(a)� �(y � a)k
ky � ak =

ky � a|
ky � a| = 1

'Omwc

lim

y!a

kF (y)� f(a)� �(y � a)k
ky � ak = 0

38



3.3. Ant–strofec kai peplegmËnec sunart†seic

a

U
f

δ

f(Ū)

Sq†ma 9: Mporo‘me na bro‘me Ënan arijmÏ � tËtoio ∏ste kàje shme–o tou sunÏrou tou
f(U) na apËqei apÏstash megal‘terh apÏ � apÏ to f(a).

kai Ëtsi ja upàrqei mia perioq† pou h parapànw Ëkfrash ja e–nai mikrÏterh tou 1 kai
Ëtsi se aut†n thn perioq† den mpore– to f(y) = f(a). 'Estw U1 aut† h perioq†, dhlad†
f(x) 6= f(a), x 2 U . EpiplËon, epeid† h f e–nai suneq∏c diafor–simh, ja upàrqei mia
perioq† U2 g‘rw apÏ to a sthn opo–a h det(Df) ja e–nai diàforh tou mhdenÏc. 'Estw
t∏ra U = U1 \ U2. TÏte, sthn U h f pa–rnei monadikËc timËc, e–nai dhlad† 1� 1 (basik†
proÙpÏjesh gia na upàrqei h ant–strofh sunàrthsh). Mporo‘me akÏma na perior–soume
epiplËon thn U Ëtsi ∏ste na isq‘ei Ïti

����

✓
@f

i

@x

j

◆

x

�
✓
@f

i

@x

j

◆

a

���� <
1

2n

2
, x 2 U

An efarmÏsoume t∏ra to prohgo‘meno l†mma sth sunàrthsh g(x) = f(x)� x ja Ëqoume

kf(x1)� x1 � f(x2) + x2k  1

2

kx1 � x2k )

kx1 � x2k � |f(x1)� f(x2)k  1

2

kx1 � x2k )
kx1 � x2k  2kf(x1)� f(x2)k

Ac jwr†soume t∏ra thn eikÏna f( ¯U) tou sunÏrou tou U . To s‘nolo autÏ e–nai sumpagËc
to opo–o den periËqei to stoiqe–o f(a). Ja upàrqei loipÏn Ënac arijmÏc � tËtoioc ∏ste
kàje shme–o tou sunÏrou tou U ja Ëqei eikÏna h opo–a ja apËqei apÏstash megal‘terh
apÏ � apÏ to f(a), dhlad† kf(a) � f(x)| � �, x 2 ¯

U . jewro‘me t∏ra thn perioq† W gia
thn opo–a isq‘ei W = {y : ky � f(a)k < �/2}. 'Etsi, an y 2 W kai x 2 ¯

U ja Ëqoume

ky � f(a)k < ky � f(x)|
To epÏmeno b†ma t∏ra e–nai na de–xoume Ïti gia kàje y 2 W ja upàrqei monadikÏ x 2 U

gia to opo–o ja isq‘ei f(x) = y. jewro‘me loipÏn th sunàrthsh

g(x) = ky � f(x)k2 =
nX

i=1

�
y

i � f

i

(x)

�2
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3. DiafÏrish

H sunàrthsh g t∏ra e–nai suneq†c, pa–rnei elàqisth tim† sto U kai aut† thn elàqisth tim†
den thn pa–rnei sto s‘noro tou U . 'Etsi, ja pa–rnei thn elàqisth timË se kàpoio eswterikÏ
shme–o tou U kai se autÏ to shme–o oi merikËc paràgwgoi ja mhden–zontai. 'Etsi:

nX

i=1

2

�
y

i � f

i

(x)

� ·
✓
@f

i

@x

j

◆

x

= 0

to opo–o e–nai Ëna omogenËc grammikÏ s‘sthma me or–zousa diaforetik† tou mhdenÏc. E-
pomËnwc, h monadik† l‘sh tou sust†matoc e–nai h mhdenik† kai ja isq‘ei yi = f

i

(x)

dhlad† y = f(x). Ep–shc, h l‘sh aut† ja e–nai monadik† giat– de–xame prohgoumËnwc
Ïti kx1 � x2k  2kf(x1) � f(x2)k, x1, x2 2 U . Upàrqei loipÏn h ant–strofh sunàrthsh
h opo–a e–nai kai suneq†c an do‘me pàli thn prohgo‘menh sqËsh, jËtontac x = f

�1
(y)

dhlad† kf�1
(y1)� f

�1
(y2)k  2ky1 � y2k.

MËnei loipÏn na de–xoume Ïti h f�1 e–nai diafor–simh. 'Estw µ = (Df)(x). Mporo‘me
na prosegg–soume topikà th sunàrthsh f me thn paràgwgo, dhlad† na gràyoume

f(x1) = f(x) + µ(x1 � x) + �(x1 � x)

Ïpou gia thn �pr‚pei na isq‘ei

lim

x1!x

k�(x1 � x)k
kx1 � xk = 0

Antikajist∏ntac to x me f�1
(y) h parapànw sqËsh gràfetai

f

�1
(y1) = f

�1
(y) + µ

�1
(y1 � y)� µ

�1
�

�
f

�1
(y1)� f�1(y)

�

Arke– na de–xoume Ïti

lim

y1!y

kµ�1
� (f

�1
(y1)� f�1(y)) k

ky1 � yk = 0

Epeid† Ïmwc o µ�1 e–nai grammikÏc metasqhmatismÏc, arke–

lim

y1!y

k� (f�1
(y1)� f�1(y)) k
ky1 � yk = 0

'Omwc

k� (f�1
(y1)� f�1(y)) k
ky1 � yk =

k� (f�1
(y1)� f�1(y)) k

k (f�1
(y1)� f�1(y)) k · k (f

�1
(y1)� f�1(y)) k
ky1 � yk

O pr∏toc Ïroc tou de‘terou mËlouc Ïmwc te–nei sto mhdËn en∏ o de‘teroc Ïroc e–nai
fragmËnoc apÏ to 2. 'Etsi, o µ�1 e–nai –sioc me (Df

�1
)(x).

