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ITPOAOI'OX

O porog g I'pappkng Alyeppoc otig Epappoopévec Emotiueg eivan e€anpetikd
onuovtikdc. H Tpappkn AlyeBpa eivar 1o voPabpo g pappikng Avaivong, tov
Awxkprtdyv Mobnpotikdv, £xel ovolaotikés epapproyés ot leopetpia, ot ZtoTioTikn,
o1t ZXtoyoaotikn Movtehomoinomn kot givon daitepa €0YpNoTN UE TOLS MAEKTPOVIKOVG
VTOAOYIGTEC.

H mpopavg avéykn mapovcioons g mportuylakoy emmédov VANG ¢ I'pappikng
AlyeBpog oe e-book, 6mov ot évvoleg Ba mapovcsialovtal ATAOTOMUEVES, OAAL ©E
padnuotikd miaicwa, o fondnoetl yevika 6Aovg tovg eortntéc tov [loAvteyveiov. ‘Eva
tétoo Pifiio mpémer va eivor OHAEKTIKO, TEPLYPUPIKO Kol vo. TEPEXEL Poacikd
TopoadEtypoTa.

H dAn xatoavépetar oe €& kepdhata. To tpio mpdTO KEPOAOO OVAPEPOVTOL GTNV
dAyePpa mvakwv, oTig opilovseg Kol 6TV ETIALGN TOV YPAUUIKAOV cuoTnHatov. Ta o
emopeva  Tplo  KeEQOAOO TEPEYOLYV TIG TAEOV  ONUOVTIKEG £VVOLEC, ONMOC TOVG
OLVUGLOLTIKOVG YDPOVG, TIG YPOUUUIKES OTEWKOVIGELS Kot TN Bewpia TV YOpOKINPIGTIKOV
peyebmv.

Y10 tého¢ 1oV PiPfAiov mapovoidletar kor to mpdypoupo MATLAB, 1dwitepa
AmOPOITNTO Kol PIMKO pe 1o meplexdpevo tov Piiiov, yia va eEokelwbel o avayvmdotng

pe T €vvoleg g I'poppikng AAyeBpag xpNOILOTOUDVTOS TOV NAEKTPOVIKO VTOAOYICTY.

ABnva, Oxtopplog 2005

O ovyypagpéag
[odvvng Mapovrdc
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KEDAAAIO 1

AAT'EBPA IIINAKQN

T1 eivou mivoxag, TOIES 1010THTEG EYOVV, TOLOS EIVAL O AOYIOUOS TWV TIVOAKMV KOl TWOG

EMEKTEIVETAL OTOVS TVVOETOVS TIVAKES, EIVAL TO KUPLO OVTIKEIUEVO TOV TPDTOV KEPOALOLOD.

1.1. Opwopoi

Onoc eumepikd katovoeite pe v ovopocio TIVOKEG TOTOL UXV  EVVOOVUE LV
TPAYUOTIKOVS N Hryodtkovg aplfpove peta&h dvo aykvAdv mov £xovv dtataybel opboydvia
o€ W YPOUUES ko v otnAes. TTapddetypa o mivakog

o, o, o
A _ 11 12 13 ( 11 )
Oy Oy Opy

gtvor tomov 2x3. Ot apbpol o, , 0, , ..., 0,; ovopdlovior eToryeior Tov mivako A Kot

€YOVE EMTAEOV ONUEIDCEL G~ VTOVG pe OgikTeS TIG B€oelg mov katéyovv. O mpdTog delkTng

OVOUALeTON OEIKTNG YPUPMNS KOt 0 0e0TEPOG OeikTNG oTANG. [V 0vTo 0 Tivakag A oty

(1.1) ypbhopeton ko pe tnv popen:

2,3

A= o]

Av 10 TMM00G¢ TOV YPOUU®V Kol TOV 6ThA®V 6~ €va Ttivaka eivarl 1o 1010 ( ONA. L=V ), o

i,j=1

mivaxog ovopdleton TETPAy@VIKOG TaEemg p. Av o mivakog Exet povo pic oAn (v=1)1
puévo pia ypapp (pu = 1), Ba tov ovopdlovpe sdvospa. Avo 1 TEPIGGOTEPOL TIVOKESG LIE
ToVv 1010 apBpd ypapudv kot otniov, Oa Aéue ot eivarl Tov 1610V TOTOV. AVO TivakeS TOV
{010V TOTOL, ATV TOL oTOLKElD TOVG 0TI 1d1EC Boelg elvan ioa, ovoudlovtal ioot. [Tapddetypa,

oo TNV 16OTNTO TOV TETPAYOVIKOV TIVIK®OV

x? - 2x 1 -1y
2 x* - X 20
I — r 4 2 _ 2 — A —
ovumepaivoope y =1 ko omd tic e§lomoelg X - 2x =—1 ko x“-x =0 éyovue x = 1.
g TETPUYOVIKO mivaxo ta oTotxeion o, , 0y , Oy; 5 ..., 0, OVORALOVTOL OLALYDVIQ KO

OAa palt amoteAovv v KOpLe. drtary@vio tov mivaka. Ot wivakeg Tng LopeNg



O, O, ... O o, O O o, O
0 a, ay, Oy Oy Qs

b . 0 b
0) 0 o, O, e a,, O a,,

ovopalovtot avtictoryo Ave TPLyOVIKOS, KATM TPLYOVIKOS Kot otaydviog mivaxkoc. Ot

dtaymvior wivakeg onuetwvovtol kot o¢  diag (o, , 0,, , ... , 0, ). EWdwotepa, o da-
YOVIOG TIVOKOG LE V YPOUUES KO V GTNAES

1 O

O 1

ovopdaleton povaoraiog kot copforileton Iy,

O mivaxoag Tomov 3x2

O Oy
Op Oy
Q3 Oy

mov  mpokvmtel omd tov wivaka (1.1 ) 0tav ot ypaupég yivouv omnAeg, ovoudleton
avaoTpopog kot cupPoriletar AT, Eivar mpogavéc ott (AT =A. And v wwdémta
A=A"
ovumepaivovpe 0tl 0 mivakag A givon TeTpoymvikog (yrori; ) ko to gvydplo Tov oTotyEimv
mov givan o ovupeTpikég BEcelg ¢ TPog TNV KOpla daydvio givar ioa, SnAadn: oz = o,
013 = 031, «ov 5 Oy = Oyl 5 023 = 032 5 «on , Oy = Oh2 . ... , Ohly = Oyy-1. O Tivokeg pe v
WO10TNTA OVTH OVOUALOVTOL GUUPETPLKOL.
Ot mivakeg
1 1+i

N T 1 1-1i
S lio2-i Cl-i 2+

ovopdloviar ovluyeig kot YU ovtd ¥pNoIonoleitol 0 GLUPBOMSUOC AVTOHS GTOV dEVTEPO

nivoka. O1 mpd&elg avlvyiog Kou avaotpopns Loll ONUELOVOVTOL LLE TOV TiVaKQ

— 1 -1
-1 2 +1

Av A=A",0 TETPAYOVIKOG TTivaKag A ovopaleTol EPUITIAVOG.



1.2. IpéaEeag mvakmv

H apiQunuikn tov mvakov neplopileton otig mpdéelg afpoiopatog mvakwy, Yvoué-
vov apBuov ent wivoka, O10popag TIVAK®Y KOl YIVOUEVOD TIVAK®V.
ABporopa mvakmv

Av A=[a; ] xor B=[f;] eivou nivakeg tomov uxv, t0te 10 GOporspa tov A ko B

etvon évag mivaxag I'=[ vy ] mov opiletar and to dfpoicpa tov otoryeiov twv A ko B
mov £yovv TiG 1dteg Béoers:

Yi; = o; + By 1<i<np, 1 < j<vw

ZOUQmVA e TOV 0pIoUO, TIVOKESG OLPOPETIKOD TOTTOL OEV UTOPOVV VO TPOGTEDOVV.

2 -3 5 1 2 3
Hopaderypa 1.1 Av A = Kkt B =

6 -5 4 2 1 4
t0te
F - A+B 2+1 —-3+2 5+3 3 -1 8
= —‘,— = —
6+2 —-5+1 4+4 8 —4 8 -

I'wvopevo aprOpod exi mivoka
AvA=To0;] etvon mivaxag Tomov puxv kot k gtvan évag apludc, tote to yrvopevo tov

A eni k elvan o mivakag kA pe otorgeia to yvopevo kdbe oroyeiov tov A eni Tov a-

SR

[ (=22 (0] [-4 o0
(-2)A = {(—2).(—1) (—2).3} B { 2 -6} -

Av k=-1, omivakag (-1)A =-A ovoudletar avriBerog tov A. Etot yuo toug miva-

pOud k.
Mopaderypa 2.1 Av k=-2 xot

T01E

keg A ko B Tov idtov tomov opilovpie v owepopd toug
A-B=A+(-1)B
Kol T0 omotéAecpa givol o mivakag pe otoyygion TV d1popd TV opobEécImV oTotXElmY
Tov A, B.
Hopaderypa 3.1 Av

R A I
T4 2 1 e T3 5 -2



101E
NB 2-2 341 -5-3 0 4 -8
7 |4-3 2-5 1+2| |1 -3 3 -

ATO TIC 1010TNTEG TOV TPAEEDV AUECO SLOTICTOVOLLLE TIG AVTIGTOYES WOLOTNTES Y10 TOVG

TivoKeg.
A+B=B+A k(A+B)=kA+«B
A+(B+TI')=(A+B)+T (k+X)A=kA+2AA
A+0=A k(AA ) =(kr)A

omov pe O ovpPoirilovpe Tov undevikd mivaxo ( Oda ta aroryeio tov eivair undéy ).

Iwvopevo mvakov

Av o mivakag A =[ a; ] efvar tomov pxp xar o mivakag B =[ B; ] etvor tomov pxv,
101€ opileTan o yvopevo tov A eni B, onpeodpevo AB, kot eivan o mivaxag I' = [ vij ]
TOTTOL UXV, OOV

By
sz

Yij = [0‘11 O eee Oy S = i Byt et i By

Bpj

1<i<p, 1<j<v.
O 1pdmog vroroyiopod tv ctoyEiov i Tov yvopévov AB mpoépyetar, Onmg sivar
QOVEPD, amd TO YIVOUEVO TOV GTOLXEI®V TG I-YPapUnS Tov A el Ta oTolXEl0 TNG J-OTAANG

tov B. 210 mopakdtom mopdoetyo OMUELOVETOL TO GTOLYXEID Vo :

O, 0, OBy By * *
Uy Oy Oy ([ By By| = |0yBytay,B,ta,ps, *
Oy Oy O |[By By * *

[ 116 S100TAGELS TOL YIVOUEVOL TTIVAK®V, CNUELDCTE OTL
A B = AB
n X p p XV X v
———
101 dlooTooT

T )

S0 TOON YIVOLEVOL




Hopaderypa 4.1 Av
A:[Z 3} o B - [4 3 6}
1 -5 1 -2 3
opileton povo to yvopevo AB ko givar Tomov 2x3.
{2 3} {4 3 6} - [ 24+31 23+3.(-2) 26+33 }

AB =
1 -5/|1 -2 3 14+ (=51 13+(=5)(=2) 16+(-5)3
1021 .
=1 13 -9

I'evikd AB # BA, av Opmg ot mivakes ivot TETPay®VIKOL VXV Kol 1oYVEL 1] 16OTNTA

AB = BA, ot mivaxeg ovoudlovtal avripetadetikol.

IMo kéOe mivaka A TOTOL PXV, CNUELOGCTE TNV 16OTNTA!
LLA=AL =A

[Ipocé€te 6t eivar duvatév AB =0, 6tav A= O «or B # O. Iapdderypa:

1 3-3 1 00
-2 -6]| 1 -1/3] |0 0
Axoun givan dvvatév  AB = AT, otav ot mivakeg B kot I' dev eivon icot. TTapaderypa:
0 1(|1 1 3 4 0 1|2 -1
0 2|[3 4| |6 8] |0 2[|3 4
['a to ywvépevo TV mvakmv 16xHovY o1 1010TNTEG

A(BT)=(AB)
M AB)=(AA)B=A(AB)

A(B+T)=AB+AT
(A+B) =AT +BT

Kot
(AB) = BT AT, (AB) = B'A”

MHopdaderypa 5.1 Av

N 341 74 N
- -5 1 5 = 5 Kk , Yl TOWA TIUT] TOV K Ol TIVOKECQ

A, B elvar avtipetafetikot;
AYon: Yrmoloyilovpe ta yvopeva

[ 1 43 -k) - 1 24
AB=1_ 30 k-20 ’ BA = 5(3-k) k-20
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Ao v 1woo6tto. AB = BA éyovpue 11g e€icwoelg 4(3-k)=-24 xou 5(3-k)=-30,

mov cuvoAnBevovy yiu k=09. 0

Avvapeg Tivokao
INo kéBe tetpayovikd mivaka A kot yio kdoe puokd aplud p o mivakog
AP = AA - A
%/—/
p TOLPOYOVTES
ovopdletor p-oti dvapn ov A. Snuewbote A’ =1, A' = A.

Av p, o givor euokol aplBpol gdkoAo pmopeite vo SOMOTOGETE OTL 1GYVOVY Ol

010N TES:
APA° = AP
(AP)" = AP
(kA) = k" AP

(AB)" = A’B” étav AB = BA.
Hopdaderypa 6.1 Av

ocvvd -nmuo
A [ it }
nue  ouvvb

t0te

A2 {cvvze-nuze -2nu901)v9} ~ |:(5DV29 —np29}

2Mudovvd  ovv’ O -nu’o nu20  ovv20

nu30  ovv30

3 ovvOouv20 - nuenu206 - nu26cvvo - nuOcLV20
nuoovv20 + cuovOnu20  cvvhovv20 - nuiNnu26

[01)\89 - nu36}
Ondte yo k0Be oo apBud p Ba sivol:

{GW( po) -nu(pd )}

nu(pd)  oov(ph)
H amddeiln yiveton emoywykd. O
Hopaderypa 7.1 Av ormivakeg A, B givon tetpayovikol tdéemg v ko avtyetodeticol,
tote (A+B)’ = A>+B*+2AB.
Avon : [Ipdypatt, cOp@@VA e TOV OPIGUE TNG SVVAUNG TTIVOKO £YOVLLE
(A+B)Y =(A+B)A+B)=A’+BA+AB+B’> = A°’+B’+AB+AB
) )

EMUEPIOTIKT 1O10TNTA AB =BA

= A’+ B>’+2 AB. 0
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Znuetoete 4TL 01 YVvOOTEG OAYEPPIKEG TOVTOTNTES 1oYDOLV KO Y10, TIVOKES, aKPBOS dTav

ot wivakeg givan avrtipetadetikot.

Hopaderypa 8.1 Av évag amd tovg TeTpaywvikovg tivakeg P ko 1 - P gmaAnBevet v

ebiowon X* =X, Seifte 611 KoL 0 GANOC TivaKaC £xel TV WOTNTA OUTH.
Avbon : ‘Eoto P?=P. Eneidn ot mivoxeg 1, P eivar aviypetadetucot
(I-P)» =1+P*-2P =1+P-2P =1-P.
Opowr, av (I-P)* =1-P &yovpe
[+P°-2P =1-P = P =P

[

Ot mivakeg mov emaAnfedovv v mponyovpevn e€icwon ovopdlovror mpoforikoi 1|

adbvapor, ooy X° = X°X = X X=X, X' =X’X*=XX =X Kk yeviké

X =X, yiaxade k> 2.

Hoapdadcrypa 9.1 Oa VTOLOYIGOVLE TIG V-0GTEG OLVALELS TOV TVAK®V

S R R R R

Avon : X210 mopddetypa avtd Tapovstdlovtal HEPIKES ¥pNoipeg LEBodOL LTOAOYICHOD

TOV SUVAUEDV TIVAK®V.

["a tov mpdro mivaka erainfedovpe 0T

1 0
A2=[O le, A=AA’=A, A*=AZA’=1 ...

KOl YEVIKA £OVLE:
Yo TIG TEPLTTEG SVVANEL : A=A,
Y0 TIG APTIEC OLVALELG : A* =1L
INa tov mivaxa B, mapoatmpoovpe 011

B=I+M M 01
= =+ . =
’ 0 0

Eneidn ot wivaxeg I kan M givon avtipetobetikol €govpe to ovamTuypo

B'=(I+M)" = I+(Y)M +G}M2 +...+(Vj MY

v

v!

, v . , . 2 ;
oMoV (K) = . ANy tov mwivaxa M, givar M =0 xaiétor MP = O vy

K!(v-x)!
KkéOe p > 2.

Tote:
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w = - | @ o ]

['a tov mivaxa ' &yovpe:

2VVETMG M*=1 xm TI* =T O

-1 27"
Moapadcrypa 10.1 O deiovpe 011 { 4 J = 3%,

-1 27
AYon : Emoyoywd, yioo k=1, éovue { 4 J =91 =31

Av woyvein woomra yuoo k =v, tote woyvet kar yuoo k =v+1, yari:

-1 22(v+l) -1 22\/ -1 22
[4 J =[4 J [4 J = (3 I1)(3 1) =300 0

1.3. Awvoocpoata

2ty evomra avty 0° acyoinbovpe pe mivakeg Tomov 2x1 kan 3x1, mov ovopdlovron
owavvopata ( evotra 1.1 ). H ovopacia avtr dnuovpysiton enedn vmdpyel apeipovo-
oNUavTn avtiotolyio peta&h TV oNUEI®Y TOV ETTESOD N TOL YDPOL UE TO GTOLXEIN TV
mvékav. Hopadstypo, otov mivaxo [ 1 21" avriotorysi to onusio M( 1, 2 ) tov emt-

1é80L kat otov wivaka [ 1 2 31" avriotoyet to onueio N( 1, 2, 3) touv xdpov.

, <
) I M(1, 2) 3 e M(1.2.3)
i o—12 -
! o A
i N’
0 X *
— —

"Etot anewoviCovtar ta dtovocpata (pe m yeopetpikn toug évvola ) OM koau ON. Ta
otoyeion TOV TVAK®OV OvOoudlovTal OGUVTETAYHEVES TOV OOVUCUATOV oVT®V. Av

Bewpnoovpe TG avtioToryieg
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al_

%
a=|a,| < OA
o, |

Bl
B=1B,| < OB
Bs

€VUKOAN SLOTIGTAOVOLUE OTL GTO AOPOIGHA TOV TIVAK®OV

a+B =[as+P w+Pr az+Ps]’

— —
AVTIGTOUKEL AUPILOVOSTIHAVTO TO JlavLoHaTIKO dBpotopa tov  OA ko OB. Emudéov,

%

010 Yvopevo Ao avtiotoryel to yvopevo AOA . 'Etot, cuvoyilovtag £xovpe:

Ao+ pp, N N

A+ pup = |[Aa,+pup, | <> LOA +uOB

Ao+ uB,

v KaOe Tpoypatikd aptoud A, .
To ywopevo mvakmv
OLTB:(X1B1+(12[32+OL3B3 (12)
- -

oVOUALETOL E0MTEPIKO YIVOPEVO TV avTIoTOlY®V dtovucudtov OA, OB kot onpeum-

- o
vetar OA o OB. Idwitepa, o apBudg

\/ﬁ —
OA°0A = a] +a; +a; = [|OA||

TAPLoTAVEL TO PETPO TOL SvOGHOTOC OA, OTmC ovTtd AAA®OTE OMOOEIKVOETOL KoL

YEDUETPIKA

e 2 2
10A"|| = Jo? + a3

%
[A'Afl = o5
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["a t0 e6mTEPIKS YIVOUEVO OOVVUGUAT®V 1GYXVOLV Ol TAPUKAT® 1O10TNTES:

- > - >
I. OA-OB = OBoOA

- > - > > o
2. OAo(OB+O0I') = OAoOB+0A-OI'

- - - - -
3. (\OA)oOB = OAo(LOB) = A( OA-OB)

- >
4. OA°cOA >0

- o -
5. OAcOA=0 < OA =0 0=A

Emedn
(a"Br<(a'a)(p'p) ((avicotnTa ToV Schwarz )
Exovpe
T
_eBb
Nvolo BB

-1 <

KOl KOTO GUVETELOL

- -
o'B OA-OB A
= N RN = 0oLV
va'ayB'B | 0A || |0B|
— —

omov 0 € [0, ] elvoun yovia Tov dtevoopdtov OA kot OB.

- >
INa 6 =n/2, sivan mpopavég OAoOB = 0, kot 1 cuvOfkn ot eivor wKovn Ko

- -
avaykaio yio v KefetétnTe TV dtevusudtov OA, OB.

A - o
, , , OA-OB =
Amodewkvoetat 0Tt 10 dtbvoopoe. ———— OB

- 2
| OB i

%
etvaun zmpofoliy tov dwvocpatog OA eni tov

0 A4 B N .

OB «xot onuewwvetar wpof ., (OA).
OB

- —
OA’ = mpop , (OA)
B



15

— —
Hopaderypa 11.1 Av ta un ovyypoppkd dwavoopotoa OA kot OB opilovv 10 emimedo

%
I1, k60e dibvoopa OT, 6mov I € I, yphoetal povotpoma e tn Lopen:

— — —
Or= kOA + AOB.
— — — —
AYon : Av moAlomhacidoovpe v wotnta  O'= kOA + AOB eootepikd eni OA
%
kot OB €yovpe:
- > - > - >
OI'eOA = k( OA°OA ) + A( OB-OA )
- > - > - o

Ol'-OB = k( OA°OB ) + A( OB-OB )
Apxkel 0 oo TOV EEICDOCEOV QVTOV Vo, £l povadikn Abon g mpog k, A. I't” avtd
apkel
— — — — — —
IOA[*[|OB]*- [[OA]*[[OB[|* cvv*0 = [[OA[[*[|OB|[*(1 - cvv?0)

— —
= [[OA[[*[|OB]|*nw® #0,

— —
N omoio aAnBevetl, apov ta davdcupata OA kot OB dev eivan mopdAinia. 0

- o —
Eotepikd yivopevo tov dtovuopdtov OA, OB ovoudletal to didvooua O mov €yet

, — - >
L pérpo [[OL']|=[|OA [L[|OB|[nuo,

r - >
0 =yov (OA,OB)
B II. devbuvon kabetn o10 eminedo TV

- —> )
dwwvvopatov OA, OB Kol

) Y
III. @opd tétola dote N dateToryuévn
- > >
A p1ada { OA,0B,OT } va eivan
de&6oTpoON.
— - -
OI' =[0A, OB]

D'H cuvOnkn 1T éxet vONUa Y100 t1 GUYYPOLLLLIKE SI0VOGHLATOL.
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—> — - >
To e£mtepcd yvopevo tov dtavvopdtov OA kot OB cvpfoiriletar [OA, OB] «at

1oYVLOLV 01 TOPUKAT® WOIOTNTES:
- - - o
1. [OA,OB] = -[OB, OA]
> - > o > o
2. [AOA,OB] =[0OA,L0B] = A[OA, OB]

> o> o - > - >
3. [OA, OB+Ol ] = [OA, OB]+[OA, OT]

> o o e e
4. [OA,[OB, OT']] = (OA o OT')OB- (OA o OB) OT

H oyéon petadd ecwteptkol kot EMTEPIKOD YIVOUEVOL VO SOVUCUAT®V €lval ueTpikn

Kol 0KOAO, SLOMIGTAOVOLLE OTL:

AT R e At
I[OA,OB]|“=]|OA[|“||OBJ[~- (OA > OB)

%
EmnAéov and tov opiopd tov e&mtepkod ywvopévov, 1o péTpo tov davdocuatog OT
%

oovtal pe to gUPaddv tov maporinioypappov mov opiovv ta dtavucpoto OA Kot
%
OB kot kotd cvvéneia

1 -

5 [ITOA . OB ]

etvat to epPfadov Tprydvov pe kopueég ta onueio O, A, B.

IMoa kéBe de&ooTpo@n Tproopboymvia tprada povadiaimv davvoudtov i, j, k, éovue:

[i,i]1=[]j.,i1=[k, k] =0

[i.j1=k, [j.kl=1, [k, i]=] (13)
T T 3 r , A
Av [a; o 3] xou [Br B2 B3] elvon ot cvvietaypéveg Tov dtavoopdtov OA Kot
H
OB avtictoyo o¢ pog TproopHoy®dvio cHGTNIN GUVTETOYUEVOV, OTOOEIKVOETL OTL:
—> . . - — - - -
OA= o1 i+oj task , OB= i +B2j+Psk

‘Etot, and v 3n womta kot TG oxéoels (1.3 ), amodewvoeton

A - - = =
[OA,OB] = (azb3-a3b2)1 +(a3b1-a1b3)J +(alb2-a2b1)k (14)

Ao Vv €Kk@pacn vt 1 Ao TOV OPIGUE TOV EEMTEPIKOL YIVOUEVOD GUUTEPOIVOLLE TNV

KOV Ko ovorykaio. cuvonkn

- -
[OA,OB] = O

v va €ivor To S1vOGLOTO GOYYP o UIK.
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Mopdadcrypa 12.1 Oo Bpolie TIG GUVTETAYUEVES TOV OLOVUGHLOTOG
— - - -> oS o >
OA=([OA,OB]0[OB OF])OA (OA°OB) OT
A T A T T
av OA=[12-1] ,0B=[012] «xm OF=[1—10].
Avon : Ano toug Tomovg (1.3 ) ko ( 1.4) €yxovpe:

- = - =
[OA, OB]=[5-2 1]" [OB,Ol'] =12 2-1]"

- - - - - o
kot kotd ovvénetn [OA, OB] o [OB, OI']|=10-4-1=5, OA> OB = 0.

- > .
Onére: OA=50A =[5 10 -51™. 0

- - —
INa ta dSwovoopato OA, OBkar O 1o ywvouevo

-> > >
[OA, OB] o OT

- > o
ovopdletol pKTO yvopevo Tov dtovucpdtev avtdv Kot coppoAiletan (OA,0OB,0I).

Ao tovg Tomovug (1.2 ) ko ( 1.4) €yovpe

> o> o
(OA,0B,OT')=(azbs-asby)g +(asbj-ajbs)g+(a;by-a,b;)gs (1.5)

Kot factOUEVOL GTNV 1GOTNTO QLT OTOOEIKVOETOL:

i e
[OA, OB] o Ol = OA o[OB, OT].

> > o
AmodekvdeTor akoun 61t o piktd ywopevo (OA,0B, 0T ) aAlaler mpdonpo av ovti-

HeTaBEGOVHE OLO SLOVOCUOTO O’ ALTE, 0ALA Oev aAAALEL TpOoNO av peTabdécovpe Tpia

SLOVOG LT KUKALKGL, ONAON:

- > > - o5 > - > >
(OA,0B,0OI') = (OI',OA,0OB) = (OB,0OI',0A )
- > o - > > - > o
=-(0OB,0A,0T"')=-(0A,0I',OB)=-(0I',0OB,0A).
H ocuvinim
- > o
(OA,0B,0I') =

glvor tKovn| ko avarykodio yio vo givort o tpic S1ovOGHOTO GUVETITEDA.
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Hapdadcrypa 13.1 Oo vroAoyicovpe TNV EAAYIOTN ATOGTUCT TOV AoVUPATOV 001DV

e (xy,z) =(1,0,-1)+t(2,0,1)

& (xy,z)=(3,1,0)+s(1,1,-1)
Ko petd Ba Bpovpe otig evbeieg ta onueia A, B mov anéyovv eAdyioto.
Avon : Ot gvbeieg eivor mapdAANAeg TV U GLYYPOUUIKOV dtavocpdtov ny=(2,0,1)
kot np=(1,1,-1) ot cvvenmg to dSdvucua

E=[n,m]=(-1,3,2)

etvan kaBeto kKo otig dVo gvbeiec. To emimedo mov mepvd and v gvbeia & Ko elvan
KkéOeto 610 OGvuoua &, eivarl mapdAinio g evbelag &  Katd ocvvémewn n ehdyiot

amoOcTOoT TOV €1, & €lvan N amdcToon TS evbeiog € amd 1o eminedo avto.

Toonuela  P;=(1,0,-1) ko
P,=(3,1,0) avrtictoyya tov gvbeidv

€1 ko & opilovv to ddvucua

%
n=PP, =(2,1,1) kot 1o pérpo g

mpoPoing tov n enitov & elvarn

{ntovuevn andotooNn:

o & nog| _ 3

el @H: e i

Ta onueia A, B €ovv ovvietayuéveg ( 1+2t, 0, -1+t) wor  (3+s, 1+s,-s), 7O O¢

n

%
owwvvopo AB=( 2+0-21, 1+0, 1-0-1) givan «éBeto TOv vy, vo . Amd 116 e€lomoels:

_)

AB o, =0 St-s =5 t = 13/14
= =

— t-3s=2 = -5/14

AB o n, = 0 ; °

1 1
opifovtar ta onueio A = ﬁ( 40,0,-1) xon B= ﬁ( 37,9,5). ErainBevoare 611

ARl— 3
[|AB|| = 14 OT®G TTPLV.
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1.4. XvvOetor mivakeg

Ag dwpepicovpe évav mivoka pe  KOTOKOPLOEG Kot 0pllovTies YPoUUES Hetalld tov
YPOLU®OV KOl T®V 6THA®V Tov. [ mapddetryua,
all a12 al3 a14
A=|ay |ay ay| ay

a3 |a32 Ay | Ay

Kafe tpumpa tov mivaxkoa ovopdletor vaomwivekog Kol 6To mopdoetlyud pog o mivakag A

YpaQETAL [LE TN HOPPT

All A]2 A13:|
A = (1.6)
|:A21 A22 A23

O mivakag A pe ) popon ( 1.6 ) ovopdleton ovvBeTog, T0 o8 oToLKEla TOVL ( VITOTIVAKES
oV A ) 6tav givar otV 10100 YPOaUUY, £X0VV TOV 1010 aptBpd YPOUU®V Kot OTav givot otV
ot oTNAN, £xovv Tov 1510 apBpUd GTNADV.

[Mopdaderypa, N Aettovpyio kukAmpatog microcomputer pe tpioc VLSI microchips ameiko-

vileton oTov mivaKa

A, AL Ag
A=1A, Ay Ay
Ay Ay Ay

oMoV 01 dty®viol vomivakeg Ay, Az , Azz avtiotolyovv ota kukAopate VLSI chips
KOl 01 GALO1 VITOTVAKES OVTIGTOLYOVV GTIG GLUVOEGELS LETAED TV chips.