Ac jewr†soume t∏ra th sunàrthsh f(x, y) = x

2
+ y

2 � 1 kai Ëna ze‘goc tim∏n (a, b)

gia to opo–o isq‘ei f(a, b) = 0. parathro‘me t∏ra Ïti upàrqei Ëna diàsthma A pou
periËqei to a kai Ëna diàsthma B pou periËqei to b Ëtsi ∏ste gia kàje x 2 A upàrqei
monadikÏ y 2 B me f(x, y) = 0. H idiÏthta aut† e–nai pol‘ shmantik† giat– apÏ th
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3.3. Ant–strofec kai peplegmËnec sunart†seic

x

y

a

b

A

B

Sq†ma 10: GrafikÏc prosdiorismÏc tou y an d–netai to x kai isq‘ei Ïti f(x, y) = 0.

stigm† pou epibàlloume mia sunj†kh se mia sunàrthsh, e–nai dunatÏn na upolog–soume
kàpoiec apÏ tic anexàrthtec metablhtËc thc apÏ tic upÏloipec. H gen–keush tou parapànw
parade–gmatoc aforà sunart†seic pou to ped–o orismo‘ touc e–nai megal‘terhc diàstashc
apÏ to ped–o tim∏n. 'Etsi, an Ëqoume thn f : Rn ⇥Rm ! Rm kai jewr†soume to shme–o
(a, b) = (a

1
, . . . , a

n

, b

1
, . . . , b

m

) tËtoio ∏ste f(a, b) = 0 tÏte e–nai dunatÏn na or–soume mia
sunàrthsh g : Rn ! Rm tËtoia ∏ste se mia perioq† tou a na isq‘ei f(x, g(x)) = 0. Tic
proÙpojËseic gia na mpore– na sumbe– kàti tËtoio mac tic d–nei to epÏmeno je∏rhma:

Je∏rhma 3.3.3 'Estw h f : Rn ⇥ Rm ! Rm e–nai suneq∏c diafor–simh se Ëna anoiktÏ
s‘nolo pou periËqei to shme–o (a, b) kai f(a, b) = 0. 'EstwM o m⇥m p–nakac tou opo–ou
to i, j�stoiqe–o d–netai

✓
@f

i

@x

n+j

◆

(a,b)

An detM 6= 0, upàrqei Ëna anoiktÏ s‘nolo A ⇢ Rn to opo–o periËqei to a kai anoiktÏ
s‘nolo B ⇢ Rm to opo–o periËqei to b ∏ste na ikanopoie–tai h akÏloujh idiÏthta: gia
kàje x 2 A upàrqei monadikÏ g(x) 2 B Ëtsi ∏ste f(x, g(x)) = 0. H sunàrthsh g e–nai
diafor–simh sto A.

ApÏdeixh: ApÏ thn f kataskeuàzoume th sunàrthsh F : Rn ⇥ Rm ! Rn ⇥ Rm me
F (x, y) = (x, f(x, y)). TÏte, h paràgwgoc thc F e–nai o (m + n) ⇥ (m + n) p–nakac pou
ja d–netai

DF =

✓
I

n

0

L M

◆

Ïpou I

n

o monadia–oc n ⇥ n p–nakac kai (L,M) h paràgwgoc thc f . 'Etsi, det(DF ) =

detM 6= 0 kai Ëtsi h sunàrthsh F Ëqei ant–strofh se mia perioq† U pou periËqei to shme–o
(a, b). H ant–strofh sunàrthsh or–zetai se mia perioq†W pou periËqei to F (a, b) = (a, 0).
'Estw h h ant–strofh sunàrthsh. TÏte aut† ja e–nai thc morf†c h(x, y) = (x, k(x, y))

gia kàpoia diafor–simh sunàrthsh k. Or–zoume t∏ra th sunàrthsh ⇡Rn ⇥Rm ! Rm me
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3. DiafÏrish

⇡(x, y) = y kai Ëtsi ⇡ � F = f . TÏte

f(x, k(x, y)) = f � h(x, y)
= (⇡ � F ) � h(x, y)
= ⇡ � (F � h)(x, y)
= ⇡(x, y) = y

Sunep∏c f(x, k(x, 0)) = 0 kai Ëtsi mporo‘me na or–soume thn g na e–nai g(x) = k(x, 0).

Mporo‘me t∏ra na upolog–soume kai thn paràgwgo thc g. Pràgmati, epeid† f(x, g(x)) = 0

ja Ëqoume ✓
@f

i

@x

j

◆

(x,g(x))

+

mX

l=1

✓
@f

i

@x

n+l

◆

(x,g(x))

·
✓
@g

l

@x

j

◆

x

= 0 (100)

To parapànw s‘sthma exis∏sewn Ëqei l‘sh giat– detM 6= 0. Gia paràdeigma, an h
f(x, y) = x

2
+ y

2 � 1 ja e–qame gia thn paràgwgo thc g
✓
@f

x

◆

(x,g(x))

+

✓
@f

y

◆

(x,g(x))

· g0(x) = 0 )

2x+ 2g(x) · g0(x) = 0 )
g

0
(x) = � x

g(x)

Oloklhr∏noume aut†n thn paràgrafo me mia genikeumËnh diat‘pwsh tou prohgo‘menou
jewr†matoc:

Je∏rhma 3.3.4 'Estw fRn ! Rp mia suneq∏c diafor–simh sunàrthsh se Ëna anoiktÏ
s‘nolo to opo–o periËqei to shme–o a kai n > p. An t∏ra f(a) = 0 kai o p–nakac thc
parag∏gou thc f sto a Ëqei tàxh p, tÏte upàrqei anoiktÏ s‘nolo a ⇢ Rn pou periËqei to
a kai mia diafor–simh sunàrthsh h : a ! Rn me diafor–simh ant–strofh ∏ste na isq‘ei

f � h(x1
, . . . , x

n

) = (x

n�p+1
, . . . , x

n

) (101)

ApÏdeixh: To je∏rhma autÏ e–nai apl† efarmog† tou prohgo‘menou an jewr†soume thn
f : Rn�p ⇥Rp ! Rp kai isq‘ei Ïti h or–zousa tou p⇥ p p–naka me i, j�stoiqe–a

✓
@f

i

@x

n�p+j

◆

a

e–nai diàforh tou mhdenÏc. Sth genik† per–ptwsh, mporo‘me na bro‘me p�st†lec apÏ ton
p⇥ n p–naka thc parag∏gou (Df)(a) Ëtsi ∏ste o p⇥ p p–nakac pou sqhmat–zetai na Ëqei
mh mhdenik† or–zousa. 'Estw t∏ra mia sunàrthsh v h opo–a metajËtei tic sunist∏sec enÏc
dian‘smatoc ∏ste oi st†lec pou epilËxame na Ërqontai sto tËloc tou dian‘smatoc. H
sunàrthsh t∏ra f � v ikanopoie– tic apait†seic tou prohgo‘menou jewr†matoc kai Ëtsi ja
upàrqei sunàrthsh h tËtoia ∏ste

(f � v) � h(x1
, . . . , x

n

) = (x

n�p+1
, . . . , x

n

)

kai epomËnwc h zhto‘menh sunàrthsh e–nai h v � h.
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3.4. EfarmogËc

3.4 EfarmogËc

3.4.1 Allag† metablht∏n

'Estw h f : Rn ! R kai to x 2 Rn exartàtai me th seirà tou apÏ to z 2 Rn. Dhlad†
jËloume na allàxoume thn anexàrthth metablht† x se z. TÏte

x =

0

BBB@

x

1

x

2

...
x

n

1

CCCA
, x

i

= x

i

(z

1
, z

2
, . . . , z

n

) = x

i

(z

j

) (102)

Jewr∏ntac t∏ra tic sunist∏sec xi san sunart†seic twn zj, mporo‘me na gràyoume:

F (z

i

) = f

�
x

i

(z

j

)

�
(103)

dhlad†

F = f �

0

BBB@

x

1

x

2

...
x

n

1

CCCA
(104)

kai Ëtsi:

(DF )(z

i

) = (Df)(x

i

(z

j

)) ·D

0

BBB@

x

1

x

2

...
x

n

1

CCCA
(z

j

) (105)

†

(DF )(z

i

) =

✓
@f

@x

1
, . . . ,

@f

@x

n

◆

(xi(zj))

·

0

B@

@x

1

@z

1
@x

1

@z

2 . . .