Ot ovvBetol Tivakeg

A, O ... O A, A, ... A,
0 A, 0O A, A,
o .. A, O .. O A,

omov pe O ToPLeTavVoLLE TOVG UNOEVIKOVG TiVaKES, OVOUALoVTOL GUVOETOG drarydVIog Kot
oOv0eTOg ( VO ) TPLYOVIKOS OVTIGTOLYO KOL 1) TOPOLGIO TOVG HOG OLEVKOAVVEL GTIC
pacels, Omwg Ba dovE 5T GLVEKELD.

Ortav dvo mivakeg A kot B elvat Tov 16100 TOmOL pXv Ko £xovv drapepiabet axpimg

pe tov 1010 TpOmo HETAED TOV YPUUU®OV KOl TOV GTNA®V, 01 OpoBEGIol VITOTivaKeS ivat
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oV 1010V TOMOV Kot KATO GUVEREDL TO ABPOIGUE TOVS avayetol oTo GOpolcua TV

vromvak®v toug. ' Tapdostypa, ot 5x7 mivakeg
A X B X K X A X
P _ |: 2x3 2 4:| , Q _ |: 2x3 2 4:|
1—‘3><3 A3><4 M3><3 N3><4

TOTE,

EmmAéov

b LA AB
S |AT AA

[Tep1ocoTEPO EVOLOPEPOV TTAPOLGLALETAL GTOV TOAAUTAQGLOUGHO GUVOET®MV TIVAK®V.
Ddvuowkd Ba mpémetl va dttnpnbel 0 TPOTOC TOALUTAACIAGIOD TOV TIVAK®OV KOl ETTAEOV
va umopel va yivel o moAlamAoclocpdg TtV vromvikev tov. [ avtd, katd Tov
noAlomiactacpud PQ  Oa mpémer vo mpocéEovpe pove av o TPOMOG dlauéplons TV
ypouumy tov Q  eivar 10106 ue ™y oouépion othiwv oo P,  yopig va evolapepbove
YL TIG VIOJHPECELS YpappdY Tov P kot 11g vmodwupéosels ommiov tov Q. T
TaPAdEY LA, 01 GOVOETOL TTIVOKES

A2><2 B2><2:| I<2><4
P5><4 = |: 5 Q4><4 =
1—‘3><2 A3><2 A2><4

moALomAac1lOUEVOL, TO YIVOUEVO TOVG gival:

p AK + BA
QI rk+aa
EmumAéov, onpeidote yia toug cuvheToug drarymviovg mivakeg
A o K o
H _ 2x2 @ _ 2x1
O B 3x4 O A 4x2
Exovpe
HE AK O
|0 BA

YEVIKEDOVTOG TO YVOGTO TPOTO TOAAATAUGIOGHLOD SLOyOVImDV TIVAK®V.

Mopdadocrypa 14.1 Oa vmoroyicovpe 10 ywvouevo AB, Bewpmdvtag Tovg cvvleToVg

TivVoKeg:



ap_| ABIFAB, AB
B2 B3

I"a va vmoloyicovpe Tov mivaka AZ, £yovpe

A2 = Al AA,TA,
0] I

Moapaderypa 15.1 Oo vworoyicovpe TG SLVALELS TOL CLVOETOV TivaKa:

1 {0 O

A-l] - {AI o}

A, A

1|11 S

Eneon:

A} (0] 1joo A 0]
o ol 2]
AA +AA, Al B P A, 2A,

o A’ O| [A O
ALA, + 2AA, 2A2 A, 2°A,

Enayoywd emainBegdboopue ot

21
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1.5. TIToAvovopikoli wivakeg

O tetpaymvikdg mivakog A, t6Eemg v, mov opiletor amd tov THmo:
A = ockMk+0ck_1Mk'l +...ta M+aegl, a;€C
ovopdletor molv@vopikég mivakag tov M kot givor govepd o1t opiletar amd TO
TOAVDOVULO O k A+ ta i htag avtikofiotovtog T petafAnTt| A pe tov wivaka M.

0 1
Mo mapaderypa, ov o A)=3A2-A+2 xou M= {_2 J,rére

W(M)=3M2-M+21 = [_4 2}
-4 -2
Av Bsopnoovpe ta fabpmtd molvdvopa a A ) kot B(A), avtictoyo tov Tpdéewv
a(A)+B(A) =v(r) , a(r) P(rA) = 8(1)
a(r) = B(A)m(A)+v(1)
Exovpe:
aM)+p(M) =y(M) , o(M)B(M)=pBM)a(M) =35M),
a(M) =B(M)r(M)+v(M).
H avtipetdBeon tov mvakov o M) kot B( M) ot devtepn amd T1g Topanive 160-
mreg givar dSvvatn, O10TL KAOE TETPAYOVIKOG TIVAKOG VTILETATIOETAL e TOV E0VTO TOV.
To yvootd Bedpnua e AdlyeBpag 6Tt “kdBe molvwvopo Pabpov k éxer k pilec”

OEV 16YVEL Y10 TOVG TOAVOVVIKOVS TIVOKEC.
[Mapaderypa, o mivokog

a(X) =X2+X-21=(X-I)(X+21)

oovTon e To undevikd mivaka yio X = I 7 X = -2 1 xoun yuo k66 mwivaxo

x=|"%7 C
= o (| 2¢C
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HMopadstypa 16.1 Av q(A)=A+2A2+20+2 ka1 yoo ke o € C

TOTE EYOVLUE :

qJ) =J13+J2+27+21

o 30’ 3a a? 20 1 a 1 0 1 00
=10 o 30°|+|0 o 2a(+2/0 a 1[+2(0 1 0
0o 0 o 0 0 o 0 0 a 0 0 1

a@) a'(a) 5q'(a)
=1 0 q(a) q'(a)

0 0 q(a)
[
0 1 0
0 0 1 0
Hopaderypa 17.1 Av C= 0 0 0 || e a( M) =0al>+ PA2 + yA + 5,
c, ¢ ¢ ¢
r
rC
Ba oci&ovpe 6TL o C ) = e | omov r=[d v B al.
rC’

AvYon : Av Beopricovie TOVG TIVOKES YPOLLUES:
€1=[1000] €,=[0100] €3=[0010] €4=[0001]
OWTIGTMOVOVUE TIG LGOTNTES
e1C =¢, , e, C=¢3 , £3C = g4
korakoun €1C?=¢g,C=¢3 , €C’=¢3C=¢g4, €,C2=¢3C=¢4.
Onote M wpotn ypouun tov o C) etvae:
€10(C) =¢,(aC3+BC2+yC+0o1)
=0e;C3+Pe;C2+ye  C+d¢g,
=oaestPestyertde; =[0 vy P a]=r

H dgvtepn, tpitn kot t€toptn ypouun ivol avtiototya.:



e2(C) =ae,C3+Pe,C2+ye, Ct+oe,
=0g C*+Be C3+ye ;C2+8¢,C
=(agC*+PeC2+yeC+0de;)C =rC
e30(C) =ae3C3*+Pe3C2+ye3C+des
=(aeg;C*+PeC*+ye,;C+de,)C?>=rC
e40(C) =0e4C*+PesC2+yesC+dey

=(ag;C*+PBeC2+ye C+de;)C?* =rC? 0

AoKioelg
2
Av A=1-4 3 5|, mow eivor ta oToryEia oL1n , 023, 013, 031 KOL 033 ;
6 1 -1

A Xty 22+ o 4 4 ’ ’
v z-20 x-y =3 5l Bpeite tOVG AYVOOTOVS X, Y, Z, O.

EnainBevoate pe mapadetyporta kot petd anodei&te 116 160trTes:

- - - o — —
L [[TOA, OB]||*+(OA > OB )* = [[OA[/*||OB|*

- o> o - > > - o> o -
II. [[OA,OB],Ol]+[[OB, OI'], OA]+[[Ol, OA], OB] = O.

— — —
I1I. [OA-npoBO_> (OA)] 2 OB = 0.
B

Av
S
2 3 1/0 -4 5o
A=|1 5 2|3 -1|=[A, A,] |3 7 :{Bl}
0 -4 2|7 -1 1 3| LB
52
ogi&te 0TL - B

54
AB=AB +AB,=|-6 2|
2 1
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Me mota d1dtaén moAlomAacidlovtot ol Tivakes mg chvOeTOoL ;

Av M=

a( M) :[

-20

-1 -1 -1
2 2] 2
1

13
} kot o A)=A-3A+A-1, Oci&re Otu:

39
-59 |
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KEDAAAIO 2

OPIZOYXEX KAI ANTIZETPO®OI ITINAKEX

Opilovoa eivar évag opiBuog Tov OVTIGTOLYEL OE TETPAYWVIKO TIVOKO, KOTG. EVAV OPIGUEVO
POTO. 270 KEPAAALO OVTO TOPOVTIALOVTaL 01 BOCIKES 101OTHTES TV 0PLLODGMYV, O TPOTOS
DTOAOYIGUOD 0pIlOVEOS TETPOYWVIKOD TIVOKQ Kol 1 EPOPUOYHN TOVS GTHYV EDPEGH TOD

ovTioTPOPOL TIVAKO.

2.1. Opilovoa mivaka

210 OUVOAO TMOV TETPAYOVIKOV TWVOK®V opileTon o €01K7 GLVAPTNON TOL
ovopdletor opilovea kot £yl medio Tpmv oto cvvoro R 1 C. T kéBe vxv mivaka A 1
opiovoa copPoriletar | A | 11 det A kot m €kppacn g, o€ oxEoN LE TA GTOLKELD TOV
TivaKo, aVoTTOCOETOL GTOV aKOAOVOO AOYIGHO.

I'o tov mivoxo

A Oy Oy det(A) =
“a a = det(A) = a0, -0, o,
21 2
Kot 'YIU, TO0V TdVU.K(X
Oy O Oy
A=loy, 0, oy,
Osp O3 Oy
EYOVLE:
o o o o o o
2 23 21 23 21 2
detA= a, - 0, + 03 (2.1)
o o (0} o o o
32 33 31 33 31 3

T 0y Oy Oy = 0y 03 0y + Oy Olpz Oy = Oyp Oy  Ogy + 030,03 - 030505
[dwitepa v mapdotacm ovty gival Svvatdv va ) Bopdote “wg kavdve tov Sarrus” av
Yphyete TIg 000 TPMOTEG OTHAEG OeEI0 TOL TIVOKO KOl VITOAOYICETE TOL YIVOUEVA TMOV

ototyelov Tov €61 dlayovimy.
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Oy %, o Gg3 L lor, oy
Q3 O3y O3z | O3y Gap
+ o+ o+

EmumAéov, and v ( 2.1 ) dwmotdcate 6t o tomog ( 1.4 ) tov e€mtepcod yvopévou

SLVLGHATOV 160VTOL GLIPOMKA pe TNV opilovoa:

— —

i k
o, 0O, 05
B, B, B

Zvppoiilovtog pe Ajj tov vromivake Tov A dtav daryplyovpe TNV - YPOLUY TOV Kot
J- OTNAN TOL, TOTE TO AVATTVLYHO TOV 3X3 Tivaka A YpAaQETaL:
det A=o0y; det Aj; - oo det Ajr + o3 det Az
‘Eto1, opileton avadpouixa m opiCovoa vxv mivaka and tic opilovoeg tov (v - 1)x( v -1)

VITOTIVOK®DV.

v
Opwopoc. o v =2, nopilovea tov vxv mivako A = [ oy ] - glvar to dBpocpa
1,)]=

det A = o, detA, - a,detA, + - + (-1)' o, detA,,

\

= Y (=1)" a,detA,

j=1
O apiuog M, = (-1 ) det A ovopdleton ahyefpiko copmipopa Tov cToYyEioL
0ij KO TPOPAVAG EYOVLLE:

detA = a;; My topp Mg+ ...+ oqy Myy
To édBpotopo avtd ovopdletor avamtTvypa opilovcas Mg TPOS TNV TPMOTY VPO TOVL
nivako A. Amodswkvoetor 01t 1 opilovca vxv mivaka vroAoyiletor Kot dtav ovomTy-

EOVUE QTN OC TPOS OTOLAONTOTE YPOUUN 1] GTHAT TOV.

Ozopnpao 1.2 Ta tov tetpoyovikd mivaka A = [aij ] .
1,]=
detA = oa;;Mig+tapMp+....+a;pyMi,

— ale1j+a2jM2j+....+aannj.
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Am6 1o Bedpnpa avTd gtvar pavepd OTL v TOL GTOLYELD OIS YPOLUUNG 1 OIS GTHANG TOV
nivoka A etvor OAa undév, tote avamTicoovTag TV 0pilovca ¢ TPOG VTN TN YPOUUN 1

omAn Ba &ovpe det A = 0.

Hopaderypa 1.2 Oa vroroyicovpe Tig opilovoeg TV TVAK®V

6 1 2 8 1 2 -3 4

0 7 0 3 4 2
A=lo 2 01 . B=130 o -

5 .50 8 2 0 -

INa tov mivoka A avontoccovtag Katd tv 31 otAn ( enedn €xel ta meplocdTepa

undevikd ototyeia ) £xove:

0 7 3
detA =2(¢-D"]0 2 1|=2(715-523) = 10.
5 -5 8

['a tov mivaka B, avarntoccovtog kotd tnv Tpitn ypouun £Xovue:

2 -3 4 1 2 -3
detB = 3-1)"[2 1 3|+ 3D ]-4 2 1
0 -2 3 2.0 -2

=3 {213 +4.2.(-2)-(-2).3.2-3.2.(-3) } + 3{1.2.(-2) + 2.1.2-2.2.(-3) -
(-2).(-4).2 } = 320 +3.(-4) = 48. 0

Mopdaderypa 2.2 Oa vroroyicovue v 0pilovca dve TPIYOVIKOL TivaKa.

o o o
U.” (112 11 12 13
Av A = , 10te detA = oy xor av A = 0 a, o, T0TE
0 a,
0 0 ag

det A = o1 02 033 .
T tov mwivoxa A =

€YOVLE:
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Oy  Olpy Oy
detA = o, | 0 ay oy | = o) 0y, a0,
0 0 oy
‘Etol emoyoyikd amodeikvietor 6t 1 opilovca dve Tpryovikoy mivako givol To yivouevo
TV 010 VIWV GTOLYEIWY TOD. 0
210 CUUTEPAC O, ALTO KATOANYOVLE Ko OTAV O Tivakoag eivon dtaydvioc. Ewdwotepa:
detl, = 1.
Ao 10 Bedpnua 1.2 cvumepaivovpe emmAéov v a&loonueiow wodtnTaL:

det A = det A" (2.2)

2.2.  IowtnTeg opriovoav

210 €3G0 avtd 0’ avagépovpe Pactkéc WO TEG TOV 0ploVGMY, Ol OTOIES MO

O1EVKOAHVOLY GTOV LTOAOYICUO TG 0pilovoag TivaKa.

Ocopnuo 2.2. To kdbe vxv Tivaka A

1. Av gvodrha&ovpe 600 ypouués ( | omhieg ) tov A, n opilovca Tov VEOL TivoKa
ooVt pe -det A.

2. Av 10 otoyeio pog ypoppng (1 otAng ) tov A moAlamiacioacOovv ent Tov apliuod
k, n opifovca tov véov mivaka icovton pe k( det A ).

3. Av 10 TOAOTAGG10 TOV GTOLKEIOV piag Ypouungs ( oThANG ) Tov A mpootebel og

po GAAN ypappn ( otqAn ) tov mivaka, 1 opilovca Tov VEOL Tivaka 1GOVTOL e

det A.

Ao tic WidtTeg 1 kou 2, cvumepaivovpe aueca 6t av o mivakag A Exel d00 YPOUUES

(otkeg) avdroyeg, T0te det A = 0. EmurAéov amd v 10t ta 2 £yovpe:

det (AA) = A" (detA)
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a By
Mopdaocrypa 3.2 Edv det|x A p| =-1 Ba vmoroyicovue 115 opilovceg TV
p o 1
-p -0 -T 20 -2P -2y
nwvakov: A = |3k+a 3A+B 3pu+y|, B =|2k+p 2A+tc 2u+tr
2k 2\ 2n 3p 30 3t

Avon : T Tov Tp®dTO Tivaka £OVLE:

p c T p c T
(18.2) (18.2)
detA = -det|3k+a 3A+PB 3ut+y| = -2det|3k+a 3A+p 3uty
2K 2\ 2n K A u
(18.3) p o (V. 1) a B Y (V. 1) a B Y
= -2det| o B y| = 2det| p o T| = -2det| x A p|=
K A U K A U p o T

Oupota yio to devTEpPO TIVOKOQL!:

(18.2) o B Y (15.3) a By
detB = (-2)3det|2xk+p 2A+c 2u+t| = -6det|2x 21 2u
p Y T p o U
(15.2) a B Y
= -12det| « A p| =12
p o 1

Mopaderypa 4.2 Oa dciovpe oTL
1 1 1

det|a, o, a;|=(o;-0a,)(a;-0, )o,-a)
al oy a;

AYon : Tlpaypatt, copeova pe v 1010 Ta 3 ToVv Bepruatog 2.2 Exovpe:

1 1 1 1 0 0
0,— o, 0,;-0,
det|a, a, a,|=det|a, o, —0a, o;-a, [=det| 5, , ,
2 2 2 2 2 2 2 2 Oy -0, O3 -0
a; a, 03 a; o, -0, 05;-0,

1 1
; ; ¢
(a, -a, )(a;-a, )de Lll ‘o, a +Ol3j|

(o, -0, )(ay-a, )(o;-a,)
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Ievikebovtog TV Tapomdve 160N, OTodEKVOETOL OTL:

! 1 1]
non ( X ) (@ -a)
a, -a,, o, -a, o (o, -a
det| a7 o ... al|= : 2 :
. (0, -a,,) - (o, -0,)
v-1 v-1 v-1 :
a a a
1 ’ o (0, -ay)
H opiovoa avt eivar yvoot) oty BifAoypaeio oc opiCovsa tov Vandermonde. 0

Ao 10 Bsmpnua 2.2 Kot TO XOPOKTNPLOTIKO TOTO NG opilovcag Tprymvikol mivaka
elvar poavepod Ot Yo vo vroloyicovpe v opilovca mivaka, ympig va xpNGUYLOTOUGOVLE
TOVG TOHTOVG ToV Bewpnuatog 1.2, Bo TPEMEL PE PETATYNUATIOCUOVS YPUUUDV 7| CTNADV VO,
petacynuaticovpe Tov mivaka o€ Tplyovikdé dveo (M kdto ). H dwdwocio avt)

nmapovotdletal og aplBunTikd mopdoetypa nivako 4x4. ‘Ectom:

2 -8 6 8

A 3 -9 5 10

-3 001 -2

1 -4 0 6

Téte Oa Exovpe:

1 -4 3 4
detA = 2d 0310
et = et 3 01 -2
1 -4 0 6

Zmv wpd™n oTHAN KAmowo and Tto otoryeion Oa glvar ddpopo Tov pNndevog, yuwotl oe
dlapopeTikn mepintmon 1 opilovoa tov mivaxka Oa eivor undév. Emedn 10 otoryeio ot
0éon (1, 1) eivon d16popo Tov undevoc, morrhamracialovpe v 1n ypouun dtadoyikd pe
-3,3 ko -1 xou wpocBétovpe avtiotoya otn 21, 3n kot 4n ypouurn. ZOUEOVO LE TNV
wwmta 3 tov Beowpnuotog 2.2 :

1 -4 3 4

0O 3 -4 -2

0 -12 10 10

0 0 -3 2

det A = 2 det

210V Topamave Tivako, ToAlamAactdlovpe T 21 ypoppr tov eni 4 kot tpocBitovpe

oty 3n. Tote
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1 -4 3 4
0 -4 -

det A = 2 det 0 0 -6 2
0O 0 -3

1 -4 3 4
0 3 -4 -

detA = 2det| . o =2(13(-6)1) = -36.
0 0 0 1

Av pe ) d1od1Kacio oVt KATo10g od TOVG OMIELOVUEVOVS VITOTVAKES £XEL UNOEVIKN
oTNAN, T101E M opilovca Tov apytkov mivaka eivar undév. Ot Tpaéelg avtég petald Tov
YPOUU®V TOL TTivoKa OVOUALOVTOL GTOLYELMOELS HETUGYTLATIGUOL YPUPROV.

And v wotta (2.2 ) elvar govepd OTL avticTtoyn ddtkacio £govpe PETAED TOV
OTN-A®V KO 01 TPAEELG AVTEG OVOUALOVTOL GTOLYELMOELS HETAGYTLATIGUOL GTADV.

['evikevon g opilovcag tprywvikod ( 1 dwywviov ) mivaka, givor n opilovoa
ocvvbetov Tprywvikod ( 1 dayoviov ) mivaka. Amodewkvoetal, 6t av A, B elvan
TETPAYOVIKOL TTi-VOKES:

A M A O
det|  p| = det| g| = (detA)(detB) (2.3)

Kol KT GUVETELOL

A O
det 0 B = (detA)(detB)

B0 TEAELOCOLLE TO £0APLO OVTO HE TNV aKOAOVON TPOTOCT.

Ozopnpa 3.2. Av A, B givon vxv mivaxeg, tote
det (AB) = (det A)(detB)
det(A*) = (detA)*, k=1,2,...

INRELDOTE OTL Y10 TO GOPOIGHO BEV 1GYVEL AVAAOYT GYECT), ONAAST YEVIKA £YOVE

det(A+B) # det A+detB
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2.3. AvticTtpo@ot wivakeg

And 10vg TOmMOVLG avamtOypatog G opilovoag mivoka oto Oedpnuo 1.2
GUUTEPAIVOVLE OTL TO ABPOoIoUO TV PIVOUEVWV TV GTOLYELWV ULaS Ypouuns ( oTtnAng ) eml
T0. OAYEPPIKG. COUTANPOUATO TV OTOLYEIOV UIOG OAANG Ypouuns ( OTHANG ) eivar unoév,
oniadn

G Mg topMpt....tosyMy =0, 1#7
ajMigtomjMys+....+t o,y My=0 , j#0 (2.4)
Avto ovpaiver 010t 10 aplotepd pEPOg TG TpdTNg ™S (2.4 ) glvan To avdmTuypo

opilovcag Tov mivaka

O O ay,

Oy O a;,

T- YpOUUN —> | O Oy ... O,
_avl (sz (XW_

KOTO TNV T- YPOUUN TOV, M omoia glvar it e TV i- YpOpUy TOV TTivako Kot Yy’ avtd 1
T ¢ opilovoag eivar unoév. Katd tov id10 tpdmo dikatoroyeitar n dgvtepn 166t

o ( 2.4 ) xaBdc0Vv 10 0p1oTEPO PEPOG TNG Elvar TO avdmTuypa opilovcag Tov Tivaka

Oy Oy Oy Ay,

Oy Oy Oy, a,,

a’vl U'VJ a‘vj avv
T 6 - ot

KOTA TNV G- GTNAN TOV, TOV TOVTICETOL LE TNV - GTNAT TOV.
Opropodc. o kéBe vxv mivaxko A, o mivakog pe otoyeion T aAyefpikd GUUTANPOUOTO
TOV oToLEimV ToL A

11

M M
M, M

M

Iv
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ovopdletor mpooaptnuévog tov A kot cvpPoriCetor  adj A. IMopatnpeiote Ot 1O

Tpdo LA (-l)i+j TV aAYEBPIK®OV cuumAnpopdtov M eVOALLGGOVTOL GOUPOVO LE TOV

mTivoka:
+ - +
—_ + —_
+ - +
Hoapdaderypa 5.2 T'o tov mivaxa
3 -2 1
A=1|5 6 2
1 0 -3

T’ OAYERPIKE CLUTANPOUATO TOV GTOLYEI®V TOL Eiva:

— 1+1 6 _ _ 1+2 5 2 _ _ 1+3 5 6 _
Mll _(_1) O _3 _-18’ MIZ _(-1) 1 _3 _17’ M13 _(_1) 1 0 __6
- 1 3 1 3 -2
M,, = (-1)>" _3‘=—6, My, = (1) | _3‘ =-10, My = (1) 0‘ =2
_ 341 | 1 _ _ 342 31 _ _ 343 3 -2 _
M;, =(-1) 6 2 =-10, M;, =(-1) 5 9 =-1, M;=(1 5 6 =28
Tote:
-18 -6 -10
adiA = | 17 -10 -1 0
-6 -2 28

"Exovtag vtoym 116 166treg (2.4 ) Kou 1o Bedpnpa 1.2, amodeikvieton dpeoa:
A(adjA) = (adjA)A = (detA)], (2.5)
Tnv oot ( 2.5 ) propeite vo v emaAnBevGETE e TO TPONYOOUEVO aplOunTIKO Topd-
detypa kot Oa Ppeite:
A(adjA) = (adjA)A = -941;
omov det A = -94.
Opwopde. ['a kaOe teTpaymvikd mivaka A, av vdpyet tivokog B mov £xet v 10106t ta
AB =BA =1 (2.6)
OVOLGLETON avTIGTPOPOG TOV A kat supforilerar A™ .

Ao ™ cuvemaymyn
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AB=1 = BA=1
0 OpIoUOG TOV avtioTpoPov Tivaxka weplopiletan og o omd Tig 1wotreg AB = 1 7
BA = L. EmmAéov, and v ( 2.6 ) kot to Bedpnpa 3.2 copmepaivovpe
(detA)(detB) =1
Kol yU outd évag mivoarxag Exel avtiotpopo ((16000VaUN EKQPACN: £Ival aVTIOTPEWIUOS )
akpifws otav n opiloveo. Tov TWIVoke gvar O1Gpopn Tov undevog. H ocuvOnikn avt
dwkaohoyel v ovopasio oparog mivakag axpifog 6tav det A # 0.
AmodgikvdeTan 0Tt 0 avticTpoPog mivakag B eivor povadikog kot Katd cvvémeio amd
mv woomta ( 2.5) érovpue:

R
det A

(adjA) (2.7)

INa tov mivaxa A oto mapdadetypa 5.2 Oa givan

18/94 6/94 10/94
A= [-17/94 10/94 1/94
6/94 2/94 -28/94
Metd ™) yvopyio pog Pe TV avTioTPoPo TTivaKo Eivat TPoQavic 1 ETEKTACT] TNG £VVOL0G
TOV SUVAUEDV TIVAK®V GTOVG apVNTIKOVS aKkEPAlong ekBEteg. Andadn, opilovpe:

A = ATAT ..o AT
k mapayovieg

Kol KOTA GUVETEL 16X0D0VV Ol YVOOTEC WO10TNTEG TOV SUVALE®V TTOV OVOQPEPOUE GTNV

evotra 1.2 kot yo apvntikodg ekBEtec.

Ipotaon 4.2 Av ovwivakeg A, B eivon avtiotpéyipot, ToTe:
1. A sivor oviiotpéyipog kot (A7) = A.

2. AF OVTIGTPEYIIOG KO (Ak yh= (A’ )k
1
3. yuk@eA#0, (AA)' = > A

det A1 = (detA)’
(A" =caly
adj A" = (adjA)’

NS » e

o mivaxag AB eivor avtiotpéyipoc kat (AB ) = BT A

Apeon gpappoyn TV avtioTpOP®V TVAK®V glval 1 ETIALCT TV £E1I0MGEDV
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AX =B , YA=B
Otav o mivaxkoag A givol avTioTpEYIOg £XOVV TNV HOVASIKT AVom
X=A"B Y = BA"

Av ovmivaxeg A, B eivor avtiotpéyipot, ot cuvBeTol mivaxeg

A M A O
O B ’ N B
oouemva, pe v (2.3 ), etvar avtiotpéyipol Kot emaindedcote ot
A M| [A!' -A'M B A 0] A’ 0
O B|] |o B’ > [N B] |-B'N A' B
2.4 Aoxnosig
I -1 2
21 Av A=1{3 4 1|, enoainBevcate mvicommra (2.2).

2 5 1

2.2 Ymoioyicate T1g opilovoeg

-1 0 1

-1 2 ,
det| o, | xat det(LI,—A), omov A= —i) g —11.

2.3 EmaAnfedoarte pe mapadeiypato v icodTnTo

det A = detA.

2.4 Ymohloyiote T1g 0pilovoeg TV TIVAK®OV

o p P B @ a a « a 0 0 P

B a B B B a a « 0 a B O
Al pap] "B aa "o aof

B BB o B BB «a B O 0 «a

2.5 Av yia toug teTpoyovikovg mivakeg A, B eivar AB=0 o o mivakog A
(N B) etvon avtiotpéyipog, dei&te 61t B = O(n A = O).
o

Y

1 1 0 -B
A ad- Py [-v a}'

2.7 EmonOevoate pe mapaderypa 6t (A+B)! = AT+ B!,

2.6 Acigte v tov mivaka A = { 6}’ otav gival avTIoTPEYIIOG
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KEDAAAIO 3

I'PAMMIKA XYXTHMATA

H xevipixn 10éa. g I popyurng ALlyefpag eivor n pelétn TV YpouiKmy cooTiUATOY Kol

070 KEPAAOIO aVTO TOPOVOLALOVTaL COGTHUATIKG UEAOIOL ETIAVGHS TOVG.

3.1. XTo(e1MO€1S PETUGYNNATIONOL

¥’ évav mivaka 1 evoAlayn dVo Ypappdv ( GTNA®V ), TO yvouevo ypauuns ( oTAANG )
ent apOud A xar to abpoicpa dVo Ypopp®v ( GTNAGV ) OVOUALOVTOL GTOL(ELMOELS
NETAGYNUOTIOUROL YPOUUU®V ( GTNADV ).

[Mopdderypo, and tov mivaka

TPOKVITTOVV Ol TIVOKEG

B01—2 . 2 0 -4 . 1 0 -2
112 o0 ’ > 21 o 3201 3

otav avtiotoya evolddEovpe 1 kot 21 omin, moAlarlocidoovpe v 1n ypopuun eni 2
Ko TEAOG TpocBicovpe oty 31 GTHAN TO YIVOUEVO TNG 2NG OTNANG €mtl 3.

Me T0VG GTOYEIMOES LETACYNUATIGHOVS GKOTOG HOG EIVaL VO LETOCYNLOTICOVUE TOV
puxv mivoka A o€ dlaydvia popon. ‘ETol, e oToyeidoslg HeTaoynUaTIGHOVS YPOLUUADV O

ouvbetog Tivakag

[Ty A]
petacynuotifetor otov
[P T]
oMoV
T, Tp T,
T= 0 o T?V , otav p<v
@) T T
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Kol
Ty T Ty
0 Ty Ty
T= , otav u=>v
TW
0 0
0 .. 0

YOPIg KAt avaykn OAa to dStoydvia oToryeio vo eivart dSapopo TOV UNOEVOS. LT CLUVEYELD

]

KOl L€ CTOUYELMOELG UETAGYNLOTIGHOVG CTNADV HETAGYNHOTICOVE 0VTO GTOV TTivaKa

&

omov o mivaxkag K yevikd éxet pia and t1g axolovdeg popeés:

D, O D,
{o o} [Du o] {o} D, (3.1)

0 0¢ dwydviog mivakag D dev €xel undevikd dwaydvio ototyeio. Avtictorgo TtV

Bewpovpe Tov cuvbeto mivaka

mvakov oty (3.1) &ovue

P <V pP=uU=Vv H=v=p p=H=Vv
KOl TPOQOVAOS HE EMTALOV CTOLYEIMOELS UETACYNUOATICHOVS GTOV TivVoKa {K} umo-

povue va kotoAnovpe wote D, = I, . O mivaxag K ovopdleror kavovikn popen tov
mivaxko A kot elvar govadikog. Ov wivaxeg P, Q elvar avtioTpéyiplol Kot omodekvVOETOL 1|
agloonpueio oxéon
PAQ=K (3.2)

H 14&n tov daydviov wivaka D 1 10000vapa, to mA0og Tov N UNdEVIKGOV YPOUUMV
tov mivoka T ovopdaletat BaBpiég tov A kot copporiletanr rank A .

And v (3.1) etvar pavepod Ot yio kGO uxv mivoka A €ygovpe

rank A < p Kol rank A < v

EmmAéov, 0tov p=v Kot o mivakag A etvor ovTioTpEWlog,

rank A = v.
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Hapdadcrypa 1.3 Oa Ppodue TV KOvVOVIK HOPEN TOL TivaKo

00 1 2
A=12 6 -5 -2
1 3 -2 0

Ytov mwivaxo [ Iz A ], av evadrd&oope 1n kot 3n ypoppn Kot HETO TOAAATANGIOACOVE
mv In ypappn eni -2 Kot mpocBécovpe otn 21 YPOUUY EXOVUE:
00 1 :13 -2 0
01 -2 :00 -1 =2
10 o0 :00 1 2
[IpocBétovtag ™ 2n ypouun oty 31, Oa sivol:
00 1 :13 -2 0
01 -2:00 -1 -2|/=[p T
11 -2:00 0 O

|
2tov mivako Lﬂ , ToAamiactalovpe v In otin enl -3 kot 6T cvvExEln emi 2 Ko

npocBétovpe avtiotoryo ot 21 Ko 3n oAn. Tote £xovpe Tov Tivaxa:

1 -3 2 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 0 -1 -2
0 0 0 0]

[ToAamAacialovtag v 3n omAn ent -2 Kot mwpocsBétoviag oy 4n oTHAn Kol PeTd

evaALdooovTag 21 Kot 31 6TNAN, EXOVLE:

1 2 -3 -4

0 0 1 0

0 10 =2 o

0 0 0 1:{}
K

I 0 0 0

0 -1 0 0

0 0 0 0]

O mivaxog
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1 0 00
K={0 -1 0 0
0 0 00

elvar  Kavovikn pope1| tov A kot mpopaveg rank A =2. EmaAnBevcate 0Tt

PAQ =K. 0

Ortav o mivaxag A eivor TeTpayovikog kot oto ohvleto mivaka [ P T ] 6Aa ta dwrydvia

otoyeio Tii TOL AvE TPLYOVIKOV Ttivako

T, .. T, STy,

Ty Ty - Ty
T= Titi
Tji

L TVV_

glvol pun pNoevVIKA, UE GTOUXEIMOELS UETACYNUOTIGHOVS Ypapuu®v otov mivaka [ P T |
UITOPOVLE VO UNOEVICOVIE TO GTOLXEIOL Tii, T2i,e«-«, Ti-li KOL PUETA VO LETAGYNUATIGOVLE
pe ta otoyeia Ti o€ 1. 'Etol, B kataAnEovpe oto ouvBeto mivaka

[R L]

Eneidn RA =1, ovumepaivovpe 011
R=A".

Mopadcrypa 2.3 Oo VTOAOYIGOVUE LE CTOUYEIDMOELS LETACYNUATIGULOVS YPOUUDY TOV

OVTIGTPOPO TOL TTIVOIKOL

1 2 3
A=|2 -3 2
3 1 -1

Ytovmivaka [ I3 A] moAlomlacialovtog v In ypopun eni -2 kou -3 kot tpocHé-
TOVTOG OTN 21 Kol 31 YPOLLLTY avTIGTOL M, EYOVUE:
1 00 :1 2 3
-2 10 :0 -7 -4
-3 01 :0 -5 -10
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[MoAamhacialovtag v 21 ypouun eni -5/7 kot mpocsOETovidg v otV 3n ypouun,
KOTOAYOVE GTOV TTIVOIKOL:
1 0O 0 : 1 2 3
[P T]=| -2 1 0:0 -7 -4
-11/7 =5/7 1 : 0 0 =50/7
21 ovvéyela, Tolamiactalovpe t 2n ypopuun eni -1/7 ko v 3n ypapun eni -7/50:
1 0 0 :12 3
2/7 -1/7 0 : 01 4/7
11/5 1/10 =7/50 : 0 0 1
Oa pndevicovpe ta otoyelo mov eival moveo amd TG Sydvieg HOvAdeS, TOAAO-
mhaotdloviag ) 2n ypouun eni -2 kot Tpochitoviag oty In kot moAlamlacidloviog
mv 3n ypopun eni -4/7 xou eni -13/7 wou mpocBétovtag ot 2n kou oty In. Ta

OTOTEAEGLATO TOV TPAEEDV QVTOV Elvat:

1/50 1/10  13/50 1 00
4/25 —1/5 2/25 0 10
11/50 1/10 -=7/50 0 01
O apotepdg vromivaxog givat 0 avticTpoPog Tov A. [

B0 TELEIOCOVE TNV EVOTNTO OLTY], OVOPEPOVTOS UEPIKEG YAPOUKTNPLOTIKES 1O10TNTES Yo

10 Babud mivaxo:

Ozopnuo 1.3. T kdBe pxv wivako A

1. rank A = rank A" = rank A'A
2. rank MA < rank A, rank AN < rank A
3. Av M, N givor avtiotpéyipot Tivakes, TaEEmS W, v avtioToryo:
rank A = rank MAN
4. Av rank A = p, vrépyet TeTpayvIKOS vrotivakag B tov A 1d&ewg p, T€T010G

wote det B # 0, aAAd 1 opilovoa kaBe vromivoka taéewg p+1 elvar unoév.

EmumAéov, 1oyvouv ot oyxécelc:
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rank (A +B) < rank A +rank B
katav A, B gival tomov uxv kot vxp avtiototyo.

rank A + rank B -v < rank ( AB).

3.2. Ilapayovromoinon LU

"Exovtag vtoym oy evotnra 2.2 1 pebodoroyio LETACYNLATIOUOD TIVOKO GE Ve
TPLYOVIKO Ko epopuolovtag avtiv otov cvvleto mivaxka [ 1 A ] kataAnyovue otov
nivaxo [P U], 6mov P eivon wivaxog aviiotpéyilog KAt Tptyovikdg pe dtoydvio

ototyelo povddeg kot o vromivakag U eivat yevikd KMPOKOTAS popeng

o‘ * #*

0 - 0

0 L
0]

oOmov O\ Ta oTolyela KAt TG TeBAacuévng ypauung eivan 0, ta otoyeio a, B, v, .- 0
oT1g “yoviakég Béoels” givar d1dpopa Tov undevOg Kot To LITOAOUTE. GToLYEin TOV TivaKa
onuewwvovtal pe  *.'Etotl o xovpe:

PA =U (3.2)
Eneidn o avtiotpopog kdT®m Tpry®vikoy mivako givol KATO TPryovikog mivaKos, ov
onuewboovpe P =L , omd v ekicwon ( 3.2 ) mpokdmtel | mopayovromoinon LU
TOV Tivaxa

A = LU (3.3)

omov L etvon kdto tpryovikdg mivakag kot U dve tprymvikoc.

HMapdaocrypa 3.3 Oa mapayovionotcovpe oty popen ( 3.3) tov mivaka
6 -2 -4 4
3 -3 -6 1
-12 8 21 -8
-6 0 —-10 7

A:

[Ipdypatt, otov wivoka [ 14 A]:
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e ITloAlamlaciace v In ypapun ent (-1/2) kou tpdcBece otn 21 ypapun. [ToAlamia-

oclace v 1n ypopun et 2 kot tpodcBece oy 3n ypouun. [pdcbece v 1n ypauun

oV 4n ypoppn:
1 00
-1/2 1 0
2 0 1
1 00

0 6 -2 -4 4
0 0 -2 -4 -1
0 0 4 13 0
1 0 -2 -14 11

o [loAlamlacioce tn 21 yp. enl 2 kot npdcsbece oty 3n ypouun. [Holhamiacioce

21 yp. eni -1 kot mpdcsbece oty 4n ypouun (tloodvvapa: aeaipese 2n yp. amd 4n vp.) :

1 0 0
-1/2 1 0
1 2 1
3/2 -1 0

0 6 -2 -4 4

0 0 -2 -4 -1
0 o 0 5 -2
1 0 0 10 12

e ITloAromlaciooce tv 3n ypapuun eni 2 kot tpoécece oty 4 ypopun:

1 0 0 0 6 -2 -4 4
-1/2 1 0 0 0 -2 -4 -1
1 210 0 0 5 -2
7/2 3 2 1 0 0 0 8
T T
P U
Torte:
1 0O 0 0|6 -2 -4 4
A—plU- 172 1 0 0|0 -2 —4 -1 .
-2 -2 1 0{|0 0 5 =2
-1 1 -2 1{{10 0 O 8

’ r ’ 3 -1 I r . 14
[Mapatnpeiote, 6TL Ta ototyeio Tov mivako L( =P 7 ) kdto ond tic draydvies Lovadeg

givar o1 avtifetol TWV GLVTIEAEOTMV GTOVGC GTOLXEUMOELS UETACYNLUOTICHUOVG YPOLUUDV,

amAOVGTEHOVTOGS £TGL TN O10OKAGIN TOPOYOVTOTOINOTG TOL TTiVAKOL.

Inuewwote 0T kaOe wivakoag dev Tapayovtonoteiton ot poper LU.

[Mapaderypa, av ypayovpe Tov mivoko

o)

[0 1
| 0} pe v popen yvopevov LU

_111 O}{un u12:|
_121 1, 0 uy




44

Oa &ovpe 1jju;=0. Amd ™ oxéomn avt cvurepaivoope 0Tt 15, =0 1 uy; = 0, dniadn
évag and tovg mivakeg L 1 U dev eivan avtiotpéyipog, atomo ywoti o wivakag LU = A

glvol avTIoTPEYLOG.

SvupoArilovtog e Uy , .-, Uy TO Sly®VIO oTolyelo Tov wivake U oamd v ( 3.3 )
€xovpe

A =LDU (34)

omov D = diag( ujy,...,uy ) Kol TO Sl0y®VIO GTOLYEID TOL AVE® TPLYOVIKOL Tivaka U,

elvar povéoeg. 'Etot yuo toug tetpaymvikois mivakes Oa givat
detA=ujjunn....uw
Ty (3.4), av o mivakog A givat coppetpicdg (A =A") tote
A=LDL" (3.5)
H (3.5) eivon yvoot) ot Biproypagio og rapayovromoinoen Cholesky

Hapaderypa 4.3 H nopayoviomoinon LU tov cuppetpikov mivoako

320
A=|2 2 2
0 2 1
sivan
1 0 0|3 2 0
A=2/3 1 0|0 2/3 2
O 3 1|0 0 -5

Omndte n mopayovronoinomn Cholesky Oa givar:
1 0 0|3 O 0|1 2/3 0
A=|2/3 1 0[]0 2/3 0||0 1 3
0O 3 1{|0 O =-5/|10 0 1

H mapayovtonoinon LU wivaxa pog dievkoAbvel va Abcovpe Ty e&icmon
Ax=p
omov X, B elvan mivakes ot AN ( dtovocpata ).
[Ipdypaty, 6étovrag U x =y oty e€icoon LU x =4, n e&icmon
Ly=8 s Y=Lyl ya ..yl
glvol dueca emAVGIUN, 010TL 0 Tivaxag L etvarl kdtw tprywvikodg kol 6tV ovormTOEOVUE
11§ e&lomoelg, PAEmovpe 011 kKdOe e€lowon €xel €va AyvmoTO y; TEPIGGATEPO GO TNV

wponyovuevn. Metd v €bpeon 1oL y, T 1010 TAEOVEKTNLOTA TOPOLGLALOVTOL GTNV
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eflowon U x =y, omov kdébe e&icmon pe ayvdotoug Ta otoryeion Tov X, £xel vav
GyvwoTto TovAdyleToV Aydtepo amd v mponyovpevn. H dadikacio avt) mapovoidletal
GTO EMOUEVO TOPAOELYLLAL.

Mopaderypa 5.3 Ag Beswproovpe oty e&icwon A x = tov wivako A 610 TapadElypa
33kar P=[2 -4 8 -43]".@étoviag Ux =y, neficoon Ly=p sivar 1codbvapn

HE TO GUGTNUA TOV EEIGOCEWMV:

Yi = 2
1
EY1 Y, = -4
-2y, -2y, ty; = 8

-Yi +Y2 -2y3 +Y4 = -43
Onote y1 =2, y2=-5, y3=2 «wor ys=-32.
2m ovvéyeln amd v e€icwon U x =y, €yovue TO GUGTNUA!

6x, -2x, -4x,; +4x, = 2

-2x, -4x; -x, = -5
5x; -2x, = 2
8x, =-32
ov Ppiokovpe Gueco ™ Aon tov x=[4.5 6.9 -1.2 41", O

3.3. Ewilvon ypoppmik®v cueTpuaTov
3.3.1. I'pappikd cvetpoto

Kabe eElomon g popeng
X + a2y = B
ovopdleton ypoappiky tov petofAntov  x kot y. evikdtepa, ovoudlovpe ypouuixn
eCiowon ToV PETAPANTOV Xi, X 2, - .., Xy KGO e&icwon TG LopeNg
o X topxp+...toyXxy= P
Omov 0 , ... ,0y , B etvor mpaypotcol 1 pyaducol apBpoi. apatmpodpe 6t1 oe pia
ypappkn eéicmon dev mapovcidlovion duvdpelg 1 yvopeva M pileg Tov petafintav,
001e TprymvoueTpikol apBpoi 1 AoyapiBpot 1 ekbetikég cuvaptoelc avt®dv. 'Eva minbog

I YPOUUIK®V EEIGOGEDV TOV UETARANTOV Xi, -« Xy :
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oy X + 0y X, + - + o, X, = Bl
Oy X+ 0y X, + e 0, X, = B (3.6)
ap1X1+ a‘u2X2+ et auvxv = BH

ovopaleTon ypoppmKé cvotnpue 1 eEICOGEMY UE V OYVOGTOVG,.

Av mopacTioovpe

Oy Oy oo Oy, B, X
Oy Oy wor Oy, B, X,
A=| . . B=]". X = .
aul au2 auv Bp X,

10 cvotnua ( 3.6 ) ypdeetal vd ™ pLopeN

Ax=f (3.7)
Kabe v-4da aplOpov  x;=c;,..., Xy, =Cy, mov enoinbevet Tic elomwoels ( 3.6 ) ovoud-
Cetar Adom tov cvetipatos. Kdébe cvomua mov £xet Abon ovopdletor  copfipacto,
SlapopeTikd ovopdleton acsvpPipacto.

IMa va yivouv katavontég ol TEPUITAOCELS TOV TOPOVCLAlOVTOL KATE TNV EMIAVGT TOV
YPOUUIKOD GUOTHUATOG, Oempove TO YPOUUKO cVGTNHO 000 EEI0MGEMV e 0V0 ayvod-
OTOVG X KO Y :

wx+Phry =m

WX+ Py =712
omov o, i€ R xou o’ +B7 #0 (i=1,2). Otypogikég TapacTicel TV eEIGOGEMY
avTOV givar dVo evbeieg € Kot € Kot ot AVGELS TOL GLGTAUATOG O’ AVTIGTOLYOVV OTIG
oxeTIkég Béoelc TV vbetdv:
I.  Ortavotevbeieg €, & téuvovtal, 10 cHOTNHA £XEL OKPPAOS pio Avor).
II. Otav orevbeiec €, & elvon mapdiinieg, to chonua ivar acvpPifacto.
II. Otav ot gvbeieg €, & TovTilovtal, T0 cHOTNHA £XEL ATELPEG AVGELS.

O mepumtooerg 1, 11 xan III woy0ovv Yo omorodnmote ypoppkd cOGTNHO.

Ozopnpo 2.3. To cvomua Ax = etvarl cvpPiPactd axppag otav

rank [ A B] = rank A.
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["a v eniAvon Tov cuotpaTog, Bewpovue Tov emavénuévo Tivako

O Oy 0y, By
Oy Oy o, B,
[AB]=]| . c
Oy O Oy, Bu

KOl UE OTOWEIDMOEIS LETACYNULOTICUOVS YPOUUDV HETAGYNUOTICOVE OVTOV GE AV TPL-

YOVIKO TTivaka (1] YEVIKOTEPO GE KMUAK®OTN HOPPN ).

Cy Ch o o . o, d
0 ¢, « « « ¢, d,
0 ¢, -~ ¢, d,

To véo chomua gival 160dVVApO TOV apykoL (dNAadn, £xel To 1010 GHVOLD ADCEMV) Kot
EMADETOL EVKOAOTEPO, 0POV KAOE e&locmaon €xel Evav TOLALYIGTOV GyvmOoTo AydTEPO Omd

Vv mponyovuevn e&icwon.

Hoapdaderypa 6.3 Ooa Advcovue To cOHGTUA!
x, +2x, +3x; =9
2xX, -Xx, * x5 =8
3x, - X, =3
Me v gumeipio TOV EYETE AMOKTNOEL, SOMICTMOVETE OTL 1] KALLOK®MTH LOPPT TOL ETOV-

Enpévov mivaxa

1 2 3
2 -1 1
3 0 -1
sivan
1 2 3 : 9
0 1 1 2
0 01 : 3

‘Etot, éyovpe 10 16080vVapo cvoTpHa



48

X, +2x, +3x;, = 9
-x, +x; =8
X; =3
mov Bpiokovpe dpesa v Avon tov:
X3 =3, X, =-1, X1 =2. [
Mopaderypa 7.3 I'a 1o cHotua

2x, + 3x; -4x, =1

2x, +3x, = 4
2x, +2x, -5x,; +2x, = 4
2x, -6x, +9x, =7

umopeite va emoin0edoete 011, 0 EMOVENUEVOC TIVOKOG
0 2 3 -4 1
0 0 2 3 4
2 2 -5 2 : 4
2.0 -6 9 7

petaoynuotiCetal oty KAMUOK®TH LOpeN:

1 -5/2 1 2

1 3/2 -2 : 1/2
0 1 3/2 12
0 0 0O : 0

S O O =

Tote, amd 10 1600VVOUO GUOTN LA

X, +x, - 5% +x, = 2
3 1
X, +EX3 -2x, = 5
3
X, +EX4 = 2
EYOVUE TV LUOVOTOPOUETPIKY OTELPLIO, ANDOCEMV:
5 5+17 19 5 -
X4 = C x3=2-—c, X, =-—+—c, x; =—-9c.
! T P72 4 )

Oo pEnEL Vo GNUELOGOVLE OTL OV TO GUGTNHO £XEL TEPIGGOTEPOVS AYVAGTOVG 0T TIG
e€lomoelg, pmopel 1o cvomua va givar acvpuPifacto, av dpmg sivor cvufifoactd, tote

&xel Amelpeg AGELS, OTMG GTO TPOTYOVLEVO TOPAOELYLLAL.
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Moapdaocrypa 8.3 To ypoppikd cvoTHHO
2x, +2x, -3x, +4x, = 1
X, -2x, +x; -x, = 2
4x, -2x, - x; +2x, = -1

dgv gtvar cupPiBacto, yoTi 1 KMUOK®TY LopeT TOV ETALENUEVOD TIVOKOL

2 2 -3 4 : 1
1 -2 1 -1 : 2
4 -2 -1 2 -1
sivan
1 0 -2/3 1 : 1
01 -5/6 1 : -1/2
0 0 0 0 : -6

omov cvumepaivovpe 6t N teErevtaia €£lcmoN TOL 1GOOVVALOV YPOUUKOD GUGTHOTOC

sivan 0x; +0x, +0x3 +0x4 = -6. UJ

Ymv e&icwon ( 3.7 ), av o mivakag A eivon tetpayovikog kow  det A # 0, To oot

EXELTN Hovadikny Aoon:

x=A"'B (adj A) B

det A
AmodeikvieTan O0TL 0 AyveoTtoc X; Pploketon omd Tov TOTO

det A,
X, =
det A

omov A; elval o wivaKag Tov TPOKLATEL ad ToV A, OTAV OVTIKOTAGTICOVUE TV 1 - OTN-

An tov pe 1o dbvuopa B. Xto [Hapdostypo 6.3, Exovpe det A =20 ko

9 2 3
——|8 -1 1]=2
*1 790 .
30 -1
1 9 3]

1
e 1| =-1,
1'1 2 9]
——1|2 -1 8| =3
* 790
3 0 3
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3.3.2. Opoyevil cvoTipata

Av oty e€lowon (3.7 ) eivar =0, to cvoTHO
Ax =0
ovopdletar opoyevés. Ta opoyevi cuotiuato givat Taviote cVUPPAcTA, dLOTL TPOPOUVIG
Mon eivar x = 0. H pnéevikiy Avoen €ivar povediky) 6tav o wivakog A sivon
TETPUYOVIKOS Kot det A # 0. Xe kdOe GAAN Tepinton T0 opoyevEG cOOTNA £XEL OmELpiaL
AMoe®V Kot To TAN00G TV 0yVOGTOV GTOLG 0TOI0VG S1VOVLE OTOONTOTE TN, Etva:
v —rank A

omov v gival 10 TANH0C TV ayvOOTMV.

Moapaderypa 9.3 Oa AOGOLLLE TO OLOYEVEG GUGTNLLOL
X, +x, +2x,-5x,=0
2%, +5x,- x;-9x,=0
2x,+x,- x;+3x, =0
X, -3x, +2x,+7x,=0

H capoxot) popen tov mtivako Tmv GUVIEAEGTOV

11 2 -5
2 5 -1 -9
AT 13
1 -3 2 7

HETE amd GTOYEIMOEIS LETAGYNUATIGLOVS YPAUU®VY (emaAinfedoate) sivat

1 00 2
01 0 -3
0 01 -2
0 00 O

Omov emumA£ov TAnpopopovpacte 0Tt rank A = 3.
Ondte 10 apykd cuoTnua £ivol 1600VVOLO TOV GUGTHHOTOC
X, +2x, =0
X, -3x, =0
X; -2x, =0
Kot €govpe TNV povomapapetpiky] (4 -3 =1) anepio AMcewv:

X1:-2C, X2:3C, X3 :2C, X4 = C. []
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3.4. Aoknosig

3.1 Bpeite v Kavovikn LopeT| TOV TVAKOV

1 -2 0 I 3 6 -1
A=12 -3 -1 B=|1 4 5
1 3 2 1 54 3

3.2 Bpeite pe oTOYEIDOOES LETAGYNUOTIGLOVS TOVS OVTIGTPOPOVS TV TIVAK®Y

6 -2 -4 4

B - l-12 8 21 -8
1 2 7

6 0 -10 7

3.3 Noa mapayovionombovv oty popen LU ot mivaxeg

0o o0 2 7 L33 g

A= b7 B=|-2 -5 1 -8

E s 1o 17

-2 2 -5 4
3.4 No Adoete Ta GLGTHHOTO

3x +t4y +tz = 1 x+ 2y -z= 2 X +10z = 5
2x +3y = 0, 2x + S5y +2z = -1, 3x +y -4z = -1
4x +3y -z = -2 7x +17y +5z = -1 4 +y +t6z = 1

3.5 No AVoete To GLOTHHOTO

X, -X, +2x; +x, =0
X, ¥2x, +3x; =0

2x, +2x, -x, =0
4x, -5x, +6x;, = 0

3x, +x, ¥2x;, +x, =0

3.6 Atevkpvicate To O10YPAULOTO PONG ETTAVOTNG TOV YPOUUIKOV GUGTNHATOV.
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l

detA =0

| detA = 0
l

1

rankA # rlank[A BTi 1 rankA = rank[A ] }

\

A x | Avvoope ‘
i TO m')cs‘mixg‘
U=V ma— Ax=10 ] 7 *V
. | ’— |
detA#0 | | detA=0 |
[ |
x=0 }
| rmkA=p |

I Aﬁvzmpe
| TO GUOTTHO.
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KEDAAAIO 4

ATANYXMATIKOI XQPOI

H évvoio tov d1ovoouotikod yapov Exel Tis pileg Tov o€ TG TPOPANUATA TOD PVOIKOD
Hog koouov. H pueiétn twv yapwv ovt@v dev eivor mold O10popetiky amo €KEIVH TOV V-
didotatov ywpov R, kabdoov didpopec yewuetpixéc évvoieg (). didvooua, ardotoo,

, 2 3 1%
yovio, ) oo R” kou R yevikedovra.

4.1. Awvvopotikoi yopor

Ymv evomra 1.2 yvopicope 6Tt 10 GOVOAO T®V diovooudtwy ( TVOKEG GTAAN ) TOV

{910V TOTOV

xz[x1 > S XV]T, y=[y1 Y, e yV]T, z=[z1 Z, ... ZV]T
€YOVV TIC AKOAOLOES 1010TNTEG :
. V Xx,y, z (x+ty)tz=x+(y+z)
2.V X,y Xty =y+x
3. V x x+0=0+x, omov 0=[0 0... 0]"
4, V X X+(-x) =0, 6mov -X=[-X] X2 ... X]"
5. V x l.x =x
6. V Xx,y, V keC k(x+y)=kx+ky
7. VX, vV kieC (k+A)x=kx+Aix
8. V X, vV kAeC k(Ax)=(kA)x

Ot ovvOnkeg avtég yopaktnpilovv Kabe chvoro A mov gival SLOVVGRATIKOG YOPOS TV
peta&y Tov otoyeimv Tov A €xel opiobel 1 pdcsbeon kot to yvdpevo ent aplBuod, £tot
WOTE:

VXxyeA > x+tyeA

VxeA,VkeC > kxeA
[owitepa, av k € R 10 oVvvoro A ovopdletar mpayuotixog SovusHoTIKOG YOpos. Ta

ototyeio kdbe dovuopaTiKo YHOPOL OVOUALOVTL SLEVOGUOTA.
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e kdOe davuopatikd ydpo A amodeikvietarl 6Tt
0x=0, k0 =0, (-1)x=-x
VxeA,keC, kx=0 = k=0 11 x=0

I[opadeiypnato S10VOGRATIKAOV YOPOV

1. Ta. onueio pag evbeiog € N emmédov IT mov diépyoviow omd TV apyn TOV
cvvtetaypévov O eivar SvOGHOTIKOS YMPOG He TG YVOOTES mpdelg mpodcbeong
KoL YvopEVOL emti ap1Buo, peta&d tov onueiov tov:

(x1,¥1,21) T (X2, y2, 2)=(x1t X2, y1ty2,21 T 22)
k(xi, y1,21) = ( kxi, kyy, kz;).
Kabe evbeio 1 eninedo mov dev mepvd amd v apyn dev eivorl SOVOGHATIKOG YDPOG,
a@ov dev meptéyovv 10 0. AAAG kou kdBe nuevbeia 1 Nueninedo mov mEPVA amd TNV
apyn 0ev €ivorl SLVOGUOTIKOS YMPOGC, OPOoV eV TEPIEYXEL TOL AVTIOETO SLOVOCUATOL.

2. To ohvoAro Twv onuei®v Tov eMTESOL 6TO o TETAPTNUOPLO (X >0, y >0) dev glvan da-
VOGLOTIKOG YDpoG. Apkel va mapatnprioovpe 0ttyo x =( 1, 1), toonueio (-1 ) x =
(-1,-1) dev avikel 6To TPMTO TETAPTNUOPIO.

3. To obvoro II, T@v molvevipmy Babuod <v  givor S10vuGHATIKOG XDPOG UE TIC YVO-
oTEG TPAEELS TPOGOEGN G TOAVMVOLMV KoL YIVOUEVOL TTOAVMOVOLOL €Tl aptOuo.

4. To ocbVOAO TOV TIVAK®V TOTOL UXV, HE TPAEEIS TO YVAOOTO HOG AOYIGHO GTNV EVOTNTO

1.2, eivon emiong S10VOGHOTIKOS YDPOG.

"Eva vmocvoro E tov dtavuopatikod ydpov A ovoudleTol d1aVOGROTIKOS VITOY®POS
N amAd VoY @POS ToL A akpPdg OTaV gival S1VVCUATIKOG YDPOG LE TPAEEIS AVTES TTOV
opioOnkav otov A. Amodewvoetar Ot Yoo vo. cvpfaivel avtd, wavi Kot ovoykoio
ovvOnkn elvat:

Vxx,yeE Vk,AeC — kx+AyeE
Am6 kdBe menepacpévov TANO0VE S1VOCUATO TOV SLOVUGLATIKOD YOPOL A, TO GHVOAO
E={x: x=Mm+...+4,n,, MheC}

gtvon voywpog tov A kot cupPoriCeton span { Ny, ..., Mp }.Ta Stavdopata N, -.., M,
ovopdloviar yevwnropeg tov E, yuo 6 1o ddvocpa x Bo Aépe OTL givar ypoppikog

GLVOVOGHOG OVTOV.
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Av E; , E; sgivon vmoywpot tov A, to ovvoro E; N E;  glvarl mdvtote dtovoopatikog
VOYwPog Tov A, aAAd avtd dev ovuPaivel yuu to obvoro E; U E; . Tlpdypatt, av
Bewpnoovpe dVo gubeileg € kol € OV TEPVOLV ATO TNV APYN, YL X € € KOL Y € &
OgV cLUTTEPAIVOVUE OTL X +y € €U &) .

To cvvoro

E1+E2:{X1+X21 xijeE, xxeBE }
ovopdletar adporopa towv vroywdpov E;, E; kot givatl S1avuspotikdg vdympog tov A.