@x

1

@z

n

...
...

...
@x

n

@z

1
@x

n

@z

2 . . .

@x

n

@z

n

1

CA (106)

'Etsi:
⇥
(DF )(z

j

)

⇤
i

=

@f

@x

1
· @x

1

@z

i

+

@f

@x

2
· @x

2

@z

i

+ . . .+

@f

@x

n

· @x
n

@z

i

† qrhsimopoi∏ntac th s‘mbash thc àjroishc

⇥
(DF )(z

j

)

⇤
i

=

@f

@x

k

· @x
k

@z

i

(107)

Ac do‘me Ëna paràdeigma: 'Estw f(x, y) = x

2 � 2xy kai x = rcos✓, y = rsin✓. TÏte:

@f

@r

=

@f

@x

· @x

@r

+

@f

@y

· @y

@r

= (2x� 2y) · cos✓ � 2x · sin✓
@f

@✓

=

@f

@x

· @x

@✓

+

@f

@y

· @y

@✓

= (2x� 2y) · (�rsin✓)� 2x · rcos✓
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3. DiafÏrish

3.4.2 'Emmesh parag∏gish

Ac upojËsoume pwc f(x) = g(t) pràgma pou shma–nei pwc upàrqei mia sqËsh metax‘ thc
anexàrththc metablht†c x kai t. 'Estw Ïti jËloume na bro‘me thn dx

dt

akÏma kai an e–nai
ad‘nato na upolog–soume thn x(t). TÏte:

d

dt

[f(x)] =

dg(t)

dt

(108)

kai qrhsimopoi∏ntac ton kanÏna thc alus–dac:

df(x)

dx

· dx
dt

= g

0
(t) ) dx

dt

=

g

0
(t)

f

0
(x)

(109)

San paràdeigma ac upolog–soume thn ex–swsh thc efaptomËnhc sthn kamp‘lh x3 � 3y

3
+

xy + 21 = 0 sto shme–o (1, 2). H kl–sh thc euje–ac d–netai apÏ thn paràgwgo dy

dx

. 'Etsi:

d

dx

[x

3 � 3y

2
+ xy + 21] = 0 )

3x

2 � 9y

2 dy

dx

+ y + x

dy

dx

= 0 )
dy

dx

=

3x2+y

9y2�x

)
dy

dx

��
(1,2)

=

1
7

H ex–swsh thc efaptomËnhc euje–ac e–nai: y =

1
7x + b kai prËpei na pernà apÏ to shme–o

(1, 2). 'Etsi b = 13
7 kai h ex–swsh thc euje–ac e–nai: x� 7y + 13 = 0.

3.4.3 Parag∏gish oloklhrwmàtwn: O kanÏnac tou Leibniz
Gnwr–zoume pwc an f(x) = F

0
(x) tÏte:
Z

x

a

f(t)dt = F (x)� F (a)

kai Ëtsi
d

dx

Z
x

a

f(t)dt =

d

dx

[F (x)� F (a)] = F

0
(x) = f(x)

Isq‘ei ep–shc:
d

dx

Z
a

x

f(t)dt = �f(x)

'Estw t∏ra

I =

Z
h(x)

g(x)

f(t)dt

TÏte:
dI

dx

=

@I

@h

· dh
dx

+

@I

@g

· dg
dx

)
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3.4. EfarmogËc

dI

dx

= f(h(x)) · h0
(x)� f(g(x)) · g0(x) (110)

'Etsi gia paràdeigma, an

I(x) =

Z
x

1/3

0

t

2
dt

ja Ëqoume:
dI(x)

dx

=

�
x

1/3
�2 · 1

3

x

�2/3
=

1/3

An t∏ra

I(x) =

Z
sin

�1
x

x

2

sint

t

dt

ja Ëqoume
dI(x)

dx

=

sin (sin

�1
x)

sin

�1
x

· dsin
�1
x

dx

� sinx

2

x

2
2x )

dI(x)

dx

=

xp
1� x

2 · sin�1
x

� 2

x

sinx

2

3.4.4 Probl†mata beltistopo–hshc

Ac upojËsoume Ïti Ëqoume mia epifàneia, ta shme–a thc opo–ac ikanopoio‘n thn ex–swsh

z = xy + 5 (111)

kai jËloume na bro‘me to shme–o thc epifàneiac pou e–nai pio kontà sthn arq† twn axÏnwn.
JËloume loipÏn to elàqisto thc sunàrthshc

f : R3 ! R , f(x, y, z) = x

2
+ y

2
+ z

2 (112)

me ton periorismÏ
g(x, y, z)� z � xy � 5 = 0 (113)

Prin anapt‘xoume th mejodolog–a gia th l‘sh auto‘ tou probl†matoc, ac do‘me l–go
pwc epekte–netai h jewr–a twn akrotàtwn miac sunàrthshc miac metablht†c stic pragma-
tikËc sunart†seic poll∏n metablht∏n. Sthn per–ptwsh thc sunàrthshc miac metablht†c,
xËroume Ïti an h f : R ! R se Ëna shme–o x0 isq‘ei f 0

(x0) = 0 tÏte sto shme–o autÏ
h sunàrthshc pijanà na Ëqei kàpoio akrÏtato (topikÏ mËgisto † topikÏ elàqisto). To
ti akrib∏c ja sumba–nei exartàtai apÏ th monoton–a thc f aristerà kai dexià tou shme–ou
x0, † alli∏c apÏ to prÏshmo thc f 0

(x) aristerà kai dexià tou x0. 'Etsi, an f 0
(x) < 0

gia x < x0 kai f 0
(x) > 0 gia x > x0 ja Ëqoume Ëna topikÏ elàqisto sto x0 kai h f 0

(x)

ja e–nai a‘xousa g‘rw se mia perioq† tou x0 pràgma pou shma–nei pwc h f

00
(x0) > 0.

Ant–stoiqa, an f

0
(x) > 0 gia x < x0 kai f 0

(x) < 0 gia x > x0 ja Ëqoume Ëna topikÏ
mËgisto sto x0 kai h f

0
(x) ja e–nai fj–nousa g‘rw se mia perioq† tou x0 pràgma pou

shma–nei pwc h f 00
(x0) < 0. TËloc, an h f 0

(x) Ëqei to –dio prÏshmo kai aristerà kai dexià
tou x0 autÏ shma–nei pwc h f 0 ja Ëqei Ëna topikÏ akrÏtato sto x0 kai Ëtsi h f 00

(x0) = 0.
Sthn per–ptwsh aut†, h f ja e–nai stajerà a‘xousa † fj–nousa se mia perioq† tou x0 kai
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3. DiafÏrish

Sq†ma 11: H sumperiforà miac pragmatik†c sunàrthshc poll∏n metablht∏n, se mia pe-
rioq† enÏc shme–ou, exartàtai apÏ to drÏmo ton opo–o akoloujo‘me gia na plhsiàsoume
autÏ to shme–o.

Ëtsi de ja Ëqei akrÏtato sto shme–o x0 (sthn per–ptwsh aut† lËme pwc to x0 e–nai shme–o
kamp†c). Aut† h jewr–a mpore– me fusiologikÏ trÏpo na epektaje– kai sthn per–ptwsh
pragmatik∏n sunart†sewn poll∏n metablht∏n. 'Estw loipÏn h f : Rn ! R kai jËloume
na elËgxoume th sumperiforà thc f g‘rw apÏ to shme–o a. Ed∏ prËpei na làboume upÏyh
mac Ïti upàrqoun àpeiroi drÏmoi touc opo–ouc mporo‘me na akolouj†soume prokeimËnou
na prosegg–soume to shme–o a. An a = (a

1
, a

2
)

T kai f : R2 ! R tÏte, Ïpwc fa–netai
sto sq†ma 11 mporo‘me na prosegg–soume to shme–o a akolouj∏ntac opoiad†pote apÏ
tic kamp‘lec c1, c2, c3. T–pote de mac exasfal–zei Ïti h f ja sumperifËretai to –odio kai
stic treic peript∏seic. Gia paràdeigma mporo‘me na fantasto‘me th sËla enÏc alÏgou.
To shme–o pou kàjetai o anabàthc e–nai Ëna topikÏ mËgisto an akolouj†soume Ëna drÏmo
apÏ to Ëna plài thc sËlac sto àllo, en∏ e–nai Ëna topikÏ elàqisto an akolouj†soume mia
diadrom† apÏ to p–sw sto mprostinÏ mËroc thc sËlac.
Ac epanËljoume t∏ra sthn f : Rn ! R kai Ëstw Ïti h f Ëqei Ëna topikÏ akrÏtato sto
shme–o a. TÏte an kinhjo‘me katà thn kate‘junsh xi, ja Ëqoume Ïlec tic upÏloipec ane-
xàrthtec metablhtËc xj

, j 6= i stajerËc kai mÏno h xi ja metabàlletai. 'Etsi h f g–netai
sunàrthsh miac metablht†c kai afo‘ sto a ja Ëqei topikÏ akrÏtato ja prËpei

@f

@x

i

�

a

= 0 (114)
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Aut† h sqËsh ja prËpei na isq‘ei gia kàje xi. Ep–shc, an to a e–nai topikÏ mËgisto ja
prËpei

@

2
f

@(x

i

)

2

����
a

< 0 (115)

en∏ an to a e–nai topikÏ elàqisto ja prËpei

@

2
f

@(x

i

)

2

����
a

> 0 (116)

Oi parapànw sunj†kec e–nai anagka–ec sunj†kec allà den mporo‘me na po‘me me bebaiÏthta

Ïti e–nai kai ikanËc. Gia na to do‘me autÏ ja jewr†soume thn f : R2 ! R me @f
@x

����
a

=

@f

@y

����
a

= 0. Afo‘ oi merikËc paràgwgoi mhden–zontai, to a e–nai Ëna pijanÏ shme–o akrÏtatou

thc f . Ac upojËsoume akÏma pwc

@

2
f

@x

2
< 0 ,

@

2
f

@y

2
< 0

S‘mfwna me ta prohgo‘mena, to a prËpei na e–nai topikÏ mËgisto. Ac do‘me Ïmwc to
anàptugma Taylor thc f g‘rw apÏ to a:

f(a+�) = f(a)+

@f

@x

����
a

·h+ @f

@y

����
a

·k+ @

2
f

@x

2

����
a

· h
2

2!

+

@

2
f

@y

2

����
a

· k
2

2!

+2

@

2
f

@x@y

����
a

· h · k
2!

+. . . (117)

Ïpou � = (h, k). 'Etsi, gia h, k pol‘ kontà sto 0 kai epeid† oi merikËc paràgwgoi thc f
sto a mhden–zontai, ja Ëqoume:

f(a+ �)� f(a) ' @

2
f

@x

2

����
a

· h
2

2

+

@

2
f

@y

2

����
a

· k
2

2

+

@

2
f

@x@y

����
a

· h · k (118)

Gia na e–nai t∏ra to f(a) mËgisto, ja prËpei f(a+ �)� f(a) < 0 †

A · h2
+ 2B · h · k + c · k2

< 0 (119)

Ïpou Ëqoume jËsei:
@

2
f

@x

2

����
a

= A ,

@

2
f

@x@y

����
a

= B ,

@

2
f

@y

2

����
a

= C

TÏte prËpei:

A

✓
h+B

k

A

◆2

+

✓
C � B

2

A

◆
k

2
< 0 (120)

kai afo‘ A < 0, ja prËpei C � B

2

A

< 0 †

✓
@

2
f

@x@y

◆2

a

<

✓
@f

@x

◆

a

·
✓
@f

@y

◆

a

(121)
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Me ton –dio trÏpo mporo‘me na ergasto‘me kai sthn per–ptwsh tou topiko‘ elaq–stou kai
na exàgoume mia parÏmoia sqËsh.
Ac epanËljoume t∏ra sto prÏblhma sto opo–o jËloume na bro‘me Ëna akrÏtato thc f :

Rn ! R Ïtan Ëqoume tic sunj†kec (periorismo‘c) g : Rn ! Rm me g(x) = 0, dhlad†

g(x) =

0

BBB@

g

1
(x)

g

2
(x)

...
g

m

(x)

1

CCCA
= 0 (122)

H teqnik† pou akoloujo‘me ed∏ e–nai gnwst† wc pollaplasiastËc Lagrange kai Ëqei wc
ex†c: Ant– thc f , jewro‘me th sunàrthsh

F (x) = f(x) + �1g
1
(x) + . . .�

m

g

m

(x) (123)

† jewr∏ntac th s‘mbash thc àjroishc

F (x) = f(x) + �

i

g

i

(x) (124)

TÏte

dF =

@F

@x

i

dx

i

=

@f

@x

i

+ �

j

@g

j

@x

i

= 0 (125)

pou e–nai n� exis∏seic oi opo–ec maz– me tic m� exis∏seic gj(x) = 0 mporo‘n na prosdio-
r–soun touc n +m agn∏stouc x1