Av petald tov vroyopov E;, Ex eivan E; M E; = {0}, o vnoyopoc E; + E;
ovopdletar €00V aBporwopa tov E; , E; kot copPoriletar E1 @ E; . Amodeikvietal, 01t
KkéOe dtavoopo x € E; @ E; ypdoetonr movosijuavre cov 10 d0poicpuo X = X4 + Xz,
omov x3 € E; kxau xz € E; . loybdet kan 10 avtiotpogo, av kabe dwvooua x € E; @ E,

yphoeTol povoonuavia X =x1+ Xz, 6mov x3 € E;, x € E; t0te E;nE; ={0}.

I[opadeiypato S10VOGRATIKOV DTOYDOPEOV.

1. Ta dwavdopata € = [1 0 O]T &= [0 1 O]T &= [0 0 l]T elvar yevvntopeg
tov R?, yioti yo k60e Sivoopa x=[a B v]" € R® épovpe:

x=o¢g t+Pe+yes.

Av y=0, 10 6UVOLO T®V SOVVCUATOV X = [a B 0]T elval vmoywpog Tov R3.

2. T povédvopo 1,x, x2 ... ,x " €ivon YEVWHTOPES TOVL SIOVOGLATIKOD YDPOL TMV
moAvovouwv Iy, Babuod < v.

3. X210 eminedo 0.Xy , t0 6hVoro TV onueiov M ( X,y ) Tov povadiaiov dickov Exovv
mv ®Botro. x° +y* < 1. To ovvoro awtd dev eivon Slavuopatikds vdx®pog Tov R3,
YTt yuo to onpeio tov diokov ( 1/2,0), to onueio 3( 1/2,0)=(3/2, 0) givor extoc

TOVL OloKOV.

4. Av W &ivat 10 cOVOAO T®V dtovuoudtomv [k +30 k-A 2k-A 47»]T &yovpue:

k+ 3\ 1 3

k-A 1 -1
= + A

2k - A 2 -1

4 0 4

) )

N1 n2

H o6tnto ot deiyvet 61t W = span {n;, 2 }, eivat vmoywpoc tov RY.
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5. Toobvoho E={(x,-x): x e R} eivar vmdyopog tov R? . TIpdypatt, y1o o-

nowdnmote otoyeio (X, -x) kot (y, -y ) tov E, éxovpe
(x,-x)+(y,-y)=(x+y,-(x+y)) €E,
k(x,x)=(kx,-(kx)) e E ,VkeC.

O vdéywpog E elvar to cvvoro tov davvoudtov, cuyypapukov tov (1, -1).

6. Av U eilvar to ouvoro Tov morAveovipmy tov Il , mov £ovv pila tov apBud 3, on-
Ao U={p(x)elly: p(3)=0}, Ba dci&ovpe 611 U givor vdymwpog tov Iy .
Apxel va mapatmpnoovpe 6t To moAvovope p( x ) + q( x ) ko kp( x ), v k6Oe
p(x),q(x) e U kaw k € C pndeviCovrar yuo x = 3.

0 a

7. To 60VOAO TOV TVAK®OV { 0} elvar vTOY®POG TOL SLUVUGUATIKOD YDPOL TV

-0

mvakov 2x2. [Ipoorabeiote vo OIKOMOAOYNGETE TNV TPATACT] UE TO 1010 GKENTIKO T®V

TOPATAV® TOPASELYHATOV S Kot 6.

Mopaderypa 1.4 Oa eéetdoovpe av 1o suvoro R? pe T onpetmpéveg mpaselg
(X1, x2)t(yi,y2)=(x1ty1, X2+ y2)
AM(xi, X2 )=(2Ax1, 20 X% )
elvar dravvopatikdg ydpog. Emetdn to adiopa 5 pe v mpdén 1o TOALOTAACIAGHOD TOV
&xet oprobet
1(x1,X)=(2x1, 2x0) # (X1, X2)
dgv aAn0edetl, dev glvar SlovuopATIKOS YDPOC.
Av 0umg op1obet 0 TOAATAOGIOGLOC
AMx1, X2) = (Ax1, AX2)

to1E N AmAvINon elvon KataeoTikn yio OAa to aSiopato 1 - 8. [

Hopaderypa 2.4 Av o wmivakog A eivol TOTOL pXxv, TO GOVOAO TV AVCGE®MV TOL
opoyevovg cuothuatog, A x =0 eivor vrdyopoc tov R .
IMa va dtmotd@covpe avtd Bewpovpe 600 AVGEIG X KOl Y TOL GUGTHUATOG, ONANON
Ax=0 kot Ay=0. Eneion
A(x+y)=Ax+Ay=0+0=0
A(kx)=k(Ax)=k0=0
ocvoumepaivovpe 0Tt X + y kot kx  glvan emiong Aoelg Tov opoyevovg cuotnuatog. O

YDOPOS AVTOC OVOUALETOL PIOEVIKOS YMDPOS 1) TUPNVOG TOV Tivako A. 0
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Amevavtiag, T0 chHVOLO TV ADGE®V TOL Ypappkoh cuotnuatog A x =, dmov B givar un
undeviko ddvooua, dev givar vroywpog tov  RY. Avtd cvpPaivel, 510t 0 YOPog Avoemv
TOV OVTIGTOLYOV OHOYEVOVG cvotiHotog A x = 0 €yel petaromobel kotd pnkog pog
GLYKEKPLUEVNS AVONG TOL A X = Kot dgv aviKeEL TAEOV G° UTOV TO UNOEVIKO O1AVUGLLAL.

210 mopaderypo. 7.3 1 yevikn ADGN TOL OVTIGTOL(OL OUOYEVOVS GLGTHATOG A X =0 glvar

317 '
To OlVOGHOTO, Xo =C {1 5 4 -9} , TOL OTOlol UE TWOPAAANAN LETAPOPE KATA TO
; 5 191 o N
owvocpa =0 2 5 opifouv 10 Y®PO AVCEMV TOL apPYIKoD GuoTNUaTog. [V

avTd, Kabe Avor Tov Ypopptkod cuotnuatog ( 3.7 ) eivol g Hopeng:

x=§+Xxp.

Mopaderypa 3.4 T'o ol Ty tov 6, 10 ddvvouo

4 1 5 -3
-3l espan{|—-1|, |-4], 1]}
0 2 7 0

2opeova pe ) Bempio, avtd Oa cupPaivel akpiPog 0tav vdpyovy apBpol A; , Ay , A3

TETO01 DOTE:

4 1 5 -3
“3 = A -1+ Ay -4+ Ay 1
0 2 7 0

Amo v 160TNTA VT GLUTEPAIVOLUE OTL TO GUGTNULAL
A, +5h, -3h, =4
A -4k, A, =3
2k, + 7, =0

Oa tpémel va givar cupPifactd. H khpokot popen tov mivoaka

1 5 -3 4
-1 -4 1 i -3
2 7 0 0

sivan
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1 5 -3 : 4
01 -2 : 1
00 0 : 6-5
Kot o’ vt cvpmepaivoope 0t B = 5. 0

Mopaderypa 4.4 Evkola pnopeite va Slomot®ceTe OTL OAO TO GOVOAL

Ei={(aB,0): a,peR} , E,={(0,0,y):yeR}
elvar vmoywpotr tov  R3. Emedn) kdbe dvocpa x = (o, B, v ) € R* 1c0ovton pe to
dBpoopa X =Xx; + X2, 0mov X1 € E; ko Xz € By, €yovpe
R*=E, +E;
Enmhéov omd T wootnto. E; M E; = {0}, o xdpoc R ivar 10 €000 dOpotopo tov E;

Ko By , onAaon tov emmédov 0.xy ko tov aova 0.z .

4.2. TI'pappké ave€aptnro | e€aptnuéva droviopata
4.2.1. I'pappuci) e€dptnon

e kdOe davvouatikd yopo givar ypnoiuo vo yvopilovpe €vo chvoro yYeEVVITOP®V,
a@oL 01 WIOTNTEC TOV JOVUCUATMOV OVTOV ETEKTEIVOVTOL KOl GTO VITOAOUTO. GTOLYELN TOV
VUG LOTIKOD YDpov. It avtd givar embBopntd to chHvoro TV yevwntdpwv va givol 660
T0 dvvatov pKpOTEPO. To mPOPANUa va Bpiokovue 10 HIKPOTEPO GVVOLO YEVWNTOP®V
egaptdror amd v Evvola TG ypouukns aveaptnoios. Av My, ..., M, €ivar £éva GHVOAO

dtvucpdtov, 1 dtvououatiky eElcwon

MMttt =0 (4.1)
€xel TOLAGIOTOV piat Avom TV
M=M= ..=k=0.
Av n AMon oavt) etvor povadikny tote ta StovdopaTo Mg, ..., My Ovopalovran

YPORMKE aveEapTnTa. AV VITAPYOLV KL AALEC ADoELG TOTE ovopdaloviot Ypoppikd eEap-
péva. To undevikd ddvooua sivor eEaptnuévo, yiati yio kdbe A = 0 etvar A 0 = 0.
Eniong «débe ovvoro davvopdtov, mov mepiéyelt 1o 0, sivor ypoppikd eéoptnuéva
dwvocpata. Kabe diavoopa o = 0 glvan ypappukd aveEapmto, agov amd v e&icmon

A= 0 ovumepaivovpe A =0.
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H ovopacia “ypappkd eaptnuéve” yo ta dtvdopoto mny, --., 1, OKooAoyeitol,
vl éva TOLAGYIGTOV OVLGHO TOV GLUVOAOL T®V YeEvwnTOpwVv eival YPoppKog
oLVOLOoUOG TV voAoimwv. [pdypatt, apov 1 e&icwon (4.1 ) €el Avon ddpopn ™G

unodevikng, ag etvar A; # 0. IloAlomhacidlovtog v e&iowon et 1/A; €xovpue:

— 7\'_2 X_p ( 4.2 )
T]l _)\Ian_ _klnp' .
Ankodn|, to Stvoopa M EIVOL YPOUUIKOG GUVOVAGHOS TV M2, «««\ Mp.
AT TOVG TPONYOVLEVOVS OPIGHOVG GLUTEPOIVOLUE aKOUn OTL oV Ty, ..., 1, Elvon

ypoppkd aveEdptnrta dtavocpata, 10te kibe vrochHvolo avtdv givol emiong ypPoppkd
aveEaptnra Swavdcpate. Onwg, av M, «.., 1, eivor ypappkd e&apmuéva Stavicpota,
KkéBe chvoro StovuoudTemV amd Tov {010 JVLUGUOTIKO YMPO, OV TEPLEYEL AVTA, €ival

YPOUUKE eEapTnréva O10vOGHLOTO.

Moapaderypa 5.4 Ta dwvocpota 812[1 0 .. O]T, 822[0 1 0 .. O]T,...

& = [0 0 .. 1]T elvar ypappkd aveEaptnra, yoti amd v O10vuouaTikY eEicmon
Melthet oo+t e, =0

&ovpe (AM,A2, ..., Ay) = 0 xowovvendg A=A = ... = A, = 0. O

Hopaderypa 6.4 And v (4.2 ) amodekvdeTor Gueca 0Tt 600 SoVOCUATO Vi KOl V2
gtvon ypappikd e€optmuéva, akpiPac étav Eva omd to dovdcpata avtd eivol Pabumto

TOALOTTAGG10 TOL GAAOVL, dNAadN Otav PBpickovtal oty 101a gvbeia Tov mEPVA amd TV

apyn.

Oupoto, ta dtovdouato vy, V2 KOl V3 ivor Ypopupkd eEapmmuéva, akpiPdg otav ivat

cuveninedo Kot 10 eMinedo avtd TEPVE amd TNV apy). [
Ozopnua 1.4. To dwvoopata My, M2 , ... , Np TOWOL vx1, givan ypoppkd

eCapmuéva, axkpBag otav n opiovsa Kabe vomivaka TdEemg p TOL VXp TIvaKa

H=[mmn .. nl

etvan fom pe pndév.
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‘Etot, ta dtovoopoto M, n2, -« -, Np, Y0 p <V, Ba etvar ypappikd aveEdpmro, okppmg
OTOV GTOV VXp TivaKa

H=[mmn ...n]

vrdpyel vromivakag TaEewg p, pe opilovoa d1dpopn Tov UNdEVAC.

Yvvovdhlovtag o Beopnua 1.4 pe tic mpotdoelg 4 ko 1 tov Bswpnuarog 1.3, kata-

ANYOVLE GTO GUUTEPAGLLOL:

L Avouxvmivakag A elvatl fabpod p, vdpyovv p ypoppkd aveEdptnteg GTNAES

10V, OAAG omoleoonote p+1 oTRAEC TOL givar Ypoppikd eE0pTNUEVES.

II. To i 16YvoVY Kol Y10 TIC YpouuéS Tov Tivaxka A.

Am6 ta ovumepdopata I kot I givor mAéov Katavontd OtL o fabuds wivarxe Pmopel va.

optobel koL cov 10 uéyioro TANHOS TV YPoLIKG. AVECOPTHTWV YPOUUDY 1 OTHADY TOD

mivaxa. Kotd cuvémela, 0tov o wivakog A eivol ovTIoTPEYIHOG, Ol YPOUUES KoL Ol GTHAES

ToV elval ypoppukd aveEaptnto StovOcHOTOL.

INo va e€etdoovpe av to SavOoUATA My, N2, -« , N EIVOL YPOUUIKE eEapTNUEVA T
ave&aptnta £xovpe S0 dudkacies:

A. Zynuatioope v e€lowon 4.1 kot o’ vt 00NYOOHOCTE GE OUOYEVEG CUGTNO. AV
TO GUGTNHLA OVTO €L ADGT LOVO TN UNOEVIKT, T dlvOGHaTO Elvan ypoppukd avesdp-
T KoL oV 1) Avor e£apTdTol amd 6 TOPAUETPOVS, TO SLVOCLATO VoL YPOUUKE €-
Eaptmuéva. To péyioto mAnog TV ypappukd aveoptnTomv lovucUdtov lval K-G.

B. Zymuotilovpe tov wivako H pe othieg | ypoppég to S1avOGHOTO 0T KoL TPOGTIO, -
Bovpe va Bpovpe 1o Babud tov H. Av rank H = p (<« ), p davdopata givar ypopl-
ukd avegapmta. Ta vrolowma k-p drovocpata givotl YPOUUIKOS GUVOLAGHOG TMV

YPOUUIKE aveEapTTOV OUVUGUATOV.

Mopaderypa 7.4 To dwvoouoto mz[l 0 1 2]T, m:[O 11 Z]T Kol

ns = [1 11 3]T elval ypoppukd eEaptnuéva 1 aveEdptnta ;
Avon : Ao v e€icwon
Mnithmtizn =0

€YOVLE TO OLLOYEVEG GUOTN LA



61

A + A;=0
A, + A, =0
A+ A+ A, =0
26, 20, +31, =0
Emeidn €xer pévo v undevikn Avon (A = =243 =0), ta dtavdcpata ivarl Ypopuputkd
ave&dptnra.
270 1010 CUUTEPOUGLO.  KATOANYOVLLE, OV BE®PTGOVLE TOV TTiVOKQL

0

N = O =
W = =

1
1
2

omov vrapyer 3x3 vrmomivakag tov H pe opifovoa didpopn tov undevog, dnrodn

rank H = 3. O

Mapaderypa 8.4 Oo Ppovpe Y10 TOLEC TIES TOV A T0 TOAVGVVNA X + 3 Kot 2x + A2 + 3
tov yopov I elvar ypappkd eEoptnuéva.
AYon : Oa mpémer M elowon
H(x+3)+v(2x+22+3)=0
LE 0yVOOTOUG W, V Vo el Ao d1dpoprn Tov undevog, yuo kabe x. I't’ awtd Ba mpémnet to
TOAVDOVLLO
(p+2v)x+(3p+(AM+3)v) =0
va givat €K ToTOTNTAG UNOEY, dNANON:
i +2v =20
3pu+(A+3)v=0
To opoyevég cvotua o Exel Ao d1deopn TG UNOEVIKNG, aKPBOS OTOV:

1 2 0
3 M43
Tote, A = i\/g. O
1 -3 -4
Hopaderypa 9.4 Av ny = -2, m2=| 5| wou m3 =| 5|, o¢i&te 0110
-3 7

span { M1, M2,M3 § =span {n;,Mn }



62

AYon : Apkel vo S1ameTOcOoVUE OTL TO SIVOGHATO M1, M2, N3 €fvor ypappkd eoptn-
péva, akpiBéotepa OTL TO SIAVLGHO M3 VL YPOUUIKOS GUVOLOCUOS TOV 1)) , 2. AT

myv e€lowon M3 = kn+ AN KATOANYOVLUE GTO YPOUUKO GOGTLOL

k- 3L =-4
2k + 50 =5
3k+ A= 6

mov gtvar cupuPrBactod kat Exetl T povadikn Avon k=5, A= 3.
Tote, yio kdbe dtavoopo X € span {1y, M2, N3 } E(OVUE:
X =Mm+tim+tin = (M+5Sh)m+(A+30)n,
onAadn X € span {M;, M2 }. 0

4.2.2. Bdon - Avdotaon

Kd&Be cvlhoyn ypopukd oveEopttov Stovospudtov 1y, M2, --«, Ny TOL glvol Kot
YEVVITOPES TOL OVLGUATIKOD Y®pov A, ovoudletor faon tov A. To mAnbog tov dwa-
vooudtov g Paong ovopdletal dtdoTacn tov A kot onueiwverol dim A. T tov te-
TPpEVO dtavvopatikd yopo Ag = { 0 }, opiovpe dim A = 0, apod dev €xel Kavéva

ypoappkd avegaptnto otdvospa. [apddetypa, Ta dtovocpota
e=[1 0 .0, &=[010 .. 0, ..., &=[0.. 01

gtvau wor Béon tov RY, n omoio ovopdletar kavoviky kot cuvendg dim RY = v. Exiong,
T0. povovopa 1,x, ..., X" givaw N kavovikyy Bdon tov dtavvouotikod ydpov I, kot
dimI,=v+1.
ZOUQOVA LLE TOVG TPONYOVUEVOVS OPLGLOVS EIval GOvEPD OTL G’ £VaL SIAVUGLOTIKO YMPO 1|
Baon dev eivar povooixy, ahid Oleg ot facelg govv Tov 10 apBUd SLVLGUATOV, APOD
N JloTaon TOL YMOPOV eKEPElel TO pEYIOTO TANOOC TV YPOUWKOV avedpTnTmV
yevvntopwv tov. Av E glvar vmoywpog tov A tote:

dimE < dim A
EmnmAéov, av n1, M2, -.., My EVOL YEVWATOPES TOL V-O1AGTOTOV SLOVUCUATIKOD YOPOL A,
toTE VTG £lvon por Béom tov ( INAadn etvart Ypoppukd aveEdptnTo dlovOGHOTA ), YI0TL AV
avtd dev ovpPaivel t0te dim A <v, dromo.

["a ke de dvvopa o € A, Ba etvon

oO=0ogmM =+ «cc ToyMy.
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H v-4da tov aptOpov (o ,..., 0, ) €lvar LOVOSHUOVTO OPIGUEVT YO TO O1EVLCLA. O,
(TMTopaderypo 10.4), ot d¢ apOuoi o , ... , 0y Ovoudloviol GUVTETOYUEVES TOV
SVOGHOTOS o ™G TPOg T Bdon M1, M2, -+, My - Hopadetypa, o otorygion TOV dtovo-

OHOTOG O = [1 2 3 4]T €1VOIL OL GLUVTETOYUEVEG TOV Ol MG TTPOG TNV KAVOVIKT] Bion

€1,€2,83, €4.

Ozopnpo 2.4. Av g ,¢&, ..., & elval pua Bdorn tov davocuatikod Ydpov A Kot
Ni,MN2, ... ,Mp Vol ypoppucd ovegdptnto dSovdcpato Tov A , TOTE TO SLOVOGHATO
OLTO WITOPOVV V’ AVTIKOTOGTHGOVV P KATAAANAQ dtavOopota TG faong { € }, dote

70 VEO GUVOAO JVLGHATOV Va glval fdomn Tov A.

‘Etol, 67 éva v-6udotato xopo A, av My, M2, .-+, Mp (p < V) elvon ypappkd ave-
Eaptnta davdcpatd tov, sivar duvatdv va Bpodue &i, -.., &y YPARHIKA aveSApTNTO
dovocpata Tov A, TETolo MOTE T S1ovOoUATO

M, M2, -5 Mps Z;l 5 s Z;V'P
vo gtvar Bdon tov A. Zvvihbog, ta &, ..., &y avalntovviol amd To SLVOGHATO TNG

KOVOVIKNG Paonc.

Ocopnuo 3.4. Av E;, E; sivou dtovocpatikol vtoympot tov A , 101¢ :

dim(E1+E2)=dimE1+dimE2-dim(E1mEz)

Hopaderypa 104 Av my,m2, .., 1y €lvar pa Béon Tov v-dtdotatov ydpov A, Kabe
divocpa o gival Lovadtkog YPOLUIKOG GLVOLOCUOG TV SLUVUCUATOV QVTGOV.
Avon : TIpayuoatt, To SlavOGUATO O, N, --., Ty Elvol ypapuikd eaptnuéva (dim A =v)
Kot ov vroBEcovpe:
O =Mt . TONy
=adim+ ... Fayny
Exoope

(oy-ay)n +...+(oy-a'y)ny = 0.
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Enedn ta dwovocpoata ny, 2, -0, My EVOL YPOUUIKA 0veEAPTNTO, GUUTEPAIVOVLLE

O =0a'f , -ee, Oy =0'y. 0

Hopdaocrypa 11.4 Oa eietdoovpe mOTE TO SLOVOGUATO
T T T
R B (N N
elvar Béon tov R3.
AYon : T va givar to dtovocpata avtd Pdon tov R3, apkel va diepevviicovpe moTe
etvan ypoppukd aveéaptnro. Tote Ba eivor ko yevvitopeg tov 3-01dotatov yopov R3 .

Enedn (HHopdaderypo 4.2 ) :

1 1 1
det | o B v |=(v-B)y-0)P-a)
(12 BZ ,YZ
glval Tpoave, 0Tt o = B =7y  elvar n {ntovpevn cuvOnK. 0

Mopaderypa 12.4 Av o vidywpog E éxet yevvnropeg ta dtavicpota
m=[2 131, m=[1 201, m=[-1 130, =03 -3 1]
Oa Ppovpe wa Paon tov E kot Oa enekteivovpe ovth o€ Béon tov R,

Avon : H khpokot) popen tov wivoko

2 1 3 1
1 2 0 1
-1 1 0
0 3 - 1
sivan
1 0 0 1/3
01 0 1/3
0 01 O
0 0 0 O

Yuvenms, ta dOlovOoHaTe M, M2 , M3 Elval ypappikd oveEApTNTO Kol 0moTeEAODY Lo
Baon tov E. Enedn ta dwavdopoatoe  np, N2, M3 Kol €4 = [O 0 0 I]T gtvan ypop-

I r roor I r . 4
pucd aveEaptnta, avtd ivar pa fdon tov 4-ddotatov yopov R 0
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Hoapdaderypa 13.4  Oa dciovpe Ot TO GHVOLAL
Ei={(x1, x2,X3,X4) : Xo+tx3+x4=0}
E, = {(x1, X2,X3,X4) : X1+x2=0, X3 =2%x4}
eivan Srovuopaticot voxopot ov R kat Ba Ppovpe Paoeig twv vroxdpov E;, Es,
EinE; xav E; +E,.
Avon : Ag Osowpnoovpue ta dwvdopata (X1, X2, X3, Xs ) Ko ( x], X5, X5, X, ) TOL
Ei . To d@powopd toug ( x, +X;, X, +X5), X; +X;, X, X, ) Kot T0 ywoOpevo emt
aplOud (Ax;, Ax2, AX3, AXq), avikovv oto E; , o161t
(0t x) )+ (x3+x; )+ (xat+x, )= (xo+tx3+x4)+(x, + x5 +x5)=0
Ao+ AX3+AXs = A(Xo+Xx3+X4) = A0 = 0.
Yvvenwg, E; elvar dtavouopatikodg vtoympog. Enedn
(X1, X2,X3,X4) = (X1, X2,X3,-X2-X3)
=x1(1,0,0,0)+x%x2(0,1,0,-1)+x3(0,0,1,-1)
ta dwovoopate M =(1,0,0,0), m2=(0,1,0,-1), n3=(0,0, 1, -1 ) e&lvor yev-
viropeg Tov E; . Etvan ko ypoappukd aveEdptnta ( eAéyEte 10 ), dpa amotelobv faon Tov
E; xkau dimE; =3.
Ouota, dwmotdvouvpe 6tt o cVVoro E; elvar dtavuopatikdg vroympog. Emedn yio kdbe
duvocpa tov E; sivat:
(x1,X2,X3,%X4) = (X1,-%X1,2X4,%X4) = x1(1,-1,0,0)+x4(0,0,2,1),
ta dSwavoopato & = (1,-1,0,0), & = (0,0,2,1), sivon Bdon tov Ez, agod eivan
ypoppkd aveEaptmrot yevvhiropéc tov, dim E, = 2.
To obvoro TV JAVUGUATOV TOV PACEOV TOV SOVUGHATIK®OV YOpwv E; kot By  elvan
vevvntopes tov E; + By , agov yia kébe ddvoopa x € E; + E;  €yovpe:
x=x1+tx2 = (Mmthmthn) (i +wé)
Eneidn, to Sovoopato. mi, M2, s, &, & tov R 8ev pmopodv va eivar ypoppid

avedptnta Kot

1 0 0 O

0 1 0 -1
det 0 0 1 -1 =0

1 -1 0 O

TO OOVOCUATO 11, M2, M3, &1 €lvon ypappikd aveEdptnta Kot amotelovy faon tov E;

+E,.Tote dim(E; + E; ) =4.
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Mo kéBe didvoopa x € E; M E; épovpe: xo+x3+x4=0, X3 +x,=0, x3=2Xq4.
ZUVS’TCO’JQ, (X1 . X2,X3,X4) = (3X4, -3X4,2X4,X4) = (3,-3,2, 1 )X4.
To dbvoopa €=(3,-3,2, 1) sivor ypoppikdg aveEAPTnTOG YEVVITOPAS TOV VITOYMPOL

EinE;,omiadn dim (E; N E;)=1. EroAnbedcote v 10610 670 Oeddpnpa 3.4 .

4.3. Eocotepiko yivOpevo o10VOoPATOV

4.3.1. Opwopog - IootnTeg

‘Eoto o v-dudotatog dtavuopotikoc yopoc A. Kébe cuvaptmon o : AxA —- C(R)
opilel eomTePKO Yvopevo eni tov A axpifog 6tav, yuo KOs X, y, z, € A 1oydovv o1

oLVONKEC:

L xoy=yex (xoy=yox)
II. (kx+Ay)oz=k(xoz)+A(yoz)
. xox20

IV. xox=0 < x=0

IMapdaderypa, yo ta Stovdopata X =( Xy, «+, Xy ) , Y=(Vy1, «-+, ¥y ), 10 EvKAgider0
EGMTEPIKO YIVOUEVO
Xoyzy*x = ;1 x1+...+§lvxv
wavonotel ta a&iopata I - IV. H dwapoporoinon g cuvOnkng I dwatoAoyeiton yoti,
av enitov C ioyve xo y=y ox, tote Yo KAOe ddvocpa x # 0 Ba Eyovpe:
(ix)o(ix) = i(xo(ix)) = i((ix)ox)= iz(xox)Z-(xox)

aroro, apoL cupe®va pe ) ovvOnkn I, (ix)o(ix) > 0.

AT TOV OPIGUO TOV EGMTEPIKOV YIVOUEVOD OTTOOEIKVVDOVTOL Ol TOPOKAT® 1O10TNTES:
l. xoAy = X(xoy)
2. Xo(y+z)=xoy+xoz
3. xXoy =0,VyeA = x=0
H pun apvntikn piCa Jxox ovopaleton PETPO tov O1VOGHOTOG X Kot cLUPoAileTan [[x]|.
AmodekvOovTaL 01 GYECELG:
[Ax[ =[ALx]]

[xoy| < Ix[yll,



67

OOV 61N dEVTEPT, IGYVEL N 16OTNTA AKPIPOS OTOV X,y €lval GLYYPAUUKE dlovOcUATO.

H andéotaon tov dtovoopdtov X,y €ivol 1o u€tpo tov dtavicpatog x -y. Tote

[x-y = Jx-y)etx-y) =y xox-yox-xoytyoy =y [ x|P + [ y|' -2xey
Av x o y=0 tao dwwvocpata X , y &ivar opBoycdvia Kot and mponyoduevn 166t
ocvumepaivovpe to [Tubaydpelo Bempnua

2 _ 2 2
[x-y 1= ==+ y i

Mopaderypo 14.4 210 S10VUGUATIKO YDPO TOV TPOYUATIKOV TIVAK®V 2X2, 1) GYE0T
Ao B=ou Bir + oz B2+ a21 a1 + o2 B

omov A=[oa;], B=[B], opiet éva ecmtepucod yvopevo.

AvYon : Tpdbypatt, erainfedovror T aliopato:

. AoB = anPntoanPrtonpatanpr =BoA,

2. (kA+AB) oI = (kan+ABn)yn HkanptABn)yne+(kax+ABn)yn
+(kant+APn)ye=k(AcT)+A(BoT),

3. Ao A=uqa},+a, tol, +al, >0, ko

4 AcA=0 © ;=0 < A=0. O

Mopdaderypa 15.4 Oa dciCovpe OTL TaL PN UNdeVIKA davOcHaTo 1, -+, Ny TOV Elvan
opBoydvio petal&hd Toug ava dvo, etvat ypoppkd aveEdptnta.
Ag Bewpnoovpe v 66T TO
MM+ oot =0

Kol 0G TOALOTAQGLAcOVHE ecmTEPKE emi To ddvvoopua m,, (k =1,2, ..., v) t0te
€xovpe

M(mremi)t+ o Fhc(nen) + - A (nyoni)=0
Enedn mionk=0 yia i#k kot ngo g # 0, amd v 106t t0 cupmepaivovpe 4Tt

M=0 (k=1,2, ....v). 0

4.3.2. OpOokavoviki] faon

Muw Bdon €, --., & TOL JVUGUOTIKOD YOPOL A pHE ECOTEPIKO YIVOUEVO OVOUA-
Cetar opOokavoviky), akpiPadc 6tav to davdcpata  eivar opfoydvia petald tovg ava

oo (eioej =0)kuépouvpétpol (|le;i[[=1).
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., & &tvan o opBokavovikn| faon tov A. Ot mi-

vakeg otnv  doknon 4.4 givar po opBokavovikn Aot Tov YOPOV TV TVAK®V 2x2, LE

E0MTEPIKO YIVOUEVO OTIMG aVTO £xel oplobel oto mapaderypo 14.4.