, x

2
, . . . , x

n

,�1, . . . ,�m. Ac do‘me merikà parade–gmata:
'Estw Ïti zhtàme thn elàqisth apÏstash twn shme–wn thc epifàneiac y = 1� x

2 apÏ thn
arq† twn axÏnwn. JËtoume f(x, y) = x

2
+ y

2 kai g(x, y) = y + x

2 � 1 = 0. TÏte:

@f

@x

+ �

@g

@x

= 0 ) 2x+ 2�y = 0 ) x = 0 ⌘́ � = �1

@f

@y

+ �

@g

@y

= 0 ) 2y + � = 0 ) � = �2y

kai epeid† g(x, y) = 0 ) y + x

2 � 1 = 0.
An x = 0 tÏte y = 1 , � = �2 kai an � = �1 tÊte y = 1/2 kai x = ±p

2/2. 'Etsi Ëqoume
3 upoy†fia shme–a: (0, 1), (

p
2/2, 1/2), (�p

2/2, 1/2). 'Omwc f(0, 1) = 1, f(

p
2/2, 1/2) =

f(�p
2/2, 1/2) = 3/4. 'Etsi h elàqisth apÏstash e–nai 3/4 kai thn Ëqoun ta shme–a

(

p
2/2, 1/2) kai (�p

2/2, 1/2).
'Estw t∏ra Ïti jËloume na upolog–soume thn elàqisth apÏstash thc tom†c twn epifanei∏n
xy = 6 kai 7x+ 24z = 0 apÏ th arq† twn axÏnwn. JËtoume:

f(x, y, z) = x

2
+ y

2
+ z

2

g

1
(x, y, z) = xy � 6 = 0

g

2
(x, y, z) = 7x+ 24z = 0

TÏte:
@f

@x

+ �1
@g

1

@x

+ �� 2

@g

2

@x

= 2x+ �1y + 7�2 = 0
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@f

@y

+ �1
@g

1

@y

+ �� 2

@g

2

@y

= 2y + �1x = 0

@f

@z

+ �1
@g

1

@z

+ �� 2

@g

2

@z

= 2z + 24�2 = 0

Prok‘ptei Ïti:

x = ±12

5

, y = ±5

2

, z = ± 7

10

3.5 Ask†seic

1. Na de–xete Ïti an mia sunàrthsh e–nai diafor–simh sto a tÏte e–nai kai suneq†c sto
shme–o autÏ.

L‘sh: 'Eqoume

kf(a+ h)� f(a)k = kf(a+ h)� f(a)� (Df)(a)h+ (Df)(a)hk
 kf(a+ h)� f(a)� (DF )(a)hk+Mkhk

Ïpou h teleuta–a Ëkfrash te–nei sto mhdËn.

2. Mia sunàrthsh f : R2 ! R den exartàtai apÏ th de‘terh metablht† an isq‘ei
f(x, y1) = f(x, y2). Na de–xete Ïti se aut†n thn per–ptwsh upàrqei g : R ! R
tËtoia ∏ste f(x, y) = g(x) kai na bre–te thn paràgwgo thc f .

L‘sh: Or–zoume gia Ëna tuqa–o y0 th sunàrthsh g : R ! R me g(x) = f(x, y0).
TÏte f(x, y) = f(x, y0) = g(x). Gia thn paràgwgo ja Ëqoume (Df)(x) = (g

0
(x), 0).

3. 'Estw g mia suneq†c pragmatik† sunàrthsh orismËnh sto monadia–o k‘klo {x 2 R2
:

|xk = 1} tËtoia ∏ste g(0, 1) = g(1, 0) = 0 kai g(�x) = �g(x). Or–zoume sth
sunËqeia th sunàrthsh f : R2 ! R me

f(x) =

(
kx| · g

⇣
x

kxk

⌘
, x 6= 0

0, x = 0

'Estw Ëna shme–o x 2 R2 kai h sunàrthsh h
x

: R� rightarrowR me h
x

(t) = f(tx).
Na de–xete Ïti h h

x

Ëinai diafor–simh. Sth sunËqeia na de–xete Ïti h f den e–nai
diafor–simh sto shme–o (0, 0).

L‘sh: Gia thn h
x

Ëqoume

h

x

(t) =

8
>><

>>:

tkx| · g
⇣

x

kxk

⌘
, t > 0

0, t = 0

�tkx| · g
⇣
� x

kxk

⌘
= tkx| · g

⇣
x

|xk

⌘
, t < 0

(126)
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3. DiafÏrish

h opo–a e–nai diafor–simh me paràgwgo th stajerà kx| · g
⇣
� x

kxk

⌘
. ApÏ thn àllh

Ëqoume an h = (h

x

, 0) Ïti

lim

h

x

!0

k|h
x

|g
⇣

x

kx|

⌘
� �(h

x

, 0)k
|h

x

| = 0

prËpei � = (0, 0). An Ïmwc akolouj†soume mia àllh kate‘junsh (kata m†koc tou
dian‘smatoc x kai jËsoume h = tx tÏte h paràgwgoc ja e–nai diàforh tou mhdenÏc.
Sunep∏c h f den e–nai paragwg–simh sto (0, 0).

4. Na deiqte– Ïti h sunàrthsh f : R2 ! R me f(x, y) = p|xy| den e–nai diafor–simh
sto (0, 0).

L‘sh: Mporo‘me na upolog–soume thn paràgwgo me bàsh ton orismÏ an h = (h

x

, 0)

kai an h = t(1, 1). Sthn pr∏th per–ptwsh h paràgwgoc ja e–nai o p–nakac (0, 0) en∏
sth de‘terh (1/2, 1/2). EpomËnwc den e–nai diafor–simh

5. 'Estw mia sunàrthsh f : R2 ! R me f(x)  kxk2. Na deiqte– Ïti e–nai diafor–simh
sto (0, 0).

L‘sh: Gia � = 0 Ëqoume
kf(h)k
khk  khk2

khk ! 0

6. Na de–xete Ïti h f : R ! R2 e–nai diafor–simh mÏno an oi f 1
, f

2 e–nai diafor–simec
kai isq‘ei

(Df)(x) =

✓
(f

1
)

0
(x)

(f

2
)

0
(x)

◆

L‘sh: 'Eqoume
����

✓
f

1
(x+ h)

f

2
(x+ h)

◆
�
✓
f

1
(x)

f

2
(x)

◆
�
✓
�1h

�2h

◆����
|h| =

����

✓
f

1
(x+ h)� f

1
(x)� �1h

f

2
(x+ h)� f

2
(x)� �2h

◆����
|h|

pou e–nai –so me
s

(f

1
(x+ h)� f

1
(x)� �1h)

2

|h|2 +

(f

2
(x+ h)� f

2
(x)� �2h)

2

|h|2

7. Na bre–te me qr†sh tou orismo‘ tic parag∏gouc stic akÏloujec sunart†seic:

a˛) f(x, y, z) = x

y

b˛) f(x, y, z) = (x

y

, z)
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g˛) f(x, y, z) = sin(x · siny)
d˛) f(x, y, z) = x

y

z

e˛) f(x, y, z) = (x+ y)

z

⌃˛) f(x, y, z) = sin(xy)

z˛) f(x, y, z) = (sin(xy), sin(x · siny), xy

)