Ozopnpo 4.4. Av ta dSwvdopata Mg, ..., Ny €tvor pia fdon Tov SovucpHOTIKOD
1 1
YOPOL A LLE ECOTEPIKO YIVOUEVO, TO OLOVOGLLOTOL m & 5 000 ‘é— §,, Omov
1 v
& =n
n, ° &,
& =M - b
? ? & ° & 1
n; ° &, n; 0 &,
&3 =M; - S - g
: : & ° &, : € 08, ’
nv ° él nv ° &2 nv ° év—l
év:nv- é - é = ocoo T —év—
& 0 ¢, : €, 08, ? vt © 6 1
etvar po opBokavovikn Baon tov A.

H pébodoc opBokavovikomoinong mov meptypapetol 6to Oedpnua avtd eival yvooTn og

puébodoc Gram-Schmidt.

Hopaderypa 16.4 'Eoto to dtovocpoto mz[l 1 1 I]T, n2=[0 1 1 1],

T

N = [O 0 1 I]T givan e Péon tov voxdpov A (< R*).

Epoappolovtag toug tomovg oto Bemdpnua 4.4 , Bpickovpe po opfoydvia faon tov idov

YDOPOL.
0 1 -3/4
1 31 1/4
ST ML &= g 1/4
1 1 1/4

YVVETMG, TO. SLAVOGHLOTOL

0 1 ~3/4 0
0 211 21 1/4 -2/3
S T T gl T3 e T s
1 1 1/4 1/3
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1 1 T
— e ==1111
et b

1 1 T
= ——[3 1 11
RN ]

1

1
& =—F4
&1 Ve

amotelovV o opBokavovikn Baon tov A. 0

[0 2 1 1]

Av E elvar vidywpog tov A, T0 GOHVOAO
Et={yeA: yox=0,VxeE }
ovopdleton opBoymvio cvpmipopa tov E kot givor kot avtd vrdywpog tov A ( yuoti; )

ZNUELOGTE OTL:

(EY)Y =E, A=E®E"
EmmAéov, av &, ..., & &tvon pia opBoydvia Béon tov E xor x € A, to dtdvocpa
L e
& °& & 0 &

elvar 1 opboywvio mpofoin 1oL davicHOTOC X €mi Tov vVIoywpov E, 10 d¢ didvucua
y=x-%eE" .

H anéotacn tov Stovdcpotoc X omd tov umdywpo E covtarpe | x - X .

Mopdocypa 174 Av & = [2 5 —I]T , &= [—2 1 I]T, 0o Bpovpe v opbo-

y®vio Tpooin Tov dtavicHaTog X = [1 2 3]T oTOoV eminedo Ywpo span { & , & .

Ta dwvdopota & , & eivar opBoydvia. Xvvenmg 1 opBoydviae TPoBoAn Tov davOIGHOTOS

X &ni ToV emMIEOOV, TOV TEPVE amd TNV apyN Kot ivol TOPAAANAO TPOS T SVOGLLOTOL

&1, & stvau:
: : 9 3—2 -2/5
A X ° g X ° G
X = —& + ——& = —| 5|+~ 1|= 2
o o 30 6
&0k & ok, B 1 s

To ddvoopo  y = x - X &ival kdBeto otov vadywpo span { &, & }. Apkei vo

owmotdoete 0L y o § =0, yo & =0. 0
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4.3.3. Ilepayovromoinon QR

AV 10 YpOUUKE oveEApTNTa SIOVOGHOTO M1, -+, Ny EIVOL GTAAES TOV UXV Tivako A,
and 116 e€lomoelg Tov Bewpnuatog 4.4 €yxovpue:

n, = ¢,
N, =i, & *E,
Ny =A; & +A,; & +&;

nv :)\‘1\/ él +)\‘2v éZ toee +}\‘v—l,v év—l +év

, n; °¢; \ . .
omov L =§ e ATd TIg 160TNTEC AVTEC EXOVLIE
I Ay A Ay, |
0 1 Xy ..o A,
A = [m M, - T]V] = [&1 & .. §V]= . = QR,
: 1 7\‘\/—1,\/
Omov
Q= [51 & .. iV]diag(Hél [N b
1 Ay Ay Ay, ]
0 1 Xy Aoy
R = diag ([|& ]|, -+, [I& )| R :
: 1A,
K¢ . 1|

H woémra A =Q R ovopdletar mapayovromoinoen QR tov A, o d¢ mivakag Q £xet
™V 1010t
QQ=1 (4 QQ=1)

Av ot ypappég tou mivaxka A givor ypoppkd aveEdptnteg, epapudlovpe ta TponyoduEVoL
otov mivoka A’

Epappolovtag v mpormyovuevn oOodkocio  TopoyovIomoinong oTov  mivoKa
GUVTEAEGTMV TOV GLGTAHOTOC A X =, €YOVLLE TO 1GOSVVALO GUGTNLLOL

Rx =Q B =r.

‘Etor Bpiokovpe dupeco tn Adomn tov cvotiuatog, ywrti o mivakag R sivor v

TPLYOVIKOG,.
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Mopdadcrypa 18.4 Oo Avcovpue to cvotuo A X =, 6mov

1 35 3
110 5
A=lyq o] o P=] 4
13 3 -3

H mapayovtomoinon QR tov A eivau

/2 1/2  1/2

A /2 -1/2 —-1/2 (2) ; i
/2 —1/2 12 0 o0
/2 1/2 -1/2
Tote
3
/2 1/2 1/2  1/2 5 6
Q'p=(1/2 —-1/2 -1/2 1/2 7] = -6
/2 —-1/2 1/2 -1/2 3 4
KOl TO 1000VVOO0 GUCTNHA Eiva:
2 4 51|x, 6
0 2 3||x,|=1]-6
0 0 2||x, 4
H Adon tov cvoetpatog ivat:
X3—2,X2_-6, X1:10 ]

4.4. OpOopovadraior mivakeg

‘Evog tetpaymvikdg mivakag A ta&ewg v ovoudletal opOopovadiaiog 1 opBokavovi-
KOG, akp1dc 0Tav OAEG 01 GTHAES TOV 1 O YPAUUES TOV ivar 0pBOKOVOVIKA SLOVOCUOTOL.
Ot opBopovadwaior mivakeg pe mpaypotikd otoyeion ovopdloviar opBoydvior
Amodewcvoetan 6t o1 opfoydviot Tivakes, TaEEmg 2, givat TG LOPENS
ouvd -nuo ocuovd  nuo
Re: ) Se =
nué  ovvl nuoe  -ovvl
levikd, domiotdoate O0tL  UETpo TV otowyEinv Tov opbopovadiainv Tvakmv eival

mévtote < 1.
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Iow6tnTES 0OpOBopovadEi®Y ( 0pOOY®VI®VY ) TIVAK®V
1. A"A=AA=1 (ATA=AA"=1)
2. |detA|=1
3. AT=A" (A'T=AT)
4. Omivakag A (A") eivar opBopovadiaioc ( opBoydviog ).
5. To ywoépevo opBopovadiaiov ( opfoywvieov ) mvakwv eival opfopovadiaiog

( opBoymviog ) mivakag.

['eopetpikd, ot opBopovadiaiol Tivaxes kar wovo avtoi SraTnPoHV

L wopuétpo || Ax|=]x],
2. mvanootaon : ||Ax-Ay||=|x-y]| xou
3. ™ ywvio c:AXo Ay =Xxoy

Hopaderypa 19.4 Av o tetpaymvikog mivakag TaEewg v

X Yy ...y
X
A = y g y ; y>0
y vy y ... X

givar opBoydviog, deifte 6TL x=-1+2/v , y=2/v xa A*=1.
AYon : Amd tov optopd tov opboywviov Tivaka, oroldnToTE GTAAN Tov A givon po-
vaodaio dtvocua:
X+(v-1)y* =1
Kol VO OTOLECONTOTE GTHAEG TOV A giva opfoydvia dtovoouaTa :
2xy+(v-2)y*=0.
AQup®OVTOC TIC EEI0OGELC AVTEC £ovpe Xo-2Xy +y> =1, 8nhadn : x=y =+ 1.
AvtikadiotdvTag 61 21 166 To £rovpe vy * 2y = 0.Tw y >0, counepaivovpe
y=2/N xou x=-1+2/v.

"Etol

Ko
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O S I ) 4 . | 4. .
A" = —: :—;: == v :—;: +1 =1 0

<
<

HMopaderypa 20.4 Av o mivakoag A eivar opBoydviog Kot Tprymvikog, deiEte 0Tt glvan

dwydviog, pe dymvia ototyeion + 1.

Avon : 'Eoto
(x‘ll (1“12 alv
A = 0 Oy 0‘.2v
0 a.,,
H npd otiin tov A eivon povadiaio Stdvoopo, Snh. o, =1 = a;; =+ 1, kou

opBoydvia pe Oheg T dALeg otnhes: o k=0 = ax=0 (k=2, ...,v).
H Sevtepn otin tov A emiong eivar povadioio Siévoopa, nA. a3, =1 = an ==+ 1 kot
opboyavia pe Oheg TIG GAAEG GTAAEG: G O = 0 = apj= 0 ( J=3, ...,V)

YvveyiCovtag, amodeikvoovpe 0t o =+ 1 kot ajs = 0 yo s> 1. O

Mopaderypa 21.4 No Ppeite ta otoyyeion X;, X2, X3 £T61 OGTE O MIVOKOG

3/5 -4/6 x,
A=|4/5 3/6 x,

0 /6 x,
va glvar opBoymvioc.
AvYomn : Mmnopeite va vToAoYicETE TOL X1, X2, X3 OO TO GCUGTNUO TOV EEICOGEDV
Xf + X; + x§ =1
-4x, + 3x, +\/ﬁx3 =0
3x, + 4x, =0
OV TPOKVTTOLY amd TNV oTnTo. AT A = L
"Evag aAhog tpomog eivar va enekteivovpe v opbokavovikr Baon (3/5,4/5,0),
(-4/6 ,3/6, V11 / 6 ) ot Paon tov R®, mposoptédvag to Stévuopa (0,0, 1) . H Béon

avt dev etvan opBokavovikn kot amd to Oeopnua 4.4 Eyxovue

1
&= (0,0,1)-%(-4/6,3/6,\5/6) =(V11/9,-+/11/12,25/36 )
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2uvenmg
( N B (2Jﬁ Jit 5 ) .
X| X2,X3)=——&=—&=(—,-—, = ).
S TR T 15 10> 6
4.5. Aocxnosig
4.1 E&etdoate av 10 cOvoro R? givar Stovuopatikdg ydPOg LE TIG ONUELOVUEVES

4.2

43
4.4

4.5

4.6

4.7

4.8

4.9

TPAEELG.

Lo(xi,x)+H(yi,y2)=(xityr,x2ty2) , Mx1,x)=(0,0)

I (x1,x)+t(y1,y2)=(xityi,x2o+ty2+1), Mx1,X2)=(Ax1,Ax2+A-1)
( Ymooeln : E&etdote av ioybouv T’ aéidpoto 1-8).

E&etdote av ta dwavoopata (1,2,0), (1, 1, 1) etvon yevwitopeg Tov vtoydpov
A={(a,B,0): a,BeR}.

’ 7 . 2 3 r e
Agi&te 6t o molvdvopa 1, x, X7, ..., x" tov Il givon ypopupikd aveEdprnro.

o o)

Av n1=[4 -3 7]T,n2=[1 9 —2]T, n3=[7 11 6]T,88i§rsénra81a-

AgiEte 611 01 Tivakeg

o o)

etvat ypoppukd aveEdptntot.

voopata tvon ypappikd eEapnuéva Kat emainfedovv v 1c0TNTO
4mMm+5M2-33=0.

Av p(x),q(x) eivor TOALGVVLA TOV TPAYHOTIKOL dtovuopatikoy yopov Il
dei&te 0TL 0 TOTOG

p(x)°q(x)=p(0).q(0)+p(l)q(l)+ ... +p(v).q(v)
opilet éva ecmTEPIKS YIVOUEVO GTO YDPO.
Av m=(1,-2,0,1), m2=(-1,0,0,-1) war m3=(1,1,0,0), Ppeite
o opBokavovikn| Béomn tov yopov W =span {n;, M2, M3 }.
Av g, ..., & e&ivor opBokavovikn Baor tov dtovospatikod ydpov A kot A gl-
var opBopovadiaiog wivaxag, deifte 6t ta dSavoouato Ag; , Ag, ..., Ag, &i-
vat opBokavovikr| Béorn tov A.
Agite 0T 0 Tivakog A = B'B" eivat opBopovadiaiog 6tav ol Tivakeg B, B® &i-

vou avtipetafeTikot.
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KEDPAAAIO 5

I'PAMMIKOI METAXXHMATIEMOI

270 KEPAAQLO ODTO UEAETATOL 1] GYEON TV YPOUUIKDV OTEIKOVIGEDY TMWV OlOVOGUATIKOV

XOPOV UE TOVG TIVOKES.

5.1. I'poppwn aneikévion

5.1.1. Opwpoi

‘Eoto A ko H eivor davvopatikol yopotr dwotdoewmv avtiotorye v kou p. H
ocuovapmon f: A — H ovopdletar ypappiki amewkovion axpifodg otav yuo ke x, y
pe X,y € A woydet:

f(x+y)=f(x)+f(y) (15)

f(kx)=kf(x) keC
[Mopaderypa ypopukng aneikdviong etvar n cuvdptmon y = Ax, 0mov A sivor mivakog
TOmov uxv. Apeca eraindevovpe tic (1.5):

A(x1+x2)=Ax;+ Ax;

A(kx)=k( Ax)
Mo g ypoppikés anewovicerg f: A—->H, g:H— E, n 6dvleon avtov
gxf : A>E

7ov opileTan amd TovV TOTO

(gxf)(x)=g(f(x)

elvan emiong ypappkn ansikdvion. o v ypoppikn aneikdévion £ : A — H 1o cvvora:

I. medio Typov g f

f(A) = {f(x):xeA} cH
II. wopnveg g f

Kerf={x: f(x)=0} cA

glval d1vOGUATIKOL VTTOYWPOL TV

H ka1 A avrtictoyo kot
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1GYVEL M 16OTNTO
dim A =dim f (A ) + dim Ker f
'ET01, 0V T0 SL0VOGHATO M1, v, Np, Nptl, -+« » Ny €VOL féon TOV A TéTOW OOTE
Np+l » +=+, Nv &tvar Baon tov Ker f, 10te cdupava pe mv nopondve womra {01,
<o, f(mp) etvorPéon tov f(A).
H ypappun anewkdévion f eivar éva - mpog - éva axpifog otov Ker £= { 0 } o exi

axpipog 6tav f(A)=H.

Mopaderypa 1.5 Oa eCetdoovpe av ot aneikovicelg f : R® > R? k. g : R* > R?
oL opilovTon amd TOVE TLTOVG
f(x)=(x2,x1+x3) , g(x)=(x2,2x;1)
etvon ypappukég kot Oa Bpodpe ™ obvheon g*f avtdv.
AvYon : Emedn
f(xt+ty)=(xty, (xity1)+(x3+ y3))=(X,xi+x3)+(y2,y1+y3)
=f(x)+f(y)
f(kx)=(kxy,kx;+kx;)=k(x,,x;+x3)=kf(x)
Kot aKOuUN
g(xty)=(x2t y2,2(xit y1))=(x2,2x1) +(y2,2y1 )=g(x)+g(y)
g (kx)=(kx;,2kx;)=k(x2,2x;)=kg(x)
otovvaptioels f ko g eivan ypappikés. H odvBeon g*f opilerar and tov tHmo:

(gxf)(x)=g(f(x))=g(x, xitx3)=(x1+Xs5,2x2) 0

Mapaderypa 2.5 T ypoppueh onetkdvion £ : R2— R yvopilovpe ot

1 ! 2 0
R
-1 2

8
Kot OEAovpe va Bpovpe To dtdvooua f( {_ 5} )

8 1 2
AdYon : Emedn { ] = 2{ J +3{ J Exovpe:
-5 - -



71

8 1 2 1 D) 1 0 2
f(|:_5:|) = f(2|:_J +3|:_1:|) = 21( |:_1:|) +3f(|:_1:|) =21 21 +3|1] =17
-1 2 4

Hopaderypa 3.5 T'o ™ ypoppukn onewkoévion £ : R?— R3 mov opiletar and tov tOm0
f(x)=(x1+x3,x1+x+2x3,2x;+ X+ 3x3)

O Ppovue pio Baon tov Ker f kon pio faon tov £(R3).
Avon : Amo tov opiopd Tov cvvorov Ker f €yovpe 1o opoyevéc choTpa

X, +x; =0

X, tx,+2x; = 0

2x, +x, +3x, = 0
H Adom tov cvotfuatog eivor X; = -X3 KOl Xy = -X3. XLUVETMG
Kerf={x: x=a(-1,-1,1)}

To ddvooua [—1 -1 I]T gtvan Bdomn tov moprva ¢ f ko dim Ker f=1. I[Ipopavag,
N anewkovion f dev givan éva - mpog - éva.

INa to yopo f(R?), and v 160 TO

f(x)=x1(1,1,2)+x(0,1,1)+x3(1,2,3)

GLUTEPAIVOVLE
1 0 1
f(R*)=span( [1], |1], [2]).
2 1 3

On yevvntopeg etvat ypoappikd eEaptnuéva davocpota, oAAd ta dtavicuota [1 1 Z]T ,

[0 1 I]T etvan ypappkd aveEaptnta ko givar Baon tov f(R*), dim f(R?)=2.

Eneidn f(R?*)c R3, nanekdvion f dev sivon emi. O

5.1.2. ITivakoeg TG YPORPIKNG ATEIKOVIONG

Av ta dwavoopato €, ..., & Etvat fdon tov A ko Ta Stovdopata Mp ... M slvon
Baon tov H, ta dtavdopata (e ), ..., f (& ) avirkovv oto ydpo H wou ivor ypop-

KOG GUVOVOGUOG TV N, « -« Myu:
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f(er) =oummtoaymnt. ... toun
(2.5)
f(e) = avmtoym+t . ..otown
Koatd ovvénela, yo ke dtvoopo x =x; &+ ...+ X386, € A, €qovpue:
y=f(x)=x1f(g )+ ...+x,f(g)
=(onxite ot onXy ) M+ (oXitee o+ onXy ) M2 oo+ (0uXiteeo+ opXy)
Mu
=yim+ ...ty (3.5)

Av Bewpricovpe Tov Tivako

oy ... O,
A=
Oy wee O,
and v ( 3.5), ywa 11 cvvtetoypéveg (Xi, -+, Xy ) Kot (y1, «-«, yu) avtictoyo tov

SWVUCHATOV X KOl Y, ™G TPOG TIG GLYKEKPLUEVES Baoets { € |, {m; } woydel n wooTTOL:

=A| : (4.5)
y” XV
Avtiotpoga, Yo K60e mivoka A amd v (4.5 ) dueca cvunepaivoovpe 6t opileton pia

YPOLLUIKY) OTEKOVION).

Ozopnuo 1.5. Ze kdbe ypopukn omewoévion f: A — H, petd mv ekhoynq tov
Bacewv oTovg dtovucpatikovg yopovs A kot H, avtiotoryel augiuovoonuavo €vog

nivaxkog A TOmov puxv, 6mov v=dim A kot p=dim H.

Ao ™ Bewpilo TOV YPOUUKOV CUGTNUATOV GTO KEPAANO 3, KOTOAYOLUE GTNV
emopevn  ddKacio. VITOAOYIGHOV TOL TivaKo A 7OV OVTICTOUEL OTN  YPOLLIKY|
anewkovion f':

1. YmoAoyilovpe ta dwavoopata f(eg ), ..., f (&)
2. MeraoynuatiCovpe tov mivako
[Meeome 2 FCer) - f(e)]

LLE OTOYEIMOELS LETACYNUATIGHOVG YPOUU®OVY 6ToV Ttivoke [ I, A].
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3. O mivaxag A avrimpooonevet v anewovion f g mpog tig fdoeg €1, ... & Kol
N, +eo My

2V TauToTIKI anewkovion, 1: A > A givol Tpoeavég 6Tl avTioToryel o povadioiog
nivaxog I, , yio omowadnmote Paon tov A. Emmdéov oe kdOe avtiotpéyiun ( €va - mpog -
éva ) amekovion, 0 avticToryog TvaKoS Etval aVTIGTPEYILOS, ONANOY GTNV OTEIKOVIOT
£ avriotoyet o mivaxag A™.

Eivon alroonueiowro 6t av 0 mivaxag A tomov uxv, Kot o wivokag B tomov pxp, avti-
oTol0VV OTIG Ypouuikes anewkovioelg fa : A — H kot gg : H— E , ot ovvbeon avtov

gg * fo: A > E avtiotoyel o mivaxkog BA .

Hopaderypa 4.5 T ™ ypopukn aneikoévion f: R* — R? Oa Bpodue tov avrtictoryo
nivoka otav ot ivat:

1. meprotpoen mepi v apyn Katd yovia 0

2. wpoPoin emi g gvbeilag y =Ax

3. ooppetpio ¢ Tpog TV evbeio y = Ax.

Y 1. ®gwpovpe TV Kavovikn Baon
e1=(1,0)", &=(0,1)" tov R~
g,
P e Ao 0 oYU £YOVLE:
R/(&,), “Ry(e)
% f(e)=(ovvd,nub )=ovvl & +nuo ¢,
f “. f(&)=(mud, covd ) =-nuod g + ovvo ¢,
0 € x

O mivaxag Rg g ypappikng anewoviong f, 6tav avt) ekppdlel 6tpoen Katd yovia 6,
glval 0 yvwotog opboydviog wivakag:

ocuvh -nmub
Re =
nue  ovvd

2. H evbBeia eivon mapdAinin tov davocpatog (1, A ), apov yio kdbe onueio g
(a,B) &ovpue:
(a,p)=(a,ra)=a(l,n)

INoa kéBe onueio (X, y ) tov emmédov, | Tpoforn Tov ent g evbeiag eivar



80

- el el G

¢to1 0 mivaxog TpoPoAing tva:

P 1 1 A
o1+ A2 A2

3. Amo to oynpa €yovpe f(x)=2Px-x=(2P-1)x. Tdte, o avtictoryog nivakag g

ovppetpiog, eiva:

S op.] o 1 2 20 . 1 [1-22 2
I R B W) el R B0 B W T

[Mapampeiote 6TL 0 Tivakog S givol GLUPETPIKAC.

2yoi0 : T A=0 (nevbeia eivar o d&ovag Ox ), etvat:

[ ]

Téte yuo Tov opBoydvio mivaka

cuovd  mMuo
Ty =
nuoe - ovvo
Exovpe
Te = Re S

Omov cvumepaivovpe 0t N avtictoyn ov Ty ypoppikn aneikdvion eivar cuvheon
000 YPOUUIKOV amelKovicemV, TG GuUUETpiog ™G Tpog Tov aZova OX Kol LETA GTPO-

ON¢ xaTd yovia 0. O

Hopaderypo 5.5 T v ypapuky onekdvion f: R* — R? mov opiletan and tov TOm0
f(x)=(xi+x2+x3, x1+2x2+ 3x3)

G TPOG TIG KAVOVIKES BACELS { €} TOV YOPOV EYOVLE:
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f(e) =(L1)= g + g,
f(e,) =(1,2)=¢ +2¢,
f(e;) = (1, 3) =g +3¢,

O avtiotoryog mivakag e f g mpog Tig Pdoeig avtég etvar:
A 1 11
1203
Av Bswpficovpe T SVOGHOTO 1) = [l 1 O]T, mn = [O 1 I]T, n = [O 0 I]T

o¢ Pdaon tov R* ko ta dwavdopata & = [1 Z]T , &a2= [l 3]T ¢ Baon Tov R?

EXOLLE:

f(n)=1(2,3), f(m)=(2,5) f(n)=(1 3)

11 :2 21
2 3 :3 53
peTaoYNUOTICETOL OTNV KALLOK®OTH LOPOT:

1 0: 310
01 : —-11"1

O avtiotoyog mivakag g ypappikng anewkovions f mg mpog tig Paces {m; | xon { &5}

K310 .
=11 1

Hapaderypa 6.5 Eoto n ypopukn anewovion f: I; — I, mov opileton and tov tHmo

O mivaxag

sivo:

f(p(t)) = tp(t).Av Ocwprcovpe ta ohvoro {t, 1} ko { *,t-1,t+1 } oc Baoeic
tov I; ko I, avtictouya, £xovpe:
f(t)=tt=?=1.2+0(t-1)+0(t+1)
f(t)y=tl=t=0%+1/2(t-1)+1/2(t+1)
O avticToryog mivakag TG amekoviong etva:
1 0

A=|0 1/2
0 1/2

H ewova tov molvwvopov p(t) =3t -2 givau:
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3

J -]

-1

Snhadn, f(p(t))=3t-(t-1)-(t+1)=3-2t (=tp(t)). O

5.1.3. Alrayn Baong
‘Eotm n tavtotikn ovvdptmon 1: A > A kot ta dtovocpota €, «- ., & Kot
Ni, -+, My &lvon Bdoeig Tov drovoouatikod yopov A , tote Ba etvar:
g, =1(g ) =oayn +- fa,n,

82 :1(82 ) = aZv nl +”'+a‘v2 nv

8v :1(8v) = alv nl +"'+(X«W nv
Av (X1, .-, Xy) Ko (X}, --., X)) €ivor ot GUVTETAYPEVEG TOV SLOVOCHOTOS X € A G

npog Tig Phoeg { €5 } ko { m; } avriotoryo amodetkvieTar Ot

Xy X,
= A (6.5)
!
XV XV
OTOL 0 TivaKog
0y, oy
A= :
avl aw

OVTIGTOUYEL GTNV TAVTOTIKY OTEIKOVION MG TPOGS TIS TPONYOVUEVES PACELS Kot ovopdleTon
mivakag aliayng faonc.

Av o1 Baoeig givon opBokavovikég, o mivakag A elval opfokavoviKdg. ZnUEUDVOVTOS TOVG

TivoKeg
E=[&...e] , H=[m..n]
arnd v ( 6.5) érovpe
E=HA
KoL o’ ouTn
A ,y=H'E, Ay, .=E"'H
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Hopaderypa 7.5 Zto mapdderypa 5.5, o wivaxog aAlayng faong P and v Bdon ni .

N2, M3 OTNV KOVOVIKN Bdon €, &, €  &ivat

- O O

10
P=1[g & &]'[mmm]l=5L|l 1
0 1

Ko 0 wivoakag oAAayng Pdone Q amd v kavovikn Baon €, & ot Paon &, & etvan:

Amo 0 oMo

Xe —> f(x)e

T L

xe —> f(x)e

A
GUUTEPAIVOLLE TNV 1GOTNTO
A = QAP
5.2. Opovor wivakeg
Eoto n1, -«o, My Kot &1y ..., & glvar 000 PAcELG TOL S10VOGHATIKOV Y ®POL A Kot

f: A —> A eivon ypoppikr| anewovion. Av ot mivakeg A kot B avtistoryodv oty amet-
kovion f, og mpog t1g Pdoelc avtég, TOTE

B=P'AP (7.5)
onov P gtvar o wivakog aAraync Bdong and v { & } oty { 1 }. Avtd dAlwote paivetan

KOl 6TO Ypaon o
A

X —> f(x)q

PT \LP'I (8.5)

xe > f(x)e
B
Ot mivaxkeg A kou B omv ( 7.5 ) ovopdlovion oporor. T'ia tovg Opotovg mivokeg

ONUEIDOTE!
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det A=detB , rank A =rank B , tr A=trB,
omov tr A =y + axp + -+ +oyy, T0 0omoio ovopdleTan vog Tov TETPAYMVIKOV TTivoka A.
ATOdEIKVOETAL OTL O OUOLOL TIVAKES AVTITTOLYOVV 0THV 1010, ypouuikh oxeikovion f:A—A.

["a tovg dpotovg mivakeg A, B omv (8.5) av {ni} eivon n xavovikn Bdon tov A,
tOTE 01 6TNAEG TOL Tivaka P givan ta dtavdopata g Baong { & }. EmmAéov, av o vxv
mivaxos A ovitiotoyel ot ypoputkny anewovion f: A — A, o avtictoyyog mivakag g
f 7k Baon {&i} TOL dravvopaTIKOD YDpOoL A, glvar:

B=P'AP, omov P=[& & ...&]
2mv ( 7.5) av o wivaxog P givar opBopovadiaiog, Exovpe
B=PAP
kot ot mivakes A, B ovopdlovtar opBopovadiaio oporor. Onmg £yovpe avapépel oTnv

evomra 5.1.3, avtd ovpPaiver 0tav ot Bdoeg  {ni} ko {&;} etvoun opBokavovikég.

Mapd 85 Av A 06 ) 2 -l U L
apaderypo 8.5 Av =g 11l P L5 o] Ko =10 _»

Swmiotdoote 61t P AP =B «u Ppeite Péon tov R? étot dote o mivakag B va
avtioTolyel otn Pfaon avtv.
AYon : Apkel va emadnbgvcovpe TV 160TNTA
2 2
AP =PB = [_3 _4]

Ovmivakeg A, B opiCovv tnv 1010 YPOUUIKT OTEIKOVIOT

f(x)= Ax = (10x; +6x,, -18x;-11x2)
Av cav Bdomn tov R? Beswpnoovpe tic otyreg Tov mivaka P, o avtictoryog mivaxag g f
gtvan o wivokag B. TIpdypatt, n KALOK®OT LOpON TOV Tivoko

2 -1 : 2 2
-3 2 i =3 - 4}

101 0]
0150—2_[IB] -

[ P AP]Z[

sivan



IowoTnTeg

Av ot ivaxeg A, B givan dpotot:

1. ovmivakec A" xar B' givar dpotot
otmivokeg A" ko B! givan dpoto

av A°=A = B’=B

av AAT=ATA = BB'=B'B

2.
3,
4. av A*=0 = B*=0
5.
6. av A=-A" = B=-B"

ATUVTOOATE AVALOYEG WOIOTNTES Y10 TOVG 0pHopovadiaio OLO10VG TIVOKEGS.