L‘sh: a˛)

f(x, y, z) = x

y

= e

ylnx

= exp � p(⇡2
, ln � ⇡1

)(x, y, z)

'Etsi

(Df)(x, y, z) = e

ylnx

�
yD(ln � ⇡1

)(x, y, z) + lnxD(⇡

2
)(x, y, z)

�

= e

ylnx

(

y

x

D⇡

1
(x, y, z) + lnxD⇡

2
(x, y, z))

= e

ylnx

(

y

x

(1, 0, 0) + lnx(0, 1, 0))

=

⇣
y

x

x

y

, x

y

lnx, 0

⌘

b˛)

f(x, y, z) = (x

y

, z)

=

�
exp � p(⇡2

, ln � ⇡1
), ⇡

3
�
(x, y, z)

lambànontac up>Êyin thn prohgo‘menh àskhsh prok‘ptei

(Df)(x, y, z) =

✓
y

x

x

y

x

y

lnx 0

0 0 1

◆

g˛)

f(x, y, z) = sin � p(x, siny)
= sin � p(⇡1

, sin � ⇡2
)(x, y, z)

'Etsi

(Df)(x, y, z) = cos(xsiny)

�
xD(sin � ⇡2

) + sinyD⇡

1
�
(x, y, z)

= cos(xsiny) (xcosy(0, 1, 0) + siny(1, 0, 0))

= (siny · cos(xsiny), xcosy, 0)
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d˛)

f(x, y, z) = x

y

z

= exp � p �exp � p(⇡3
, ln � ⇡2

), ln � ⇡1
�
(x, y, z)

'Etsi:

(Df)(x, y, z) = x

y

z

�
lnxD(exp � p(⇡3

, ln � ⇡2
) + y

z

D(ln � ⇡1
)

�
(x, y, z)

= x

y

z

✓
lnxy

z

(lnyD⇡

3
+ zD(ln � p2)) + y

z

1

x

D⇡

1

◆
(x, y, z)

= x

y

z

✓
lnxy

z

(lny(0, 0, 1) +

z

y

(0, 1, 0)) + y

z

1

x

(1, 0, 0)

◆

=

✓
x

y

z

y

z

1

x

, x

y

z

y

z

z

y

lnx, x

y

z

y

z

lnx · lny
◆

e˛)

f(x, y, z) = (x+ y)

z

= exp � p(⇡3
, ln � s

xy

)(x, y, z)

me s
xy

(x, y, z) = x+ y kai (Ds

xy

)(x, y, z) = (1, 1, 0). 'Etsi

(Df)(x, y, z) = (x+ y)

z

(ln(x+ y)(0, 0, 1) + z

1

x+ y

(1, 1, 0))

=

�
z(x+ y)

z�1
, x(x+ y)

z�1
, (x+ y)

z

ln(x+ y)

�

⌃˛)

f(x, y, z) = sin(xy)

= sin � p ⇤ ⇡1
, ⇡

2
)(x, y, z)

'Etsi:

(Df)(x, y, z) = cos(xy)(xD⇡

2
+ yD⇡

1
)(x, y, z)

= cos(xy)(x(0, 1, 0) + y(1, 0, 0))

= (ycos(xy), xcos(xy), 0)

z˛) Mporo‘me na de–xoume mia genik† idiÏthta s‘mfwna me thn opo–a an f1, f2, . . . , fm
e–nai pragmatikËc sunart†seic sto Rn, dhlad† f1, f2, . . . , fm : Rn ! R, tÏte h
sunàrthsh f : Rn ! Rm pou or–zetai f(x) = (f(x), . . . , fm(x)) Ëqei paràgwgo

(Df)(x) =

0

BBB@

(Df1)(x)

(Df2)(x)

...
(Df

m

)(x)

1

CCCA
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8. Mia sunàrthsh f : Rn ⇥Rm ! Rp onomàzetai digrammik† an isq‘oun oi akÏloujec
idiÏthtec:

f(ax, y) = af(x, y) = f(x, ay)

f(x1 + x2, y) = f(x1, y) + f(x2, y)

f(x, y1 + y2) = f(x, y1) + f(x, y2)

Na de–xete arqikà Ïti gia mia digrammik† sunàrthsh isq‘ei

lim

(h,k)!0

kf(h, k)k
k(h, k)k = 0

Sth sunËqeia na upolog–sete thn paràgwgo (Df)(x, y) kai na de–xete Ïti h paràgw-
goc thc sunàrthshc p(x, y) = xy e–nai mia eidik† per–ptwsh.

L‘sh: H pr∏th sqËsh mpore– pol‘ e‘kola na deiqte– an parathr†soume Ïti f(h, k) =
khk · kkkf( h

kh| ,
k

kk|). Sth sunËqeia mporo‘me na diapist∏soume apÏ ton orismÏ thc
parag∏gou Ïti (Df)(a, b)(x, y) = f(a, x)+f(x, b). TËloc h sunàrthsh p(x, y) = xy

e–nai diagrammik†, àra (Dp)(a, b)(x, y) = p(a, y) + p(x, b) = ay + bx.

9. Na upolog–sete thn paràgwgo thc tautotik†c sunàrthshc ◆
n

: Rn ! Rn kai sth
sunËqeia na de–xete pwc an mia sunàrthsh f : Rn ! Rn e–nai diafor–simh kai Ëqei
ant–strofh sunàrthshn f�1 tÏte isq‘ei (Df

�1
)(x) = [(Df)(f

�1
(x)]

�1.

L‘sh: H tautotik† sunàrthsh e–nai grammikÏc metasqhmatismÏc me p–naka I

n

. O
p–nakac autÏc e–nai kai h paràgwgoc. Sth sunËqeia mporo‘me na gràyoume (f � f�1

) (x) =

◆

n

(x) kai Ëtsi I
n

= (Df)(f

�1
(x)) · (Df

�1
)(x).

10. Or–zoume th sunàrthsh IP : Rn ⇥Rn ! R me IP (x, y) =< x, y >. Afo‘ upolo-
g–sete thn paràgwgo thc IP (x, y), na de–xete tic akÏloujec protàseic:

a˛) An f, g : R ! Rn kai h : R ! R me h(x) =< f(x), g(x) > tÏte h0
(a) =<

f

0
(a)

T

, g(a) > +(f(a), g

0
(a)

T

>

b˛) An h f : R ! Rn e–nai diafor–simh me kf(t)k = 1 gia Ïla ta t, tÏte <

f

0
(t)

T

, f(t) >= 0

L‘sh: H sunàrthsh IP (x, y) e–nai mia digrammik† sunàrthsh, epomËnwc

(DIP )(a, b)(x, y) = IP (a, y) + IP (x, b) =< a, y > + < x, b >

H pr∏th prÏtash prok‘ptei an jewr†soume thn h(x, y) = IP � (f, g)(x, y) kai h
de‘terh prÏtash an gràyoume kf(t)k2 =< f(t), f(t) >.

11. Mia sunàrthsh f : Rn1 ⇥ Rn2 ⇥ · · · ⇥ Rn

k ! R lËgetai polugrammik†, an h a-
nt–stoiqh sunàrthsh g : Rn

j ! R me g(x) = f(x1, x2, . . . , xj�1, x, xj+1, . . . , xk

)

e–nai grammikÏc metasqhmatismÏc. Na de–xete Ïti

(Df)((a1, . . . , ak)(a1, . . . , xx

) =

kX

i=1

f(a1, . . . , ai�1, xi

, a

i+1, . . . , ak)
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12. An jewr†soume tic grammËc enÏc n ⇥ n p–naka san stoiqe–a tou Rn, mporo‘me na
po‘me pwc o p–nakac e–nai Ëna stoiqe–o tou Rn⇥· · ·Rn, Ïpou o Rn pollaplasiàzetai
me ton eautÏ tou n�forËc.
a˛) Na de–xete arqikà Ïti h sunàrthsh thc or–zousac det : Rn ⇥ · · ·Rn ! R e–nai
diafor–simh kai na upolog–sete thn paràgwgo.

b˛) An a

ij

: R ! R e–nai diafor–simec sunart†seic kai f(t) = det(a

ij

(t)), na
upolog–sete thn f 0

(t).

g˛) An det(a

ij

(t)) 6= 0 gia Ïla ta t kai b1, . . . , bn : R ! R e–nai diafor–simec
sunartöseic kai s1, . . . , sn : R ! R oi sunart†seic oi opo–ec sunisto‘n l‘sh
sto parakàtw s‘sthma exis∏sewn

nX

j=1

a

ji

(t)x

j

(t) = b

i

(t), i = 1, . . . , n

tÏte na de–xete Ïti oi s
i

e–nai diafor–simec kai na upolog–sete tic parag∏gouc
touc.

L‘sh: a˛) KatÇrq†n mporo‘me pol‘ e‘kola na diapist∏soume Ïti h sunàrthsh thc
or–zousac e–nai polugrammik† kai Ëtsi h paràgwgÏc thc ja e–nai:

D(det)(a1, . . . , an)(x1, . . . , xn

) =

nX

i=1

det

0

BBBBB@

a1
...
x

i

...
a

n

1

CCCCCA

b˛) An jËsoume

A(t) =

0

B@
a11(t) . . . a1n(t)

...
...

a

n1(t) . . . a

nn

(t)

1

CA

tÏte h f(t)� det � A(t) kai Ëtsi ja Ëqoume

f

0
(t) =

nX

j=1

det

0

BBBBB@

a11(t) . . . a1n(t)

...
...

a

0
j1(t) . . . a

0
jn

(t)

...
...

a

n1(t) . . . a

nn

(t)

1

CCCCCA

g˛) Mporo‘me e‘kola na do‘me pwc

nX

j=1

a

ji

(t)

ds

j

(t)

dt

=

db

i

(t)

dt

�
nX

j=1

da

ji

(t)

dt

s

j

(t)
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13. Na ekfràsete tic merikËc parag∏gouc twn parakàtw sunart†sewn se sqËsh me tic
parag∏gouc twn g, h

a˛) f(x, y) = g(x)h(y)

b˛) f(x, y) = g(x)

h(y)

g˛) f(x, y) = g(x+ y)

L‘sh: a˛)
✓
@f

@x

◆

(x,y)

= g

0
(x)h(y)

✓
@f

@y

◆

(x,y)

= g(x)h

0
(y)

b˛)
✓
@f

@x

◆

(x,y)

= (h(y)� 1)g(x)

h(y)�1
g

0
(x)

✓
@f

@y

◆

(x,y)

= g(x)

h(y)
lng(x) · h0

(y)

g˛)
✓
@f

@x

◆

(x,y)

= g

0
(x+ y)

✓
@f

@y

◆

(x,y)

= g

0
(x+ y)

14. 'Estw f : Rn ! R. Gia kàpoio diànusma v 2 Rn or–zoume thn paràgwgo thc f sto
shme–o a katà th die‘junsh tou v kai th sumbol–zoume (D

v

f)(a) san to Ïrio

lim

t!0

f(a+ tv)� f(a)

t

, t 2 R

Na de–xete Ïti (D
e

i

f(a) =

�
@f

@x

i

�
a

. Sth sunËqeia na de–xete Ïti (D
sv

f)(a) =

s(D

v

f)(a) kai tËloc na de–xete Ïti (D
v

f)(a) = (Df)(a)(v) kai àra (D
x+y

f)(a) =

(D

x

f)(a) + (D

y

f)(a).

L‘sh: Parathro‘me Ïti o orismÏc thc parag∏gou katà thn kate‘junsh e
i

taut–zetai
me ton orismÏ thc merik†c parag∏gou wc proc th metablht† xi. H de‘terh prÏtash
prok‘ptei pol‘ e‘kola an jËsoum tv =

t

s

sv. TËloc

lim

t!0

kf(a+ tv)� f(a)� (Df)(a)(tv)k
tkxk = 0 )

k lim
t!0

f(a+tx)�f(a)
t

� (Df)(a)(x)k
|xk = 0 )

(Dxf)(a) = (Df)(a)(x)
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'Etsi (D
x+y

f)(a) = (Df)(a)(x+y) = (Df)(a)+(Df)(a)(y) = (D

x

f)(a)+(D

y

f)(a).

15. Mia sunàrthsh f : Rn ! R e–nai omogen†c bajmo‘ m an isq‘ei

f(tx) = t

m

f(x)

An t∏ra h f e–nai diafor–simh na de–xete Ïti

f(x) =

1

m

nX

i=1

x

i

✓
@f

@x

i

◆

x

L‘sh: An jËsoume g(t) = f(tx) ja Ëqoume

g

0
(t) =

d(t

m

f(x))

dt

= mt

m�1
f(x)

'Omwc

g

0
(t) =

nX

i=1

✓
@f

@x

i

◆

tx

·
✓
d⇡

i

(tx)

dt

◆

x

=

nX

i=1

✓
@f

@x

i

◆

tx

· xi

An jËsoume t = 1 kai exis∏soume tic d‘o ekfràseic gia thn g

0
(tx) prok‘ptei h

zhto‘menh sqËsh.