5.3. Aoxnosig
5.1 Agi&te 0TL 01 amelkovioelg
f(x1,x2) = (4x1-2x2 , 3[x2|)
g(x1,%x) = (2x1-3x2 ,x1+4,5x2)
dev givort YpOoUIKES.

5.2 Ymoloyilovtag to {yvoc 1} v opilovoa 1 to Babud wivoka, ogi&te Ot o1 mivokeg

A, B dev givar dpotot.

A_31B_11 A'31B_2—1
2 -1 2 1) -1 2 13 20
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KEDAAAIO 6

XAPAKTHPIXTIKA MET'EOH

270 KEPAAOIO aVTO UEAETOVTOL 1010THTES TOV YPOUUIKOD UETACYNUATIONOD X —> AX Kol

EPOPUOYES ODTWYV OTHY OTAOTOINGN ECIOMTEDYV ETLPOVELAS.

6.1. IdwoTipég Ko 161001 vOoHATO

Aldpopa pofAnuata tov Madnuatikov, g Puoikne, Tmv OKOVOUIKOV KOTAAT YOOV
otV eniivon ¢ Elowong
Ax = AX,

OmoVL 0 Tivakag A glval TETPAY®VIKOS TAEEMG vV Kot AyvmoTog eivat To d1dvuoua X Kot

N mapauetpoc A. H e&lomon avt| €yel mavtote Avon aAld Oyl LovadIKY] Kot ovopaleTon

yapaxtnpretikn e€icmon tov mivaka A, yioti To Ayvootd SlvOGHOTO X KOt Ol EIKOVES

TOUG AX elvol SIVOGLOTO CLYYPUULIKA, LE ovvTedeoth avyypouuxotytas h. H yapa-
KINPLoTIKY| £l elvat 1GOdVVALN LE TO OLOYEVES GUCTNLLOL

(Ir-A)x=0 (1.6)

T v

Avomy (1.6 ) 6écovpue  x = [x; X, ... X, Ko A=[(>Lij].1
L]=

OVOALTIKA Ot

€E1I0MGELG TOL GLOGTNIATOG ElvaL:

(A- 0, )X, -0 X, - ... -a,x, = 0

-0y, X, T (A-0, )X, - ... -a,x, = 0
(2.6)

- o, X, -0,Xy, - . T(A-a,)x, =0

To cvomua ( 2.6 ), 6nwg yvopilete, &xet un undevikn Adon axpifog dtav

A-o,, -0, ... -0
Oy A-Oy Oy, | 0
-0, -0, ... A-0Q,
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Avantocoovtag v opilovca avtn TPOKVTTEL TO YUPUKTIPLETIKO TOAVAOVLUO TOV
nivaxo A

S, (M) =L +c, A+t h+e, (3.6)
Ot pileg TOV YOPAKTNPIOTIKOD TOAVOVOUOL Aj , Ay ,.-., Ay (Ot KOT’ avaykn Oloke-
Kpéveg petald tovg ) ovopdlovror WtoTipég Tov mivaka A. To 6GUVOAO TV WOOTILOV
tov A ovoudleton @dopa kot svpPoriletor 6 (A).
Avtikafiotdvtag oto cuotnua ( 2.6 ) Tic S1aKeKPIIUEVES TIEG TV PV Tov OA( A ), Yo
KkéBe A =2; Bpiokovpe T AVoT TOV OHOYEVODS GUGTNLOTOC

(A-MI)x =0.
Av
ki=v-rank (L 1-A),
N Yevikn ADGMN TOL OHOYEVOLG cuoTnuoTog eivan ki - mopouctpixn kat, OmmG €xovpe
avaeépel oto kKepdialo 3, Ppiokovpe 0Tl kGBe ADoM TOL givol YPOUUKOG GUVOLOGHOG
tov ki dtovoopdtov
Xil s X2 5 eevs Xjp
Ta davdopato avtd ovopdloviol 101001 VOGHATO TOV Tivaka A avtiotoiyo THS 1010TI-
uns Ai. O VoY WPOC
span { Xit, Xiz, -+, X;j |
ovopdletor W016®Pog Kot 1 ddotacn Tov ki ovopdletol YEOUETPIKN TOALATAOTNTO
™G WOTWNG Ai. Av Vi elvar 1 akyeppukny worharhotnta TG piloc Ai GTO TOAVMOVLO
oa( A) , onuewwote 6tt
1 <ki< v (4.6)

[Mpopavag v tig antés pileg (vi = 1) €ovue ki = 1. Zuvolkd, ot 1010TIEG KoL TOL

1010d1vicpata ovoudlovtal 1010mocd 1 YOPUKTNPLOTIKA peyé0n tov mivako A.

1 6 6 3
Mopaderypa 1.6 'Eoto A= L 2} Kol X = {_5} , y= {_ 2}. Eivot ta dtavdopata

X KOLY 1310010vOGHOTO TOV A ;

Avon : Eneon
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Ay = 1 6 3 -9 N 3
Y7 s 22| | 1] T M2
70 dlvuopo X eivar Wodavuopa Tov A, avTioToro TG TG -4, 0AAL TO d1dvu-

-9 3
opo. y dev givor 1d1001vocua Tov A, aQov T dVOGHOTO { 1 J , {_ 2} dev giva

GUYYPOULKA. 0

Mopaderypa 2.6 o tov mivako A oto moapdostypa 1.6, deiEte 611 0 apBudc 7 elvon
WOTYN ToL Kot Bpeite 10 avtioToryo 101001V
AYon : O apBuog 7 sivoar ot tov A akpipag dtav 1 e&icmon
Ax = Tx
&xet un undevikn Aon. H 1codvvaun eEicwon

(7T-A)x=0
€xel AOom 01dpopn TS UNOEVIKNG, O10TL
det (71- A D
t - = =
et ( )= _5 5

Kol ovvenmg A = 7 givarl ot tov  A. o va Bpodue to ovtictoyo 1010018vuca.
YPAPOVLUE TIG EEIGMOELG TOV OLOYEVOVS GLUGTIATOC
6x; -6x, =0

-5 X1 +5 X2 = 0
1
Avtég emainBevovton yo ke ddvoopa TG Hopeng ¢ 1l Kdabe odvoopo g popong
avTtng, Yo ¢ # 0, etvan 101001dvocua Tov A avTIoTOLO NG WIOTWUNG 7, AAAG puropeite va
1
Besmpnoete to 1l omAaon Yoo c=1. O

a -p

Mopaderypa 3.6 o tov wivaka A = {B (J ,0mov a, B € R Ba dei€ovpe 611

1 1
c(A)={a+if,a-1p } ko aviicToyyo W10dvOGHOTO EIVaL {_ J Kol { J

Avon : [lpayport,
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-G ol
A feel]

Mopaderypa 4.6 Oo Ppovue To xopaKTNPLOTIKAE peyEOn tov Tivaka

SIS

Avon : Amo ™ yopoktnplotikn eéicwon
I 1]|x o X,
-2 4]|x, X,

(A-1)x -x2=0 (*)
2x1+(A-4)x=0

Ko

£€YOVLE TO OLLOYEVEG GUOTN LA

Onwg yvopilete, 1o cOoTNHO 00T EYEl ADOT O1APOPN TNS UNOEVIKTS aKPBOG dTov

rA-1 0 -1
‘ 2 -4 ‘ -0
oniadn, otav:
(A-1)A-4)+2=2-50+6=(A-3)A-2)=0
PNV ]
M=2 xou =3
etvar ot wotpég Tov A. o A =2, and 10 cvomua (*) éyovpe:

X, -%X, =0

2x, -2x, = 0

1
To cvommuo ovtd el Adon kdabe ddvucopo TG HOPENS c{ J v ¢ # 0. Idwitepa,

Bewpovpe To dtdvoopa { J ¢ 101001Gvvoua Tov A avtiotoryo ¢ WTng A =2. Ta
A =3, and 116 e€omoelg ( * ) Eyovpe:
2%, -x, = 0

2x, -x, = 0
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1 1

mov €yl Aon kdbe ddvooua c[ 2}, yw ¢ # 0. To duvocpa { 2} etvar Woddvocua

T0V A avtioToryo TG WTUNG Az = 3. O
4 -1 6

Hopadsrypa 5.6 Eoto A = |2 1 6. Oa deiovpe 6TL 0 apuog 2 € 6 (A ) ko
2 -1 8

Ba Bpodpe pwa Béorn tov avticTor ov 1010 MPOV.

AvYon : Tpdypartt, o apBpdc 2 sivot 1dtotiun Tov mivaka A, d16tt

-2 1 -6
|21 -A|l=|-2 1 -6| =0
-2 1 -6

Emeion

3-rank (2I-A)=3-1=2

0 1WW0Y®POG TG WoTWng A = 2 £€yel ddotoon 2,

onAadn avtetoyobv ¢° avtv dvo Wodavicpata. To

opoyevég ovotnua (21-A)x = 0, elvarn e&icmwon
2X1+X-6x3 = 0

Kot £yeL Abon

/ B ' X, X, 1 0

| [ToAkamhaciopog

f rhag X, | = |2x,+6x, | = x,|2|+x,]6
X, X3 0 !

omov X, x3 ovbaipeteg petafintés. Mia Bdomn tov

Woxdpov gtvat

1l o
U2, |6] 3
0] |1

Kot Ta Stoavdopato avtd gival 1iodtoavoouate Tov A avtictolyo g 0TIung 2. 1
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6.2. Idwotmreg

210 €64¢10 ovTd B GOg TAPOVGLAGOLUE TIG TAEOV 0ELOCUEIMTEG WOOTNTES TV 1O10-
TILOV KOl 1010010VOCUATOV.
1. detA =1L ...1, = (-1)"co (5.6)
Amo6o€ln : And v devtepn o6 TTOL
det(M-A) = M +ea A+ cocteh+ o= (A-M)(A-Ag) e (A-N)
gtvar tpo@avéc 0t (-1 ) A Ay ... Ay = ¢o. EmmAéov, av avtikatactiocovue A =0,
&yovpe
det (-A)=co
Enedn det(-A) = (-1)"det A, Gueca cvumepaivoope v ( 5.6). O
Ao ™V 100TNTA QLT Eivor eavepod OTL 0 Tivakag A givat avTIoTPEYILOG akpLfdg

otav o apuog 0 dev givar 1d1otun tov A.

Xuvoyilovtog GYETIKA e TNV aVvTIoTpeWIUOTHTO TOV TIIVOKO A, £YOVE TIC 0KOAOV-

Oec 1o0dvvapiec:

1. detA #0

2. o mivaxkog A avTioTpEQPETAL.

3. rank A=v.

4. orypappés ( otAeg ) Tov mivaka A etvor ypoppkd aveEaptnTeg.

5. dm{Ax : xeK' }=v (K=R 14 C)

6. dm{x : Ax=0}=0.

7. To ovotnua Ax =P, éxel Aon yio kabe B e K.

8. Av 1o cvotua Ax = B eivar cvufifactd, tote n Adomn Tov eivor Lovadiky.
9. To opoyevéc ovotnuo. Ax =0, &yt povadikn Avon x = 0.

10. To 0 odev etvon 1010TIUN TOL A.

2. c(A)=c(A")
Am6deiEn : Ovmivakes A kar AT €yovv Tic {dieg 1rotipéc, 16Tt

det (AMI-A") = det (M -A)" = det (AL - A). O
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3. Av A, X givan avtiotouyo xapoKTNPoTiKa peyéln tov mivaka A , tote A%, x etvon
aVTIoTOYOL YOPAKTNPLOTIKG peyEtn Tov Tivaka AX, émov k @uotkds aptBpdc.
Am6oEIln : Ao v e€lowon A X = AX €yovue:

A’x = A(Ax) =A(Ax) =A(Ax) = A’X

A’x = A(A*x)=A(AMx)= A" (Ax) = A x
KOl EMOYOYIKA SLOTIGTOVOVLE OTL
Afx = A x
v KaBe euokd apBud k. 0

. Av A, X givor avtiotouyo YopoKTNPLOTIKA HEYEDT TOV avTioTpéyipov Tivaka A, tote
A, x  eivon avtiotoua yopakTploTikd peyédn tov A
Anooeln : And v e€lowon Ax = Ax, €ovue
x=Ix=(A"TA)x = AT (Ax)=ATrx = L(A"x)
Sovendg Ax = XN'x (Twti A #0;) 0

5. Avomivakag A elval Tpty@vikog, ol 1I010TIHES TOV €lval TO S1orydVIO GTOLYEID TOL.

Andéoeln : Xopic va elvar meploptopog £otm o mivakag A etvat dveo Tprymvikog,

t6&emg 3. Tote:

-0, -0, -0y3
det(M-A): 0 7\,-(122 =0y = (7»-(111)(7\,-&22)(}»-(133)
0 0 A -0y
[Ipopavag, o (A )= { a1, 022, 033 }. B

SoumAnpoote TV amddelln, 6tav o mivakag A eglval KAT® TPLY®VIKOG.

Av A ,B elvar vxv wivaxkeckar Ax = Ax, Bx = pux, 1018

(A+B)x =(A+p)x, (AB)x = (Ap)x .

Av Xx;,Xz &ivor 1810010vicpato Tov ivako A avtictolyo g 0TS A , TOTE TO
dwvocpo  kx; + puxa, yukabe k, p glvar dodidvocpa tov A avtictoryo Tov A.
Améoeln : Amo tigiodmTec A X = AX; , AXy = AXy €QOVLUE:

A(kxj+mx; ) = k(Ax)+tm(Ax;) =klx;+mlx, = I(kx;+mx;). [
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’ ’ r ’ -1 3 ’
Eoto A, B eivon dpotor mivaxeg kot B = P AP . Av A, x &ivon avtictoryo

101000 TOV Tivoko A, TOTE A, P'x givon avtioTotya 1¥1omocd Tov B.
Am6o€IEN : Ao TV 160TNTA
AMl-B=P'(AM-A)P
Eyovpe
det (M -B) = detP" det (AL- A ) detP
= (detP)'det (M-A)detP = det (AM-A)
OnAadn, ot dpotot mivakeg A kot B €xovv Tig idteg 1010TIHES.
Emumiéov
B(P'x)=P'Ax =P'Ax = A(P'x)

Kot 1 TPOTOCT) amodeiyOnKe. O

Mo tovg TeTpaywvikovg Tivakeg A kail B, td&ewg v, 1oydel ) 6o TOL
6(AB) =6 (BA)

Amooeln : Av évag anod toug mivaxeg A, B elvar avtiotpéypoc o mivaxes AB
kon BA eivan 6potot, Snradi BA=AT (AB)A § AB=B"(BA)B. Eo,
oOUEMVa pe TNV Tponyovpevny wWOmta 8, 6 (AB)=c(BA).
Av 0umg Kavévag amd Toug Tivakes A, B dev avtiotpépetat, vapyetl apOuodg €
tétolog wote, det(B+gl) #0. Tote

[AI-A(B+el)|=|AI-(B+el)A| , V e>g
Kol COLPOVO e YVOOoTO Bedpnua TG AAyeBpoc, uumepaivovpe OTL TAL YOPAKTNPL-

oTIKG TOAVOVLp TV Tivakov AB kot BA tavtilovtot. O

AV X1 ,X2, «-e, Xy EIVOL 10100100VOGLLOTO AVTIGTOLYO TV OIOKEKPIUEVOV 1O10TIUOV
A A2, +oo, Ay TOV WiVaKa A, Ta S10vOoUOTO QVTA EIVOL YPOUUIKA aveEapTnTa.
An6oeln : AgvnoBécovpe Tl amd T 1O0OOVOCHOTO  X| , X2, « -+, Xy TO OLOVD-
OUHOTO X|, X2, «-«, Xk, OOV k <V, givan ypoppkd aveEdptnra, 6’ arodsiEovpe 0TL
KoL ToL SLOVOOUOTOL X , + -« Xk , Xkt1 EIVOL YPOPPIKA aveEapTnTO . AV TOAAOTAAGLG-
covpe NV e&iowon

O X] + eee T O Xk T Ot Xpr1 = 0 (*)
eni tov mivaka A, €govpe

0AX] + oo + o AXe T Ot A Xir =

O AL X] + oeee + O Ak Xk + O] Mr1 Xierg = 0
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[MoAMamhacidlovtag v (( *) enl Axs1 Kot aQopdvTog amd v tedevtaio 106t T,
Eyovpe

o (A=A )X+ oo o (A=A )X = 0.
Eme1don Ai # M1, KO TOL SIOVOGHOTOL X1 , X2 , + -+, Xk EIVOL YPOUUIKE aveEApTNTA, O1
OLVTEAESTEG O = ... =0k =0 kot amd v ( *) ovumnepaivovpe emmAéov oy =0
a@oV Xy #0. Xvvendgomv (*), Xi,..., Xk, X1 EIVOL YpOpUIKG aveEdpTnTOo

SLVOCHOTOL. O

Ot Wotég epputiavod mivoka etvor Tpaypotikol aptdpol Kot To 1310010vOG AT TTOV
AVTIGTOLYOVV € S1OKEKPIUEVES IO10TIUES glvartl KABETA PETOED TOVG.
An6oeln : 'Eoto o mivaxkog A eivon epputiovog (A = A’ ) xuw Ax =Ax.Torte

X A"=(Ax) = rx

Ko _
0=xX (A -A)x =X A x-Xx Ax =( A-L)X X

Eneid to Siévoopo X eivon pn pmdevikd, A= A, dnhodi L e R.
AV 10 1010310VOGHOTO X , X2 OVTIGTOLYOVV OTIG OLOKEKPIUEVEG OIOTIUEG A , Ay OO
Tic e€lomoelg AXx; =AM X1 , AXp =AM Xy €YOvue:

0 = x; (A*-A)xz = Xlxr X2-Mx] X2 = (M-h)X| X2,
d10tt M € R Emedn Ay # X, givar @ovepd 0Tt x| X2 = x10x2 = 0, dnhad| ta dwo-
vbopata X, Xy elvar kéOeta. O

H mpotaon aut 1oydel Kot Y10 mpoayuotikodg GOUUETPIKODS TIVOKES.

O 1otpég opBopovadiaiov mivaka xovv pétpo 1 kot o 1010010vHGLOTO, TTOV OVTL-
OTOLOVV GE SLOKEKPIUEVES IOLOTIHES elvar kdBeTa peTa&h TOvG.
An6oeln : ' Eoto A x=AX, 0mov o mivakag A givar opBopovadiaiog ( A"A=1 )
Tore:

0= x*(I—A*A)x =X X-X A'AX = XX-X AAX = (1- X)\.)X*X
Enedf x #0, omd TV Iponyoduevn 106tnta cvpmepaivoopus A A = [\ = 1.
Av AX1=AX; KO AXo=X Xo, OOV A # Ay TOTE:

0 =x; (I-A*A)xz = X| X2 - X A"Ax, = X| X2 - X M A Xo

:(1- X] 7\,2)XTX2
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|
‘Exovtag vmoym 6t1 A= N Kol Ap # Az, 0O TNV 100TNTA
1

(1 %2 ) xix, =0
- — )X X, =
}\’1 12

gyovpe X| X2 = xj0xp = 0, dnhodn ta dtovdcpato X; , Xz &ivorl kabeta. 0

H mpotaom woydet kat yio opfoywviovs Tivoke.

HMoapddcrypa 6.6 Av ta ctoryeio KGOe ypapuns tov vxv mivako A €yovv v 101010

o topt e Fay =1, i=1,2, ...,v
dei&te 611 T oTOKEio TOV Wivaka AY, dmov P ELoKOG apBude, Exovv v dia 1B10-
mra.

Adon : Amo v 1010TTA TOV GTOLYEIOV KAOE YPOUUNG SLOTIGTMOVOLLLE

o, O, ... o |1 1
Op  Op oo O [[1] 1
a, o, ... o, |1 1
r r r r Ié T 4 /4
Etol, PAémovpe 0tL 0 apBpdg 1 kot 0 Sdvououa [1 1 .. 1] elvar avtiotouyo

18101066 Tov Tivaka A kot cOupovo pe Ty pitn v ta, o apduog 1" (=1) ko 1o

{010 ddvuopa givar 1domocd tov A", Omdte

1 B Bau - By [l 1
A”l _ Bor By - PBa ||l _ 1

1 Bvl BVZ
oniadn Eyovpe Bip + P+ ... +Pv=1. 1

=
s ..
—
—_

4 -1
Hoapdaderypa 7.6 Av A= {6 1

} , B0 vroAloyicovpe v opifovca Tov mivaka

B=A%-4A + 21, yopicva Ppodpe tov mivoka B.

Avon : Oa Bpolie TpdT TIG WOOTIHEG TOV Tivaka A
-4

— o 2 .
6 geql = OeBHAFT)F6 =217-30+2 = (A-1)(R-2).

|M-A|=‘

Onote o (A)=1{1,2}. Iapatnpovue 6TL av A, X &ivor avtictoya 1010m0cd Tov A

T0tE
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Bx = (A?-4A+21)x =A% x-4Ax+2x =A"x-4hx+2x = (M -40+2)x
Snhody A2 -4L+2, x eivon avtiotola Womocd tov B.
2VVETMG, Ot W0THEG Tov B etvan
M =12-41+2=-1 A =22-42+2=-2
Kot omd TV TpOTN 1010t T, TV 166t T (4.6 ), O Exovpe det B=( -1 )(-2 )= 2. 0

Mopaderypa 8.6 Av o mivakag A sivar pnoevodvvapog, dcite 6tio (A) = {0 }.
Avon : ZOuewva pe ToV oplopd, o mivakag A givor undevodvuvapog, akpimg otov
vrapyeL eEMGyoToC Puoog apdpdg k , tétolog dote A* = O. Omodre,

det A¥ =(detA)* =0.
Emeidn opwg det A 1600Ton e TO YIVOUEVO TOV WOIOTILAOY TOL A, [0 TOLAGYIGTOV 1010-
TN Tov mivaka givor o aplBudg 0, omA. 0 ec (A ). Av A givor puo GAAN WO0TN TOV
A kol X gfvon To avtioTtoryo Wodiévuopa, tote A, X eivon 1omocd ov A*. Ao v
eElowon

A'x = x =0

eivar Théov pavepd 6Tt A =0, L. A= 0. O

Mopaderypa 9.6 Av o mivokag A £€xet povo o 1010t ddeopn Tov undevog, deilte
0Tl
det(I+A) =1+trA,
omov tr A=oy +op+ -+ + oy Elvor to yvog tov A.
AvYon : T'a kéBe TeTpayvIKO Tivaka A amOdEIKVIETAL GTNV EMOUEVT] EVOTNTA OTL:
trA=2AM+A + - + A,
Avo(A)={0, A} 6mov A#0, t61c o (I+A)={1, 1+1L}. Zovenng
det(I+A) =1.1...1(1+2)=1+A=1+(0+ --- + 0+Q)
= 1+trA. ]

6.3. Awyovomoinon mivako

Mo kéBe vxv mivaka A, 0 SVUGHOTIKOG YDPOG

L = span{ x : X 101001dvooua tov A }
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&xetl yevika diotacn < v. [daitepa evolapepopacte étav dim L = v kot avtd copPaivet,
akpifog 6tav o mivakag A €xel V YPOUUIKA aveEApTNTO 1010310VOGLOTO 1) 1G00DVOUA,
axpag 6tav otV (4.6 ) n okyePpikr| moAlamAoTNTo Vi KAOE 1010TIUNG A TOL A 1000TON
HE TN YEOUETPIKY TNG TOAAamAOTNTO ki . XtV mepinton avtny oyvsL 11 €mMOUEVN

a&loonpeio tpodToon:

Ocopnuo 1.6. 'Evag mivakag A eivor 6p010G pe dlay®dvio Tivaka, akpimg otav Exet

vV YPOppKd aveEdpTnTa S1VOGHOTA.

Torte ypnoworoiodue v Ekppacn 0Tl 0 TVvaKeS A Jlaywvormolgital.
Anéoen : ‘Eoto A ,X; 5 ... 5 Ay, Xy €lvon 1010m0cd TOL ivaka A. Av Bécovpe
P=1[x1x ... Xy] D = diag (A, -+ ,A)
t01€
AP=A[x] . x] =[AX] .. AXy] = [MX] -o0 MXy ]
=[xy ... x]D=PD (6.6)
And ™V ( 6.6 , éxovpe ) oxéon opotdtnrag A =P D P, akpidc 6tav ot 6TiAeg TOV

teTpayovikol mivaka P, tad&ewmg v, eltvar ypappukd aveEdptnTes. 0

Yvvdvdlovtog to Bedpnuo 1.6 pe v 1016t Tar 10 oV evotnTal 6.2 cvpumepaivovpe 4Tt

o mivakag A Ba dtoywvomoteiton edv 0leg o1 piles TOV YopaKTHPLOTIKOD TOLDWVOUOD EIVaL

O10KEKPIUEVEG.

Amd ™V omddelEn Tov Topamive BepUaTog 0dNYoOHOCTE oTNY aKOAOLON Oladt-

Kacio dtrymvomoinong wivoka:

I. Bpiokovpue 10 opakTnplotiKd ToAvdvVLupo 0a (A ) = det (Al- A) tov A.

II. Bpiokovpue t1g pileg Tov da ().

III. To kéBe Wotun A; tov A, moldamAdtrag vi, Ppickovue po Bacn Tov ydpov
Mce®v Tov opoyevovg cvatNotog (Al - A) x =0. Av n d1deToon TOL 1810XDPOV
elvar pikpdtepn tov Vi, 10T 0 Tivakag A dgv dwywvonoteital. 'Etot Bpickovpe
GUVOMKG V YPAUUIKE aveEapTNTa 1010010vOCUATO TOV A.

IV. Av ot omleg tov mivaxko P etvor to v ypoppucd aveEdptnta wiodovdopata, tote

-1 3 . ’ . ; ,
P" AP =D sivar dtaydviog mivakag, pe dtory®dvio oTotyeit Tig 1010TIHEG TOV A TTOV



98

avTIGTOLY0VV 0TI GTHAEG TOL P.

Amo v 16otnta (6.6 ) eivarl povepd 0T
A=PDP'
Kot akopun yo kabe apBpd k

A¥ = pD¥P! .

MHopaderypa 10.6 Oo eetdoovpie av S10y®VOTOOVVTOL Ol TIVOKES:

S E R

Avon : ['a tov mivako A €yovpue:

I |[M-A]=(A-1)*,nkadn o apBudg 1 eivor wdrotiun morAhamrotntog 2.

0
II. To opoyevég ovomua (1-A)x =0, &gl povomapaueTpikt] Avon {J kot

enedn oty wotu 1 avrietorel poévo éva 1d1001dvucpa, o mivakag A dgv doym-
vomotettat.

['a tov mivaka B éyovpe:

A-1 4

[ M-B :‘ d a2

‘ =N+A-6=(A+3)(A-2),
oniadn o (B ) = {2, -3 }. Ereidn o 2x2 mivakag B £xet 600 drakexpipuéves 1010TIES,

4
dwywvoroteital. To opoyevég chomua (21 - B )x =0 £€yel Aon 1o dtovdouata c{ J

-1
Kot To opoyevég cvotnua. ( -31 - B )x =0 emainfedeton omd to dStavdcpoto c{ 1]

08 S R plap= |
gtovtag P = 1 1 gyovpe o -3l [l

Mopaderypa 11.6 Opoia, Oa eetdoovpe TNV S100y®VOTOINGT TOV TIVAK®OV:

0 0O 0 0 1
A=1]1010 , B=1|1 0 -1
1 0 1 01 1

Avon : AkoAovOdvTag TV TPONYOVLEVT] O10OIKAGTO EXOVLLE:
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I. |[M-A|=X(A-1 =0c(A)=1{0,1}.
II. ToocVomua (0I-A)x=0, éetrloon ta dovdouato c[l 0 - I]T KOl 0 YDPOG
Moewv Tov cvatuatog (I-A)x = 0 €xel fdon ta dSwovdouato [O 1 O]T,

[O 0 I]T. O mivakag A, Omwg PAémeTe, €€l GLVOAKA 3 1510010VOGHOTO KoLl O

1 00
nivaxog Tov wodtavvcpdtoy P = | 0 1 0] sivon avtiotpéyipoc. ‘Etot, Oa
-1 0 1

&xovpe

P'AP = diag(0,1,1).

INo tov mivaxa B éyovpe:

I |[M-B|=(A-1)AM+1) = o(B)={1i, -, 1}.

II. TooVomua (11-B)x =0 enainbevetor and ta dSavdcuato c[l —1-1i i]T Ko
oG etvaryio ¢ =1 70 110ddvocpa Tov avtictolyel oty Wty 1. Me tov ido
TpOTo Ppiokovpe OTL GTNV O10TIUN -1 AVTIGTOLKEL TO 1310d1dVLG LA [1 -1+1 — i]T
Kot oty Wit 1, 10 1d0dtdvucua [1 0 I]T.

1 1 1
Omivaxkag P=|-1-1 —1+1 0] etvor avtiiotpéyipog, 6101t ot 6GTHAES TOL elvan
i -i 1
YPOULKA aveEAPTNTO SLOVOGHOTE KABOGOV OVTIGTOLOUV GE OUKEKPIUEVES IOTOTLUES
(wwmta 10, evomta 6.2 ). Kotd cvvéneua,

P'BP = diag(i,-i,1). 0

2mv g&icmwon ( 6.6 ), 6tav o mivakag P elvar opBopovadiaiog, tote
A=PDP (7.6)

Ko Yo Tov ivako A Bo Aépe Ot elval opBopovadiaio 6porog e dory®vio Tivoka.

Ozopnuo  2.6. ( Schur ) Kdbe terpayovikdc mivokag A eivar opfopovadiaio 6LO10G

pe avo tpryovikd tivaxo T, pe doaydvia otoryeia T WOOTWES Ay, Ay, .-+, Ay TOL A.
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Bdoetl tov yeyovotog 0Tt dpotot mivakeg Exovv tal idwa iyvn, and to Bedpnuo tov Schur
GUUTEPAIVOVLE:

trA =trT=M+h+...+A
‘Exovtag vmoyn v wotto 11, oy evomta 6.2, cog avapépovpe v e&ng Poctkn

TpdTaoT:

Doopotiké Ocodpnpa  3.6. 'Evog mivokag givar epputiovoc ( GORUETPIKOS ) axkpimg

otav gtvor opBopovadiaio Opo10g pe TPoyUaTiKO dlorydVIo TivoKa.