16. An h f : R2 ! R tÏte na de–xete Ïti den mpore– na e–nai 1� 1.

L‘sh: 'Estw @f/@x 6= 0 gia Ïla ta shme–a (x, y). Jewro‘me th sunàrthsh g(x, y) =
(f(x, y), y) h opo–a Ëqei paràgwgo

Dg =

✓
@f

@x

@f

@y

0 1

◆

me mh mhdenik† or–zousa. EpomËnwc upàrqei h g

�1 h opo–a ja e–nai thc morf†c
g

�1
(x, y) = (k(x, y), y). Ep–shc Ëqoume Ïti f = ⇡

1 � g. 'Etsi

f(k(x, y), y) =

�
f � g�1

�
(x, y)

=

�
(⇡

1 � g) � g�1
�
(x, y)

= ⇡

1
(x, y)

= x

'Etsi, f(k(0, y), y) gia Ïla ta y e–nai 0 kai h f den e–nai 1� 1.

17. Na brejo‘n oi merikËc paràgwgoi:
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a˛)

w = 8x

4
+ y

4 � 2xy

2
,

@

2
w

@x

2
,

@

2
w

@y

2
,

@

2
w

@x@y

b˛) An z = x

2
+ 2y

2 kai x = rcos✓ kai y = rsin✓

✓
@z

@x

◆

y

,

✓
@z

@x

◆

r

,

✓
@z

@y

◆

x

,

✓
@z

@✓

◆

x

,

✓
@z

@r

◆

✓

Ïpou o sumbolismÏc (@f/@x)
u

shma–nei thn merik† paràgwgo thc f wc proc x
krat∏ntac th metablht† u stajer†.

L‘sh: a˛)

@w

@x

= 32x

3 � 2y

2

@w

@y

= 4y

3 � 4xy

@

2
w

@x

2
= 96x

2

@

2
w

@y

2
= 12y

2 � 4x

@

2
w

@x@y

= �4y

b˛) Gia na upolog–soume to (@z/@x)
y

, prËpei pr∏ta na gràyoume to z san sunàrth-
sh twn x, y. 'Etsi, epeid† z = x

2
+2y

2 ja Ëqoume (@z/@x)
y

= 2x. Gia na bro‘me
t∏ra to (@z/@x)

r

ja prËpei na gràyoume to z san sunàrthsh twn x, r. 'Etsi,
x

2
+ y

2
= r ) y

2
= r

2 � x

2 kai z = �x

2
+ 2r

2. EpomËnwc (@z/@x)
r

= �2x.
ErgazÏmenoi me autÏn ton trÏpo br–skoume

✓
@z

@y

◆

x

= 4y

✓
@z

@✓

◆

x

= 2x(1 + 2tan

2
✓)

✓
@z

@r

◆

✓

= 4x

2 tan✓

cos

2
✓

18. Na breje– to dy/dx an y = ln(sin2x).

L‘sh: E–nai y(x) = (ln � sin � 2x)(x). 'Ara:
dy

dx

=

dln

dx

����
sin2x

· dsin
dx

����
2x

· d2x
dx

����
x

)
dy

dx

=

1

sin2x

· cos(2x) · 2 = 2cot(2x)
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19. Na breje– to dz/dt an z = x

y me y = tan

�1
(t) kai x = sint.

L‘sh: E–nai z : R2 ! R me z(x, y) = x

y kai f : R ! R2 me f(t) = (sint, tan

�
1t)

T .
JËloume loipÏn na bro‘me thn paràgwgo thc sunàrthshc Z(t) = (z � f)(t). 'Etsi:

dZ

dt

= (Dz)(f(t) · (Df)(t)

= (yx

y�1
, x

y

lnx) ·
✓

cost

cos

2
t

◆

t

=

⇣
tan

�1
t · sinttan�1

t�1
, sin

tan

�1
t · ln(sint)

⌘
·
✓

cost

cos

2
t

◆

= cost · tan�1
t · sinttan�1

t�1
+ cos

2
t · ln(sint) · sinttan�1

t

20. Na bre–te to dz/dt an z = xy, x = 2t

2 kai y = sint.

L‘sh:
dz

dt

=

@z

@x

dx

dt

+

@z

@y

dy

dt

= y4t+ xcost

21. An z = (x+ y)

5 kai y = sin10x na upologiste– to dz/dx.

L‘sh:
dz

dx

=

@x

@x

+

@z

@y

dy

dx

= 5(x+ y)

4
+ 5(x+ y)4 · 10 · cos10x

22. An xy

= y

x, na breje– to dy/dx sto shme–o (2, 4).

L‘sh:

@x

y

@x

+

@x

y

@y

dy

dx

=

@y

x

@x

+

@y

x

@y

dy

dx

yx

y�1
+ lnx · xy

dy

dx

= lny · yx + xy

x�1 dy

dx

JËtoume t∏ra x = 2, y = 4 kai Ëqoume:

4 · 23 + ln2 · 24 dy
dx

= ln4 · 42 + 2 · 41 dy
dx

)
dy

dx

=

4(ln2� 1)

2ln2� 1

23. Gia thn kamp‘lh me ex–swsh xey+ye

x

= 0 na breje– h ex–swsh thc efaptomËnhc sto
(0, 0).
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L‘sh:

d

dx

[xe

y

+ ye

x

] = 0 )

e

y

+ xe

y

dy

dx

+

dy

dx

e

x

+ ye

x

= 0 )
dy

dx

= �e

y

+ ye

x

xe

y

+ e

x

)
dy

dx

= �1

kai Ëtsi h ex–swsh thc efaptomËnhc e–nai y + x = 0.

24. An z = x� y me x2
+ y

2
= t

2 kai xsint = ye

y, na upologiste– to dz/dt.

L‘sh:
dz

dt

=

@z

@x

dx

dt

+

@z

@y

dy

dt

) dz

dt

=

dx

dt

� dy

dt

'Omwc
d

dt

(x

2
+ y

2
) =

dt

2

dt

) 2x

dx

dt

+ 2y

dy

dt

= 2t ) x

dx

dt

+ y

dy

dt

= t

kai
dx

dt

sint+ xcost = (e

y

+ ye

y

)

dy

dt

Oi d‘o teleuta–ec exis∏seic apotelo‘n Ëna grammikÏ s‘sthma apÏ to opo–o mporo‘me
na upolog–soume tic dx/dt kai dy/dt kai sth sunËqeia thn dz/dt.

25. Sto sq†ma 12 na bre–te th gwn–a ✓ pou megistopoie– to embadÏ an d–netai Ïti l+2s =

const.

Sq†ma 12:
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L‘sh: E–nai:
E = 2lscos✓ + 2s

2
cos✓ · sin✓

kai g(l, s, ✓)� l+2s�C = 0. EfarmÏzoume loipÏn th mËjodo twn pollaplasiast∏n
Lagrange kai Ëqoume:

@E

@l

+ � = 0 ) 2scos✓ + � = 0

@E

@s

+ 2� = 0 ) 2lcos✓ + 4scos✓ · sin✓ + 2� = 0

@E

@✓

+

@g

✓

= 0 ) �2ls · sin✓ + 2s

2
�
cos

2
✓ � sin

2
✓

�
= 0

kai l = c� 2s. Metà apÏ pràxeic br–skoume ✓ = sin

�
1

 
1 +

p
5

4

!
.
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