Kotd cuvénela, ot epputiavoi ( GORUETPIKOL ) TivaKeS TAVTOTE S100y®VOTOOVVTAL KOl GE
KkdOe 0TI A, TOAAUTAOTNTOS Vi, M PACN TOL AVTIGTOIXOV 1O10YMPOL amoTEAEITOL
amo v;i Wodovocpata mov Ppickovtatl amd ) Adon tov cvotiuatog (Ail-A)x=0.
Xmv ( 7.6 ) yia va. Bpovue tov opBopovadiaio wivaka P, Bo mpénel e kabe 1810wpo va
petacynuaticovpe pe ™ péBodo Gram-Schmidt ( evomnta 4.3 ) to Wi0dvdcuaTe G
opBoxavovikn Bacn. Xvvolkd ot opboxavovikés Pdoelg Tov woydpwv opilovv €va

oLVOAO v opBopovadiainy 1310d1VUGHATOV TToL glval Kot ot 6THAES Tov Tivaka P (yati;).

Hopaderypa 12.6 Oo Ppodue tov wivako P oty (7.6) yia to cuppetpikd mivako:

02 2
A=1[2 0 2
2.2 0
Avon :
A2 2
L |M-A|=]2 & 2| =(A+2)Y(r-4) = o(A)={-2,4}.
2 2 )

II. O WW®pPog TS WI0TIUNG -2 €lval 0 y®pog AVcemv Tov cvotiuotos (-21- A )x =0,
axpipéotepa ¢ e€iomong
X1 + X2 + X3 = 0

Ta dvoopato:

110 . [-1 0 1]
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elvar T avtiotorya Wodtavicpata ( Baon tov Widympov ) kot pe ) pEBodo ophoywvo-

moinong Gram-Schmidt, Bpickovpe v opBokavovikn Pdaon:
-1 -1
L L

2l )T e

['a v oty 4, 10 avtictoryo W10ddvucua givol [1 1 I]T , 0oV givan Bdomn tov

Y®pov Avcemv tov cvotnuoatog (41 - A )x = 0. To povadaio dtdvocua avTov givot

1
1
—| 1. ®ftovta
\/g G
1
/N2 <1746 1743
P=|1/V2 —1/4J6 1/43
0 2/J6 1/4/3
EYOLLE:

P'AP = diag(-2,-2,4). 0

Hopaderypa 13.6 Oa Avcovue v e&iocwon:

@ -5 9
-6 10

-5 9
AvYon : O mivaxog [_ 6 1 O} dwryovoroteitat, agov 1 e€icmon
M 22-50+4 =0
= - + =
6 A-10

éxet 000 olaxekpiuéveg pileg 1 wor 4. T'a Ay =1 xor A, =4 T avrictoryo 1010010~

1

1 0
2 _pl
X P[O JP.

1 0
Y2 =PX*P! =

, , T T -3/2 1 )
voopata gtvon [-3/2 1] xaw [1 1] .Av P = 1 ToTE

Oétoviog Y = PX P, 1ot

To devtepO PEAOG elvan daydviog mivakag kot emainfedeTon yio
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Amo ™V 100TNTA
X =P'YP,
LE TOVG GLVOVACUOVS TOV TPOCTLMOV GTO JAYDOVIO TTivaka Y, Tpokvmtovv 4 AOGEIS TNG

eElowong. 0

6.4. Ozopnua Cayley - Hamilton

‘Eoto A tetpoymvikodg mivakag tateng v. o kdbe Sivuopo x € C¥, 0 vadympog
K =span{ x,Ax, ...,A"" x }
éyel 1o moAh Sudotaon v kal katd cvvénewa to Sidvuopa A' X Oa givor ypoppikog
GLVOLOGUOG TV YeVVNTOp®V Tov K . 'Etot, and t oyéon
A'X = cox+cAx+ ... +c,  AT'x
GLUTEPOIVOVLE OTL VTLAPYEL TOAVMDVVUO V-GTOL Pafpon
O(A) = N-co A - ool ser A - ¢

této10 dote O( A ) = O. Zuykekpluéva amodetkvhgToL OTL:

Ozopnpoe  4.6. ( Cayley-Hamilton ) T kéBe mivaka A pe xopokinplotikd
TOAVDOVVLO

SA(L) = M Ao A+t a A+
TOTE 1oYVEL 1] 10OTNTO

SA(A) = A+o A+ ..+t A+ol =0 (8.6)

Av o mivaxog A elvar avtiotpéyipog, copeova pe v ( 5.6 ) omv gvomta 6.2, o
o1abepdg 6POG TOL YOPAKTNPIOTIKOD TOAV®VOUOL dgv eivar pundév. TToAlamiacidlovtog
mv (8.6) eni A ko Sronpdvtog pe To ap £YOUpE:

1 o o
; . 1 - 1
AIZ __Avl_#AVZ_ ---—_I.
a, a, a,
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Me avtdv Tov TpOTo eKQPALOVUE TOV TIVOKQL Al OG YPOUUKO GUVOVAGUO TOV TIVAK®OV
1,A,A2, ...,A""

Av p(A) elvar moAvdvVLpHo Babpod ToVAd IoTOV Vv, AT TNV 160TNTO

p(h) = (M) m(A)+u(h) , Pabu[v(r)] < v-1
Exovpe
P(A) = d(A)m(A)+v(A) = v(A),

LE OMOTEAEG LD TNV OKOVOia TV TPAEEwV Katd Tov vtoroyiopd tov mwivaxka p( A).

Amo to Bewpnua Cayley-Hamilton mpokdmter €0Aoyo 10 €pOTNUA OV TO YOPOKTN-
pLoTikd moAvdvopo O( A ) elvar To pKpoTEPOL PaBHOD TOALVMOVVLUO HE TNV 1O1OTNTO

0( A) = O. H andvinon givon apvnrikn. [apaderypa, o mivakog

1 00
A=1010
2 1 2

EYEL YOPAKTNPOTIKO ToAGVVHO S( L) = (A-1) (A-2) kot undeviler emmhéov To
molvdvopo a(A) = A2-34+2 = (A-1)(A-2).
1 20

Mopaderypa 14.6 T tov mivakae A = |0 2 0] 6o emainbevcovpe 10 Bedpnua
0 2 1

1 5
Cayley-Hamilton kou Oa eifovpe 61 A™ = 5 A?-2A + ) L.

AYon : To yopaxtnpiotikd moAvdvLpo Tov Ttivake A elval

-1 22 0
S(A)=|M-A]l=| 0 A-2 0 | =(r-1)Y"(r-2)=21"-42+51-2,
0 2 -1
EmumAéov €povpe
1 6 0 1 14 0
A’=10 4 0], A*=10 8 0
0 6 1 0 14 1

Kot emaAnfedovpe OtL

A’-4A’+5A-21 = O.
Enedny o( 0) =-2, o mivakag A eivor avtiotpéyipog. TToAamiacialovtag v mpon-

, r 3 -1 4
yobpevn wodtta pe tov mivako A”, EYOovpeE:
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A?-4A+51-2A" = 0O

kot o’ ot Ppiokovpe Tov mivako A ¢ ypopkh ékepaon tov mvikov I, A kot A%

1 -1 O
A'lzlA2 2A+§ =10 1/2 0 0
2 2
0o -1 1
Hopdaderypa 15.6 Av
1 0 2
A=|-1 -2 3
2 0 1

’ ’ 1 . / ,
O ekppaoovpe Tov Tivaka A’ @¢ molvdvopo tov A , Bobpod to ToAd 2.

Avon : To yopokIPIoTIKO TOALVMOVLLO TOV TTivake A givol

A-1 0 2
S(A) =|M-A|=| 1 r+2 3 | =(A+2)[(A-1)-4]
2 0 A-1

= (A+1)A+2)A-3).
To vohowmo v( A) g dwipeong A : 8( L) Oo eivon moAv@VLLO 200 Bodpod Kat £Tot
amd TNV TOLTOTNTO
A= 8(A) (M) +arl+BA+y

avtikafiotovtog 6mov A Tig pileg Tov O( A ) €xovue:

(-1 = a- Bty

(-2)" = 4a+2B+y

3 = 9a+3B+y

To cvotua avtd €xel Ao

1 1 1 1 2 5 1 1

I 331 . _2 31 I—— [ — 331 4+ = _2 31 + = [ — 331 + _2 31 -

* 7y 3027 - Py 32 YT (-2)7- 5
KOl GUVETMG

A’ = aAT+BA 1. O

Hoapaoerypa 16.6 Eopapupdlovrog to Bedpnuo Cayley-Hamilton, Oa Bpovue tov mivako

A3 brav:
1 1 -2
A=1]-1 2 1
0 1 -1

AYon : To yopaxtnpioTiKd ToOAVOVLLO TOL Tivake A elval
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A-1 -1 2
S(A) =] 1 r-2 -1 | =w-202-2+2
0 -1 A+l

Eneidn 6(0)=2#0, omivokag A aviioTpEPETOL Kot 0d TNV 1010TNTA
A*-2A2-A+2[ =0 (*)
€xovpe

Al = Sraalia
2 2

o Mamhaotélovtac tqv womta ( * ) eni A? kot avikaotdviac Ty £KQPact Tov

A" Oa sivar:

1 1

2 _ N S _ 1
A?=T1+—-A'--A =
2 2

5
Z1-= A2
4 4

‘Opoto. moAomhaoialovrog ™y ( * ) eni A” kol ovTikoOIGTOVTOS TIG EKPPAGELS TOV
A ko A gyovue TeEMKEL:

13 3 -21
_3 1 _2 _1 1 5 5 2 1
A= A" +A --I=-I+A-- A" =17 1 -7 O
2 2 8 8 8
5 3 -13

) 5} Ba exkppdoovpe TOV AvTiGTPOPO TOL TivaKQ

1 -1
Mopadcypa 17.6 Av A :{

B = 2A*- 12A°+ 19A2-29A + 371
o€ oyéon e toug mivokeg 1 wor A.
AYon : To yopaxtnpiotikd moAvdvLpo Tov Tivake A elval
A-1

= %2_ 6\ +
5 X-S‘ A2-6A+7

da (M) = ‘

Eneidn
201203 + 1902 - 200+ 37 = (A2-6L+T7)( 202+ 5) + A +2.
TPOKVTTEL 1| ATAOVGTEPT] EKPPOCT TOV VALK

B =A+2I 3 -l
= + = .
2 7

To yapaknpiotikd ToAvmvopo tov mivoko B etvor

r-3 1
Se (1) = | 0, | = 2-10h+23.

Koatdé cvveneia and v w6otta
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B2-10B+231 = O

€Yovpe
B'I—EILB—EIL(AJer)—iILA N
23 23 23 23 23 23
6.5. Tetpayovikéc popeég
Ka0e opoyevég molvdvopo devtépov Pabuod tov petafAntodv X, Xo , .., Xy UE
TPUYUOTIKOVS GUVTELECTECG
Q(X) = (llle + 2002 X1Xo T oo+ 200y X1Xy
+ 0y X;+2QQ3X2X3+...+2(X,2\,X2XV+---+(X,WX3 (96)
T
ovopdleTol TETPAYOVIKY pop@1]. Av cvuforicovpe x = [Xl XV] Kol
O O oy
a, o o
A _ 12 22 .2V ’
alv (X‘ZV U“W
1N ToAvOVLIIKT Tapdotoaon (9.6 ) ypdopeTot
Q(x) = x' AXx = AXx ©o X = X 0AX (10.6)

O mivaxog A elvatl GUUHETPIKOG Kol OVOUALETOL Tivakag TS TETPaywVIKNS woppns Q( X ).
Av o mivokag A NG TETpAYOVIKNG LOpPNg £lval opaAds, N mapdotacn Q( X ) ovoud-
Cetar opod] ko avtiotorya o fabuog p tov A ovoupdletor Badpdg g TETPOY®VIKNIG
HOPPNG. AVO TETPAYWOVIKEG LOPPES

Qi(x) = x' Ax , Qx(x) = x' Bx

ovopdloviatl 16odvvapeg akpifog otav ot mivaokeg A kot B eivor opboydvio dpotot.
Av B = PT AP kot Osmpricovps Tov petaoynuatiopd x = Py, tote

Q(x) = x' Ax = y' (PTAP)y = y' By
oniaodn, avaQePOUOCTE GTNV 1010 TETPAYOVIKY] LOPPN GE OV0 OPOPETIKE GLGTHHLOTO
GUVTETAYUEVOV.
Mapaderypa 18.6 Oo yphyovpe 6T HOPEH X 'AX TNV TETPAYOVIKT HOPONT:

Q(x)= xf- 2x§ + 2X1X2 + X1X3.
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Abon : O1 GUVIELESTEC TOV X; , X5 , X5 oty mopdotacn Q(x ) o kataddBouvy Tig
dwydvieg Béoelg Tov mivaka Kot yo vo gival o Tivakag A cuppeTpkdc, T0 PIcd TV
GLVTEAEGTMV TOV YWoUévaV X;X; (1#]) Oa kotoddPovv tig 0écerg (1,)) kot (j,1).
EbYkoAa dtamietdvoupe 0Tl
11 1/2||x,
Qx)=[xixex3]| I 0 0]x, [
1/2 0 -2 ||x,
M tetpayovikny popen Q( x ) ovopdletor Oetikd opiopévny axpiPag 6tav yio kdbe
duvocpa x # 0,
Q(x) = x'Ax >0
Mo tetpayovikn poper] Q( x ) ovopdleton Oetikd nuiopropévn akpPog otav yuo kbbe
dlvocua X,
Q(x) =x"Ax 20
Ko LIEaPYEL Slavuopa Xo # 0 TéTolo hote, Xo' Axo = 0.
H tetpayovien poper Q( x ) ovopdletor apvnTikd opiopuévn 1 apviTIKG ULOpLopév)
akpfog 6tav n - Q(x) etvar Betikd opropévn 1 OeTIKE NUOPIGHEVT.
Mo tetpayoviky popen Q( x ) ovopdaletatl adprotn akpPdg dtav yuo kabe x # 0, ) mo-
pactacn Q(x) dev &yl otabepd TPOOTLO.
Znusivore ot
I. ZXZekdBe Oetikd (1 apvnTiKd ) opiopévn TETPOYWVIKT LOPPN O AVTIGTOLYOG Tiva-
KoG A givol avTioTpEYLOC.

IT. O110000VOUEG TETPAYOVIKES LOPPEG EYOVV TO 1010 TPOGLO.

HMapaderypa 19.6 Oo ypayouLLE TIC TETPOYOVIKEG LOPPES

Qi(x) = Xx; - X3 -2X1X2 , Qax) = 3x] +3x; +3xI +2x1%2
o pHopen X' AX Kot 0o PPOVLLE TO TPOGNHO TOVC.
Avon : H npot tetpaymvikny popen ypdeetot

I -1||x,
Qi(x) =[x Xz]{_1 -1i||:X }

lN'oe x; =1, x, =0, govpe Qi(x) =1>0 xuwyww x; =0, x, = 1 &ivon
Qx(x) = -1<0. Xvvenwg, Qi(x) elval adpiot

IN'o v
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3 1 0(]x,
Qx) = [x1 X, x3] 1 3 0}|x,
0 0 3||x,

&ovpe Qa(x)>0 yuwukdbe x = [xl X, x3]T, aQov
Qa(x) = 2x; +2x; +3x; +(x1+x2)> >0

Emumiéov dev vapyel xo # 0, tétolo wote Q( X9 ) = 0. To un undevikod dbvocspo Xo Oa

NTov AVoT TOV GLUGTHLOTOG

oV GG €yl ™ povadikny Aon x = 0. 0

Kdabe mpaypatikdg coppetpikos mivakog A ovopdletal Oetikd opropévog 1 OeTika
nuoptopévog kot ovpPoriletor A >0 1 A = 0, akppag dtav 1 avtictoyyn TETPO-
yoviky popefi x'Ax  givar Oeticd opiopévy 1§ Oeticd nupoptopév. T kGO Oetucd,
opwopévo ( muoptopévo ) mivako A givon mpogovég OtL 0 mivakag -A - givol apvnTikd
opopévog ( nuoptopévog ). Ot mponyovuevol opicpol elodyovy 6to xOpo Ry xy o
uepixn ororaln 6mov

A>B < A-B 0Oetxd nuopiopévog

A >B < A-B 0Oetkd opiopévog.

Mapaderypa 20.6 Do k6Oe aviiotpéyipo mivako P, o wivakag A =P' P eivon fetikd
OPLGUEVOC.
AYon : Koat’ apynv o mivakag A eivor coppetpkods, 610t
A" = (P'P) =P (P") = P'P = A
Emumhéov givan ko Oeticd opropévoc, d10Tt yio kabe Sidvospa X :
x'Ax = x' P"Px = (Px)'Px = ||Px|| > 0
Eivat avepd 6t av o mivakag P dev eivou avaiotpéyipog, 10TE Yo KAOe ddvocpa  Xo
7ov gival Avom tov cvotiuatog Px = 0, &yovue:
ng xo = 0

Ko T0TE 0 mivakog A Ba givon BeTikd nuopiopévog. 0
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I'vopilovpe 0Tt KGOe TPAYUOTIKOC CUUUETPIKOC Tivakag A dloy®vomotleital Kot og

elvan
P'AP =D
omov ot othieg tov P etvan opBopovadiaio 1010010vicpate Tov A Kol To. GTOotKElD TOV
dwydviov mivakae D eivor ot wWotpég A tov A. Av KAvOvpE TO UETACYNUOTIGHO
x = Py, 161¢
x'Ax =y (PTAP)y = y diag (A, .-, M)y
=My, .o FANYS (11.6)

To 0e&10 pérog g ( 11.6 ) ovopdletor Owy@vVIM pop@N TNG TETPOYMVIKNG LOPONG
x'Ax. Otav rank A = p <v, o mivakag £xet oty A =0 pe ahyefpicn Kot yeope-
TPIKN TOAAUTAOTNTO V - p KO GTNV TEPIMTMOOT VTN 1) dtarydvia popen ( 11.6 ) sivan

X' AX = LX)+ ... + A X

omov X] 7\,2 ..-Xp # 0.
Amo v ( 11.6 ) glvar @avepd 4Tl TO TPOCTHO UIOG TETPAYMOVIKNG LOPONS eEapTaTon amd

TO TPOCTLLO TMV WOI0TIUAOV TOL OVTIGTOLYOL TivaKa.

Ozopnpo 5.6. 'Eotwo A mpoypotikdc cuppetpkog mivakog, tdEewc v. Tote n
TETPAYOVIKT popef; X AX sivau:

1. Ogtikd opropévn akpPdg OTav OAEG OL IOIOTIHES TOV A etvon BeTucéc.

2. OeTikd NUOPIGHEVT aKPIP®G OTA OAEC O1 IO10TIHEG TOV A glvan pn apvnTIKEG.

3. Adprot axpiPac otav o wivakag A €yl OeTucéc Ko apvnTIKEG 1O10TIUES.

And 10 Oedpnuo cupmepaivovpe OTL 1) TETPAYOVIKY HOpe] X AX  elvon apvitikd
opiouévn ( nuopiouévy ) akpPdg 0tov OAec ot WoTHéG Tov A givon apvyrixés (un
Oetixéc ).

Hopaderypa 21.6 Awmot®cote 0Tl 0 TIVOKOG

5 2 0
A=12 6 -2
0 -2 7

givat OeTiicd opiopévog kat Ppeite Ty Staydvia Lopen TS X AX.
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AvYon : Emedn
|IM-A|=] 2 X-6 2 = (A-3)A-6)A-9)

r ’ s ’ r T r I r
ot woTég 3,6, 9 elvan Betikol apBpoi, ondte x Ax elvar Betikd optopévn.

T’ avtictorya opBopovadiaio 1d10dtovucuaTo EIVOL 01 GTHAES TOL TTIVOIKOL

22
P=—]-2 -1 -2
3
12 2

KOL [LE TO PETACYNHATIONG X =Py, 6mov y =[y1 y2 y3]', éovue

300
Q=y'PPAPy=y"'|0 6 0|y =3y} +6y; +9y> 0
0 0 9

HMopaderypa 22.6 Bpeite yio moteg Tipég TG TOpApETPOL O O TIVOKAG

R K =
R = R
—_ R R

elvar Betikd opropévoc.
Avon : To yopoaKIPIoTIKO TOAVMOVLLO TOV TTivaka givarl
(L) = X -302+3(1-0%)h-1+3a>-20°

Av A1, Ay, A3 glvan ot piec Tov TOAV®VOLOV, Yo Vo lval avTé OTIKES, amd TIG oYECELS
POV Kol GUVTELEGTMV TOV TOAVWOVOLOV, £XOVLLE

MAh+d =3>0, Ma+tAds+ahk=3(1-0")>0, MAs=1-3a>+2a’>0
Amo v 2n avicotnta tpokdntel 0Tt -1 <a <1 kot oand v 3n avicodmta
1-30+20° = (a-1)"(20+1)>0 £&ovpe a>-1/2. Kath ovvénela yia kébe

ae(-1/2,1), onrivaxag eivor Oetikd opiopévog. O

HMopaderypa 23.6 Av ot coppetpikoi wivakeg A , B etvon Betikd opiopévot, Oa oei-

A O

Eovpe OTL Kal 0 TivVaKog { 0 B} elvon BeTikd oplopévoc.

Abon : Eneidn yuo kGBe didvoopo x kat w Exovpe X Ax >0 kat w' Bw >0, 0o sivon
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A O]|x
T — TAx 4+ wT
[x W] {O B:||:W:| X Ax+w Bw>0

onAadn, o cuVBeTOG drarydviog Tivakag etvat Betucd opropévoc. 0
Av otV Tetpayoviki popel; Q(X)=x" A X 0 CUUUETPIKOC Tivakas A &ivol TOTOL
2x2, n adyefpikn| mapdotaon Q(x )+ R (x) =c, 6mov R ( x) glvon ypappikn Ekppaon,
moplotavel EAAEYn N vrepPoi 1 mapafoAr. H ta&vounon avt) tapovcidleton otov
IMINAKA I, ot oyéon pe Tig 100THEG TOL Tivaka A , omd d€ TN daydVie, LOPPT TNG

Q(x) omv (11.6), KATOAYOULE AUEGA OTIG YVMOOTEG LOPPEC TOV EEICMDCEMY QLTMV.

IIINAKAZXZ I
MA >0 M <0 MM =0
EMheym vepPoAn mopofoin

Av o0 ovppetpikog mivakag A elvar TOmov 3x3, 1 TETPOYOVIKT HOPPN

x' Ax+R(x)=c
TopIoTAVEL EMQAveleg, ol omoieg Talvopovvian otov TTINAKA II. Ztov mivako avtd
ypnoponoteitar o cvpfoicopudc In( A) mov avaeEpeTar 6NV SATETOYUEVN TPLAOL TV
aplOp®OV oYeTIKd pe To TAN00G TV 310TIUOY TOV A 7oV &ivat:

In (A)=( Oetikég, oapvTIKEG, MNOEVIKEG LOOTINES )

ININAKAZX II

In(A)=(3,0,0) : EMEWYOEIDEC
In(A)=(2,0,1) : eMemtikd Tapaorlogldég
In(A)=(2,1,0) : povoy®vo vepPoAoeIdES

N Kovog, 6tav ¢ =0
In(A)=(1,2,0) : diywvo vepPoroeldég
In(A)=(1,1,1) : vmepPoAiikd Tapaforogldég
In(A)=(1,0,2) : mopafoikdg KOAVOPOg

210 mapadetypa 21.6, 1 tetpayovikny popenn Q  yw kdbe ¢ > 0 mapiotdver eAlel-
yoewég, yio ¢ =0 elvor to onueio (0,0, 0) xou yio ¢ <0 eivoar pavtaoTikn

EMPAVELD.
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(0, h, 0)
¥y

2 2 =) k)

Xty ozt 22
stost—==1 2=+
a b° ¢ a- b

EAAEIYOEIOEC EAMMETTIKO TTPaBOAOEIDES

= - =
x* | y: oz I A "
>t s ——== 1 aZ b2 C,Z
L b._ c-
KMOVOC

VREPPOAOEIDEC LOVOY®VO
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x2  y? Z? yooxt
—— —<5+—==1 T =12
a- © e b~ a°

vrepfodikd mopaforogideg

v=av a>0

TapaPorKOS KOAVIPOG



6.6.

6.1

6.2

6.3

6.4

6.5

6.6

6.7

114

AoKnoegig

Bpeite 10 yopaxktpiotikd TOAVOVULO TV TIVAK®V:

1 2 1 -1
2] E 0 2
-1 3
-1 3 2 0 3
Bpeite 10 10101006 TV TIVAK®V:

cos  sin0O cos -sind ‘11 36 2 _: Z z

sin@ -cos®| ° |sin® cosO| S
-1 -5 -2 -5 5 6

Av A, x eivoun avtiotoryo 1010mocd tov mivaka A, dgi&te 0Tt yio kdbe TOALVOVLLO

-1 , . P
p(s) = s'+ou s+ ...t o s+ag, 0 apOudg p( A) kot to dtdvuopo X givar
avtiotorya 1010mocd tov mivaka p( A).

IMo woteg Tipég tv o, B ot mivakeg

S

d€V O10y®VOTTOL0VVTOAL

Awryovonoleiote 10 6GOVOETO daydvio TivaKa

g 4 1 3 -1
g (o) [ 3]
Av o vxv mivakag A givatl adOvapog, Tolo ToAvdVLLO Badod pKpoTéEPOL TOL

v enain0Oevet ;
LCpayTe TIC TOPOKATO TETPUYOVIKEG LOPPEG oTN popply X' AX , Ppeite T Storyd-
V10 LOPPN TOVG KOl TO TPOCUO TOVG KOl avayvopioTe To €100 TG YPAUUNG N

NG EMPAVELOG.

Q, = x,x,

Q, = Xf + Xg + 2x,X,

Q, = Xl2 + 4x§ + 4x§ + 4x,x, + 4x,x; + 6x,X,
Q, = 2xf + 2X§ + X§ + 2x,X; T 2X,X,
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KEDAAAIO 7

MATLAB

H ypnon ko eloikeioon twv evvoiwv g I powukns Alyefpos ue t Ponbeia tov
vroloyiary ( PC ).

7.1. Excaymyn 6to tpéypoppo

To mpoypappa MATLAB eivor o 10witepn  ocvidoyn mpoypoppdtov  yio
VTOAOYIOTIKG OEUATO TIVAK®V KOL ) OVOUAGIO TOV TPOEPYETOL OO TO OPYIKA TV AEEEMV
Matrix Laboratory. AnpiovpynOnke amd AOYIGHIKA TPOYPAUUOTO KO EIVOL YPOUUEVO Y10
va ypnoonoteital e tpocsmnikovs vroloyiotég ( PC ). H eykatdotaon too MATLAB
oto PC elvar amln, €goptdtal omd ) SuvaTtOTNTO TOV AEITOVPYIKOV GULGTHLOTOS TNV
omoia 0wBéter o H/Y tov ypnotn kot kdbe €kd0oom TOL TPOYPALUOTOS TEPLEYEL TIC
KOTAAANAEG 0dnyiec eykotdotoong tov. To 1010 T0 TPOYPOpUL EXEL EVOOUATOUEVESG
OPIOUEVEG EVTOAEC, HLOOMUATIKEG EKQPAGELS KOl GUVAPTNGELS, Ol 08 TPAEELS TOV TIVAK®V
EKTEAOVVTOL OUECMG HE €AAYIOTO KOOTOC. Mmopovv OU®MG VO EKTEAEGTOVV KOl LE
OldoyIKES eVTOAEG, ol omoieg meptapfavovtor o apyeio. Ta apyeia avtd ovopdlovton
m-files kot éva tétoto apyeio €xet ™ dvvatodotnTa vo Kodel Ko GAAa m-files.

To MATLAB éyet éva 1dwitepo TpOmO emKOWOVIOG HE TOV YPNOTH, OM®G 0vTd
dAlwote ocvuPaivel pe OAeg TIC YAMooeg mpoypoppoticpov. Ot cvpPoiicpoi Tov
TPOYPAUNOTOS Elvar dlapopeTikol e Tovg avtiotoyyovg ¢ [pappikng Alyefpag Kot ot
EVIOAEG elvarl ek@pacels pe o yopaktpes. TIAnktporloyodue mhvtote petd to
cuuporo “>> gite Yo va glodryovpe Evay mivaka, eite yio vo ddcovpe Kamown eviodn. H
gpyocio. oOAOKANPAOVETOL OTOV TANKTIPOAOYNGOLUE enter Kol TO OmOTEAEGHO O
napovotacHetl oty 006vn.

H eicaymyn tov mvakov oto tpdypappa givarl mold anin. apddetypa yio tov mivoka

1 0 -1
A=|2 3 4
-2 .4 10

TANKTPOAOYOVLE
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A=[1 0 -1; 2 3 4; -2 4 10|

omov kdBe otoyeio ywpiletar amd to emduevo pe kevd ddoTnua Kot kaBe ypopun

13

yopiletor and v emdpevn pe 10 ovuPoro ;3 7. IIAnktporoydvtag enter, apécw®S

nmapovotaletal oty 006vn :
A =
1 0 -1
2 3 4
-2 4 10

H ovopocio tov mivakae A dtatnpeitot yioo peAAovtikny xpnon. Av 1 HetafAntn Kot to
onueio “ =7 maparepbovv, 1ote B mapovolacHel oty 000vn TPV TOV Tivako TO
couporo ans ( answer ). H eicaymyr tov mivaka pmopetl va yiver Kot pe O10popeTikd

TPOTO, TANKTPOAOYDVTOG

A=]1 0 -1
2 3 4
-2 4 10]; enter

Me v evtoln clear diaypdagpovtor 6Aol o1 TivaKes, aAAd pe TNV EVTOAN clear akoAov-
Bovpuevn petd and dtdotnua To dvopa Tov mivaka, onAadn clear A, diaypdeetor povo o
mivaxog A. Av amd tov wivako A 0éhete vo xpnNOUOTOGETE TO oTotXElo Tov ( 2, 3 ),
yphyte A(2, 3), av 0é ete TV 51 Ypauun tov mwivaka, ypayte A(S, :) kot av Bérete TV
21 oA ToV, Yphwyte A(:, 2).

Me T1c €VTOAEG
size(A), zeros(A) N zeros(3), eye(A) 1 eye(3)

PAETOVLE OQUECHS TIC OVTIOTOLYES OTOVTIOEL

ans = , ans = , ans =
33 0 0O 1 00

0 0O 010,
00O 0 01

Ta otogeio TV TVAK®OV Umopel va givol kot omotesdnmote cvvaptioels. [apadstyua,
€L00yOvVTOg

x=[0.5 sqrt(9) (-15+7)/4]; enter

BAémovpe

05 3 -2

OAAQ OV TANKTPOAOYNGOLLE:
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x=[0.5; sqrt(9); (-15+7)/4]

Oa mapovolachel otnv 006v  x =
0.5

3

-2
H evtoAn) diag(A) avoapépetatl 6To SIGVUGHO e GUVTETAYUEVES T, O10YMVLO GTOLKELN
tov A, oAAd diag(x) , 6mov x elvar didvooua, givol SlydVIOG TVOKAG LE dLyDdVIO,
otoyeia TIc cuvteTaypéves Tov X. Omote, 1 evtoAn diag(diag(A)) yia Tov Tponyoduevo
nivaxko A, avtiotorel otov mivako diag(l, 3, 10) , n d¢ evioA sum(diag(A))

vroloyilet To {yvog tov mivaka, dniadn| tavtiletor pe TV EvioAn trace(A) .

O gdvBetor mivokes €GAyoviol KOT OVOAOYO TPOTO HE TOLG OMAOVC TIVOKEGS.

[Mopdderypa, av £xovv elcaybel o1 mivakeg

A={_(l) ﬂ B=B ﬂ c=1[o 1]

kot mAnktporoynoovpe E=[A B], enter,101e E =

0
-1 1 2
Av minktporoyncovpe H=[A ; B] , enter, Oa égovpe Tov mivaka
H:
0 1
-1 1
1 2
2 0
korav M=[A B; ones(1,2) C], enter, tote
o 1 1 2
-1 1 2 0
1 1 0 1

Ortav 0éhovpe va avagepbovpe ce vromivako tov A, ot OeikTeG YPOUUDV KOl GTNADV
TAnKTpoloyodvTon pe tov coppfoiiopd A(a : B,y : 8), 6mov “a: 7 onuaivel omd v
ypopp o €ogtnv B kot ¢y : 8 onuaivel amd v oAn v péxpr v d. [apddetypa,
Yo ToV Tivaka A Tng oeAidag 2 :

A2:3,23) = ans =
3 4
4 10



118

O ocvppomopog A(a : B, :) eivor o vromivakag [e oTolyelo , To GTOYEID TV YPOUUDV
amd o péxpt B kot A(:,y:0) sivor o vromivakog e oToXEl TO GTOLYEIN TV GTNADY

amd y péypt o.

7.2. E@appoyég ot Ipappikn Adyeppa

Ta Bépata mov akolovBovv avapépovian oe TpoPfAnuata g I'pappikng Alyefpag kot
omwg B SaMoTOCETE, TO TPOYPOLL Eival €vo TOAD KAl EOTAICUEVO EPYAGTIPLO V1o

™ peAétn Ko emeepyosio TV TPOPANUATOV UE TIVOKEC.

Ilpdéerg mvaxwv
>10 MATLAB 01 Tpa&eic tomv mvakmv yivetal [e Toug E101K0VG YOUPUKTPES
+ (mpdobeon ) , - (agaipeon) , * (ywouevo) ,
A ((ekBétng dovaung, Snh. AN3 =A%) |
/ (ywopevo amd defid pe avtiotpogo dnh. ABT) |
\ ( ywopevo amd aplotepd pe avtiotpogo dnh. A'B) .
Hopaderypa 1.7 Eisdyovue tovg mivakeg: K = [1 25 3 4] ,L =[0 1; -1 1], «a

LLE TIG TTOPAKAT® EVTOAES EYOVLE QLESO TNV ATAVINGN:

K+L = ans = 3L = ans =
s 0 3
2 5 -3 3

K*L = ans = "3 = ans =
-2 3 s -1 0
-4 7 0 -1

K/L = ans = K\L = ans =
3 -1 , -1 -1
7 -3 05 1

Ta ototyeio Tov Tivake TOV TOPOVCIALETOL HETA amd KATOW0 EVIOAN €lval G& OEKAOIKY|
Hope1|, 0ALA e TNV EVTOAN rat(), emovepeaviovion og pnroi apifpoi.

T v mpdodeon AT + ¢l , dmov ¢ eivor apOpdc, Oa TPETeL Vo, TAKTPOLOYHGOVLLE
A’ +c * eye(n), omov pe A’ ovuPoAiletal o ovAGTPOPOS TIVOKOC.

[Ma tov vToAoYIG IO TOAVOVLIIKNG TOPACTUGNG TETPAYOVIKOD TIVAKA, Y10 TOPEOEY O

p(A)= A’- A% +21, fa wpémel vo. elcdyovpe tov mivako a=[1 -1 0 2] pe otoyeia
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TOVG GLVTEAEGTEG TOV TOALMVOLOV, Kat e TV evioAn polyvalm(a , A) vmoAoyiletar o

nivokag p( A).

AvtieTpopn mivaka

' Tov opadd mivako A, 1 eviors] inv(A) vrohoyilet Tov avtioTpogo mivako A™ pe
ototyeia dekadikovg aptpois. To 1610 amotédeopa Exovpe e TV eviod Aleye(n) .
Me v eviod rat(inv(A)) , ta ototyeio Tov mvaka A mapovoidoviar g mnhiko
aKépalwv aplOpadyv. Xnueiwote 01t A *rat(inv(A)) # eye(n), oAAG oV ETAVEIGAYOVUE TOV

nivaka B=A", t0t1e B*A = A*B = eye(n).

Opilovoa mivaxa

H opifovoa tov mivaka A vmoAoyiletar apéowg pe v evioAn det(A).

Kiwwoxwtn popen rivaxa

H xhMpokot] popen mivako Katd Ypoppues Tov mivako A vroloyileTor e TV EVIOAN
rref(A), n o€ eviolr] rrefmovie(A) mopovcidlel emmAéov otnv 000V TOVE TIVOKES TOV
pecsorafovv petd and kdbe oToLyEIDON HETOTYNUATICUO.

Hoapaderypa 2.7 Eoto o mivaxog

A =
1 1 1 1
-1 -1 1 1
1 1 -1 2
tote B =r1ref(A), enter
B =
1 1 0 O
0 0 1 0
0 0 0 1

kot rrefmovie(A) , enter
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ans =

1

0

0 -2 1

11 1 1

0 0 1

00 -2 1

1 1 00

00

00 0 3
0 0

00

00 01

Av 0éhete Vo ONUEUDVETE TOLG HETOCYNMUOTICUOVS Ypauu®v, o mpémel vo OMCETE
OLdoyIKA TG eVTOAES : A(2, 1) = (1/2)*(A(1 , )+ A2, :)), AB3,)=AG,:)-A(,?),
AQG3,:)) =2 A2, :) + AGB, ) o A3,:) = (1/3)*A(3,:).

Me 116 evioAég avTtég avtikabioTatol 1 Yo Tov Tivoka A TOv CNUELDOVETOL OPIoTEPH
™G 100TNTAG, UE TO OMOTEAEGHO TOV TPASE®V UETOED TOV YPOUUUMY TOV CTUEUDVETOL
og&ua. Eivon pavepd 6t evtod A(2, 1) = A(3, ;) onuaivel evorliayn 2ng kot 3mg
YPOUUNG. Znpewnaote OtL, pe tnv evtodn (rref(B’))’, o mivakag

ans =

S O =
S = O
- o O
S O O

glvail 1 KOVOVIKT Lope1| Tov Tivaxa A.
EmmAéov, ewcbyovtag tov mivake M = [A eye(size(A))] pe v eviohn rref(M)

vroloyilovpe PE CTOYXELMOELS UETACYNUOTIGULOVS TOV aVTIGTPOPO Tivaka tov A, o dg

mivakag A avtovopeitar pe Ty eviody M( :, n+1 : 2n).

IHapayovroroiney LU
H evtoA [L, U] =1u(A) , vroroyiletl tovg mivakeg L, U wote A =LU.
Mopaderypa 3.7 T tov mivaka A = [7 8 0; 1 2 3; 4 5 6] oV TANKTPOAO-

ynoovue [L, U] =1u(A) mpofdaireTon otnv 006vn
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1.0000 0 0 7.0000 8.0000 0
0.1429 1.0000 0 0 0.8571 3.0000
0.5714 0.5000 1.0000 0 0 4.5000

To cvotnua Ax =10

H evtoa null(A) mapovsualer omv 006vn mivaka, Tov omoiov ot otNieg eivan
opBokavovikr Bdomn tov KerA . To amotédespa avtd dopépel and eKeivo NG EVIOANG
mnull(A), pe v omoia vroAoyileTon pia Bdon tov KerA.

H yevum Aoom tov cvotiuatog Ax =0 eivor x = N#*a, 6mov o1 6THAEg ToL Tivaka N

gtvon Baon tov KerA .

To cboTnuo Ax =p
Me v eviod A\B vmoroyileton peptkny Adon tov cuotipotog A*x = B axppac
otav To ovotnua etvar coppatod . Tote, | yeviki ADGN TOLV GLOTHUATOS Elval
Nx*xa+ A\B,
omov o mivaxag N vmoAoyiletal COUPOVO LLE TNV TPONYOVUEVT] TOPAYPAPO . ENUEIDOTE
ot A\B = inv(A)* B. X yeviki AVON TOV GLGTHULOTOS OONYOVUAGTE KOU LE TNV

evioM) rref( [A B]).

OpOoxavovikny faon

H evtoA; Q = orth(A) vmoloyiler pia opBokavovikry Bdon tov vidywpov ImA |,
GLUTEPAIVOVTOG TOVTOYPOVO TN O1AGTUGT TOV LITOYWPOV.
Mopadewypo 47 AvA = [2 1 15 -1 0 -1; 1 1 0], enter

orth(A) = ans =
0.8165 0
-0.4082 -0.7071
0.4082 -0.7071

Hopayovromoinon QR

[Ma ké0e mivaxa A tomov uxv, n eviodn [Q, R] = qr(A) vroioyilet toug mivakeg Q,
R oote A =QR. O wivaxog Q eivar opordg, tomov pxp kow R gtvor ave tpryovikdg
TVaKOG, TOTTOL XV , He TNV WO0tTo. rank A =rank R. Av rank A = p, ot televtaieg

L-p ypoupés Tov R elvar pndév.
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Inuewwote 01t QR mopayovronoinon tov mivaka A pe 1o mpodypapupoe MATLAB
opépel g avtiotoymg mapayovronoinong ( evomta 4.3.3 ), 6mov kel o1 mivakeg Q
kot R glvol tomov puxv ko vxv , avtictoryo.

Hoapaderypa 5.7 Av
A=t 1 -1;10 0

B=1[123;456;7 8 9; 10 11 12]
tote pe v evtoAn [Q, R] = qr(A), égovpe

Q = , R =
-0.7071 -0.7071 -1.4142 -0.7071 0.7071
-0.7071  0.7071 0 -0.7071 0.7071

kayo [Q, R] = qr(B),

Q = , R =
-0.0776 -0.8331 0.5444  0.0605 -12.8841 -14.5961 -16.2992
-0.3105 -0.4512 -0.7709 0.3251 0 -1.0413  -2.0826
-0.5433 -0.0694 -0.0913 -0.8317 0 0 0
-0.7762 03124 03178  0.4461 0 0 0

Pilec molvwviuwy
Ot ovvteAeoTéG TOV TOAVOVOUOV €l6ayovTol oto mpdypappo MATLAB, 6mwg ot
ocuvtetaypéves oavoouatog ypouuns. To mpdto otoyyeio eivar 0 ocvviehesThg NG
peytotofdpag SHvoung Tov TOAV®VOLOD Kot TO, VITOAOUTO GTOLYELD EIVOL 01 CUVTEAEGTEG
TV duvdapewv ™c petapintg pe edivovca diataln. H evtoAn s = roots(p) vmoAoyilet
TG pilec g e&iowong p( A ) = 0, mov mTpoPfdiiovtal ®g ddvucspo oThAN. H evtodn
poly(s) mpofdiierl Tovg cuvielesTEC TOL TOALVOVOHOL kq( A ), dmov q( A ) elvon ToAV®-
vopo pe pileg Tic GuVTETAYUEVES TOV JAVOGHOTOS S Kot LeYloTtofado cvvtedeot 1.
Hopaderypa 6.7 'Ectw 10 TOAVOVLNHO
p(L) = X +500 -8 + 82+ 7h+3
Ewdyoopue p = [-1 5 -8 8 7 3] xotpemveviod) r=roots(p) €YOovpe:
r o=
3.0000
-0+1.000i
-0-1.000i

1.0000
1.0000

kot poly(r),
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ans =
1.0000 -5.0000 8.0000 -8.0000 -7.0000 -3.0000

oniadn k=-1.

IoTyés - 101001avvcuata

H evtoln eig(A) vmoloyilet Tig wO10TIéG Ai TOL Tivaka A, SOTETAYUEVEG GE GTNAN,
Kot 1 eviod] poly(A) vroloyilet Tovg cuvtedestég ToL moAvVOHOL det( Al - A ). Eivan
Qavepo OTL, Ko pe TNV evioAn roots(poly(A)), vroroyilovtat ot 1010TIHES TOV Tivaka A.

Ta 1Wwdavicpata Tov mivaka vroloyilovtot pe tnv eviodn [X, D] = eig(A), o6mov
k-omAn tov wivoka X kot to k Otaydvio otoryeio Ax Tov D givan avtictoryo 1010m0Gd.
Ta 1010d1vOGHATA TTOL AVTIGTOLYOVV otV 1Ot WoT, otov mivake X eivor opBoka-
vovikd. Av o wivakag dyovoroleitat, tote D glvan dtorydviog mivakog Kot

A=X#* Dx* inv( X)

Hoapaderypa 7.7 'Ectw A= ones(3)

S w—y
S w—Y
S w—Y

Me v evtoAn| [X, D] =eig(A), &ovue
X = , D =
0.7685 -0.2759 0.5774
-0.6232 -0.5275 0.5774
0.1453  0.8035 0.5774

oS o O
S O O

0
0
3

Av Opm¢ TAnKTporloyncovpe TV eviod [V, e, g | = meig(A), Oa mpokhyel

Ot cvvtetaypéves Tov g givor N yeOUETPIKN moALAmAGTNTA TV WwoTwedv 0 kot 3
avtiototyo . EmaAn0eveton otu:

inv( V)*x A=V =diag(e).
Mopaderypa 8.7 Na Bpeite o 10101064 TOV TVAKOV

A=[07 02 02; 02 06 03; 0.1 02 05] «xa

B=[08 02 01; 0.1 07 03; 0.1 01 06]

Kol €EETACTE AV Ol TIVOKEG S1OYVOTOL0VVTAL.
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AYon : [Tinktporoyodue [ X, D] =eig(A) enter, tote:

X = D =
1.0000  1.0000 0 1.0000 0 0
0.9286 -0.5000 1.0000 0 0.5000 0
0.5714 -0.5000 -1.0000 0 0 0.3000

Yvvenog o( A)= {1, 0.5, 0.3} o ta aviictoyyo 1310010vOcUATO EIVOL 01 GTHAES TOV
nivaxo  X. Ilpoeavodg o wivakag A dwyovomoteital , opod ot 1010TIHEG TOov glvar
OLOKEKPILEVEG.

[Minktporoyodpe [Y , W] =eig(B) enter, tote:

Y = W =
1.0000 -1.0000 -0.5000 1.0000 0 0
0.7778 1.0000  1.0000 0 0.6000 0
0.4444 0 -0.5000 0 0 0.5000

Etor o( B)={1, 0.6, 0.5} pe avtictoyo iodavocuarta tig otAeg tov Y. O

nivaxog B elvar emiong dayowvomomaoipog.

Hapayovromoineny Schur

Me v ékppaon “ mapayovtomoinomn Schur ” evvoovpe v opbopovadiaio opotdtnro
KkéOe Tepaywvikoy Tivaka A pe avo tpryovikd mivoka T (Bedpnua Schur, evotnta 6.3).
210 npoypappo MATLAB vrdpyovv dVo oyetikéc eviodés. Av o mivakag AeK n., €xet
Tpaypotikég WoTHéG, N eviody T = schur(A) mpofdiier oty 006vn dve Tprymvikd
nivaxa T pe daydvia ototyeia tig WoTpég tov mivaka A. H evtoAn [ T,U | = schur(A)
vroAoYilel TavTdypova TOV Ave TPLywvikd mivoka T ot tov opBopovadiaio mivaxe U
tétolov , wote U'*A*xU=T .

Av z=a + if, z=aq- i etvor WwTpég Tov A pe to Tpodypoupue MATLAB
nmpoPdrietor otnv 006vn o mivaxag T térolog dote oe KAOe Levydpt cLLVYDOV 1OOTIUOV
avTIoTOYEL LITOTTIVaKOG 2X2 GUUUETPIKA TOTOOETUEVOG KaTd KOG TG dlorymviov pe

WOTWEG Z Kol Z .

Mopadeypo 9.7 O mivaxag A=[0100;0010;0001;-34 -4 4] &

wotég 3,1, 1 ko -1. [Tinktporoydvrog schur(A), éxovpe :
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ans =
3.0000 1.8138 -1.6913 6.1220

0 0.2261 -1.1371 0.6811

0 0.9244 -0.2261 1.9124

0 0 0 1.0000

O vronivaxag, Tomov 2x2

0.2261 -1.1371
0.9244 -0.2261

OV TTOPOLGIACONKE TEPT TNV SAYDOVIO EYEL WOOTIHES 1 Ko -1 , OT®MG AUEGH OOMIGTO-

vetal pe v evioln eig(B).

7.3. Ilivaxeg Bacik@v evTor®v

2vufoiicuoi

*

A’ A

A A’

A(:,]) j oA T0L A

A(1,:) 1 omAn T0L A

[] OEV VTLAPYEL TIVOKOG

eye(n) I,

zeros(n) 0nxn

zeros( A) 0 mxn , TOV 1010V TOTTOL L€ TOV TivaKa A

ones( n ) mivakag nxn, pe otoyxeio o = 1, yio kéOe 1, ]

ones( A) nivaxag Tov 16tov Tomov pe Tov A Ko o = 1
ones(m,n) nivokog pe otoygeto oj=1,1=1, ... ,m,j=1,...,n
zeros(m,n) 0mxn

size( A) OlGTAGELS TOV TTivaKa

inf oc

NaN dev vrapyetl apBuods ( not a number )

diag(u) TivaKog O10ryMVIOG [LE GTOLXELD TIG GLVTETAYUEVEG TOL U
diag( A) TO OAVLGLOL VPO [ O 022 -+« Olyy |

tril( A) KAOTO TPyOVIKOG Tivakag, o;j =0, 1<)



triu( A)

max(u ), min(u)

max( A ), min( A)

sum( u)

sum( A )

rand( n)
rand(m,n)
A.xB

A2

compan( 1)

mcirc( 1)
hankel( r)
toeplitz( 1)
hilb(n)

invhilb(n )

vander( 1)

2vvaptijoelg
sin
cos
tan
asin
acos
atan
sinh
cosh
tanh
asinh

acosh
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Gvo Tpryovikog mivaxag , a; =0, 1>
péylotn (eAy1otr) GLVTETAYUEVT) TOL OVOGLOTOS U
SLVLUG AL e GUVTETAYUEVES TO. LéYLoTO (EAG(I0TA) GToLYXElD TV
oTNA®V TOL A
¢Opoiopa GLVTETAYUEVOV TOV O10VOCUATOG U
Slavuopo Le GLVTETOYUEVEG TO GBpotloua TV oTotyeiwv Kdbe
oTNANG ToL A
nivokog Tomov nxn pe otoryeia oy € (0,1)
nivokog Tomov mxn pe otoryeio i € (0,1)
ywopevo Hadamard Ao B
ywopevo Hadamard Ao A

, ’ , -1
G6LVOSEVMOV TIVOKAG TOV TOAVOVOUOL P=X"+ Iy g X + ...+ 11 X+10,

omov r=[1r1p; ... To]

KUKAIKOG TiVOKOG Le TPMOTN YPOUUN [ 0o 0 5 «ov 50 | =T
nivaxog hankel pe otoryeia [oap o ... an =T

nivaxog Toeplitz pe otoyeion [ap; 055 «+ ;0n =T

nivaxag Hilbert H_ = [ l/i+j-1 1 ,ne N

i,j=1 »

H' yun< 12

nivakag Vandermonde mov opiletot omd T GUVIETAYUEVES TOV

dlvoGpaTOg T

nuitovo

cuvnuitovo

EQUTTOUEVN

T6E0-NUTdVOL
T6E0-GUYNUITOVOL
T6E0-£QOUTTOUEVNC
vrepPoikd nuitovo
vepPoiikd Guvnuitovo
VIEPPOAIKT EQATTOUEVT

16£0 - vepPoikov NuTdVoL

16&0 - vepPorikod GuVNUITOVOL



atanh
abs
sqrt
real
imag
conv
deconv
round
fix
fool
ceil
exp
log
log10
rat

plot

Evroié

det(A)
trace( A)
inv( A)
pinv( A)
rref( A)
cig(A)
schur( A)
svd( A)
sqrtm( A )
null( A)

mnull( A)
chol( A)
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16E0 - VIEPPOAIKNG EQATTOUEVNS

amOALTY TN

teTpayovikn piCa

TPAYUATIKO LEPOG

POVTOGTIKO UEPOG

TOAAATANGLO.0 LOG TOAVMOVOLLWOV

dwipeon ToAv@VOU®OV

TPOGEYYION TPOG TOV TANGIECTEPO OKEPULO
TPOGEYYLON TPOG TOV HUKPOTEPO KAT AOAVTN TN AKEPOLO
TPOGEYYLON TTPOG TOV APECHOS LEYOADTEPO OKEPOLO
TPOGEYYIGT TPOS TOV AUEGMG KPOTEPO AKEPALO
exBetikn ocvuvaptnon

QLOIKOG AoYaptOpoC

AoyapBuog pe Baon to 10

HETATPETEL OEKAOTKOVG aptOLOVG GE pNTOVG

oyedioon

opilovca tov Tivaka A

tyvoc tov mivaxa A

Al

Moore-Penrose yevikevpévog avtiotpopog tov mivoka A
KMUOK®OTN HOPPT KOTA YPOUUES TOL A

WO0TEG TOV A

dvo tpryovikdg ivaxkog T tétolog, dote o T)=0o( A)
wwalovoeg Tiég Tov Tivaka A

tetpayovich pila tov A (dnh. B*=A)

opBokavovikn| Bdon tov Ker A= {x: Ax=0}.

Baon tov Ker A
Cholesky mapayovtonoinon ywa Oetuch opiopévo mivaxa ,

A=B'B.



orth( A )

A\b

inv( A)*b
A\B

inv( A)*B
X=msoln( A,B)

[L,U]=1lu( A)
[QR]=qr( A)
[X.D] =eig(A)
[

[P,H] = hess( A)

[U,T] = schur( A)
[U,S,V]=srd( A)
poly( A)

poly(a)
roots(p)
polyval(p, s)
polyvalm(r, A)
expm

logm( A)

funm( A, fun”)

norm( A, X))

X, e, gl =meig(A)
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opBoxavovikn Bdon Tov voydpov span { oy ,...,0y | OTOL O
elvar o1 otAeg oL A.

Abon tov ypoappukod cvotuatog Ax=b, A € Ky«

Abon tov ypappkoy cvotiuatog Ax=b, A € Ky

Mon g e€lowong AX=B, A e K«

Mon ¢ e€lowong AX=B, A e K«

Aoon ¢ e€lowong  AX =B, 6mov o wivaxag A givor TOTOL
uxv. Av 1 g&icmon dgev etvan supPipacty, X =1[].

napayoviomoinon A =LU

napayovtomoinon A = QR

Wionosd tov A, A=XDX"

€ : OVUGL YPOUUN LE CUVTETUYUEVEG TIG O10TIUEG TOV A.
X un teETpay®vIKog TIVOKG e GTAAES TOL OVTIGTOYOL YPOLLLLKAL

avedptnTa 1010010vOG AT KOt
g : JIVLUGLO YPOUUN LE OTOLYEl TIC YEOUETPIKEG TOAAATAOTY-
TEG TV AVTIGTOLY®V O10TILDV.

A =PHP" P opbokavovikdg mivaxac kar H mivaikag Tomov
Hessenberg

A=UTU", U opBokavovikdc mivakag, T Gve Tpryovikoc
Wialovoa tapayovronoinon, A=USV'

GULVTEAEGTEG YOPOKTNPLOTIKOV TOAV®OVOLOL TOV A 6€ pBivovca
duataln duvapemv

TOAVMVVUO HE PILES TIC GUVTETAYUEVES TOV SLOVOGLOTOG O .
pilec Tov TOALVOVOHOL P .

N aplOunTiky Ty p(s) , 6TOL P TOALVOVVUO .

(A)=1, A+ ...+ ajA+ag [, omov AeK yxy, T=[Ty +o. 11 T0 ]

A
€

logA

fun( A), 6mov fun elvar omOLONTOTE OO TIC GTOYEIDMOELS
GUVOPTNOCELS COS, Sin, sqrt K.A.T

yw x =1; fro; inf, vwoloyilel Ti¢ avticTOLEC NOorm TOL

mivako A



norm(r,X) vy x=1; 2; inf , vroioyilet 11 avticToreg norm ToL
SVOCHOTOG T .

dot(a,P) ECMTEPIKO YIVOUEVO TMOV SAVUCUATOV o , P.

7.4 AOKINGELS
7.1 Ewcdyete oto mpodypappa MATLAB tov¢ ivakeg

501 2 4%(-2)  2/3
A=1[-3 0 1 : B=|1/201 5-82
2 4 1 0.00001 (9+4)/3

KoL dDOTE EVIOLEG Y100 TNV ATOVOUN TOPOLGINGT TOL oTotyeion op3 , Tng 3™

ypopuns tov A kot g 2™ oting tov B.

7.2 Ewcdyete To0g mivakeg

1 2 3 1
A=14 56 b=|0
7 8 9 0

129

Kot pe Tig eviodés rref[A b] 1 A\b n rank( A), rank([ A b]), €ietdote

av 10 cvotnuo Ax =b eival copPipocto.

7.3 H pébodog opboymvonoinong Gram-Schmidt vAomoteiton 6to TPOYpOLLLLOL

MATLAB pe v gvtodn gschmidt. Adwote v evioln avt ywo va Bpeite opbo-

kovovikh Béon tov R, amd ™ Paon: (1,1,0), (1,0,0), (0,1,1).

7.4 Av
-75 8 16 4
A=1-2 25 4 , x =11
-2 2 4.5 1

Bpeite tov apOud A, dote AX =Ax.

7.5 Bpeite pia fdom tov mupnva Kot ToL TEGIOV TIUOV TNG YPOLLUIKNG OTEKOVIONG

3 3 -3 1 11
F(x)=Ax, 6mov A=|-4 -4 7 -2 -19
2 2 -3 1 9
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EYPETHPIO OPQN

ABpoicpa mvéaxkev, 7, 19, 20
ABpoicpa vToywpwv, 55
AlyeBpwcd couninpopa, 27
Avieotnta Schwarz, 14
Amecdvion

ypopupkn, 75

TAVTOTIKY, 79

BoOuog mivaxa, 38

Bédon
SLVUCHOTIKOV YOpov, 62
KOVOVIKY, 62

opBokavovikr, 67

Ievvntopeg, 54
['vopevo mvaxov, 8, 20
I'poppikdc suvdvacpog dtovocudtoy, 54

['ovia Stovvopdrov, 14

Awryoviog popen, 109
Avvoopa, 5, 12, 53
Alovdopoto
ypoppkd aveaptnta, 58
ypoppkd eEapmuéva, 58
KGOeta, 14, 67
CLYYPOUKA, 16
ovveminedo, 17
Alovoopotikog yopog, 53
Alwovoopotikog voympog, 54
AlG6TO0T SOVUCUATIKOD YMPov, 62

Avvopun mivaxa, 10
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E&icwon, ypapukn, 45
Ecwtepuco yivopevo, 13, 66

EEwtepuco ywopevo, 15

Osopnua Cayley-Hamilton, 102
Osopnua tov Schur, 99
Osopnuo, pacpoatikd, 100

I510d1Gvocpa wivaxa, 87
[drotyn wivoka, 87
[016wpog, 87

‘Tyvog mivaxa, 84, 96

Kavovum popon mivaxa, 38

KApoxkot popon mivaxka, 42

Métpo davdopatog, 66

Mikt6 ywvopevo, 17

OpbBoydvio copmAnpoua vrdywpov, 69

Opilovoa mivaxa, 27

Iopayovtonoinon
Cholesky, 44
LU, 42
QR, 70

[Tivakac,

aAlayng Pdong, 82
avaoTpoPoc, 6

avtibetoc, 7

avtiotpopog, 34
YPOUUIKNG omewkoviong, 77
dlydviog, 6

dydviog cvvbetog, 19
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[Mivakag (cuvéyen)
dwywvomomouog, 97

enovénuévog, 47

gptiovog, 6

Betucd (nuopopévog, 108

undevodvvapoc, 96

povadwaiog, 6

opordg, 35

opBoydviog, 71

opBopovadiaiog, 71

TOAV®OVVUIKOG, 22

npocaptnuévos, 34

ovluyfig, 6

GUUUETPIKOG, 6

ocuvbetog, 19

TETPAYOVIKOG, 5

TPLYOVIKOG Avo-KaTtm, 6

TPLyoviKog obvbetog, 19
[Tivakeg

avtipetodetikoli, 9

tdov Tomov, 5

toot, 5

opowor, 83

opBopovadiaio 6potor, 84, 99
[ToAramAotnTa W10dvOcpatog, 87

[IpoPorn dwavdopatog, 14

[Tuprvag
YPOLUIKNG OmEWOVIoNS, 75
mivoka, 56

Yrotyeia
mivoka, 5

owyovia, S



2Toeunodelg petacynuoticpol, 32, 37
XOvheon YPOUUK®V anelkovicemy, 75
Juvtetaypéveg dtovoopotog, 12, 63
Xvomuo eElomdoemv

ypoppko, 46

YPOUUIKO Ko opoyevég, S0

Tetpayovikn popen, 106
aopwotn, 107
apvntikd (muopiopévn, 107
Betucd (Muopopévn, 107
opair, 106

Ymnonivaxag, 19

Ynoywpog, 54

®acpa, 87

Xopakmplotikn e&icmon, 86

XopoKTnploTikd ToAv®VLpHo, 87
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