
YHFIAKH EPEXERGASIA SHMATOS G.Glentăc

1. Eisagwgă

2. Sustămata Yhfiakăc EpexergasÐac Sămatoc

3. Sămata kai Sustămata

4. YhfiopoÐhsh Analogikÿn ShmĹtwn

5. GrammikĹ QronikĹ AnalloÐwta Sustămata

6. O Metasqhmatismìc Z

7. To PedÐo thc Suqnìthtac

8. AnalogikĹ FÐltra

9. YhfiakĹ FÐltra

10. DiakritoÐ Orjogÿnioi MetasqhmatismoÐ

11. Efarmogă sta YhfiakĹ Thl/kĹ Sustămata

12. Efarmogă stic Kateujuntikèc SustoiqÐec Keraiÿn



O METASQHMATISMOS Z

Qrăsimo ergaleÐo sthn anĹlush, epexergasÐa kai sqedÐash shmĹtwn
kai susthmĹtwn diakritoÔ qrìnou

• Upologismìc sugkerasmoÔ

• EpÐlush exisÿsewn diaforÿn

• SqedÐash grammikÿn fÐltrwn
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O (monìpleuroc) METASQHMATISMOS Z

• x(n) săma diakritoÔ qrìnou

OrÐzoume to merikì Ĺjroisma (z migadikă metablhtă)

XN(z) = x(0) + x(1)z−1 + x(2)z−2 + . . . x(N)z−N

ă

XN(z) =
N∑

n=0

x(n)z−n

• O monìpleuroc metasqhmatismìc Z tou sămatoc x(n)

X(z) ≡ Z(x(n)) = lim
N→∞

XN(z)

• PedÐo orismoÔ tou metasqhmatismoÔ Z: ’Ola ta shmeÐa sto
migadikì epÐpedo, gia ta opoÐa to Ĺjroisma Ĺpeirwn ìrwn sugklÐnei.

• O antÐstrofoc metasqhmatismìc Z−1

x(n) = Z−1(X(z)) =
1

2π

∮
X(z)zn−1dz, n ≥ 0

x(n) ⇐⇒ X(z)
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METASQHMATISMOI Z BASIKWN SHMATWN

• to monadiaÐo deÐgma

x(n) = δ(n) ⇐⇒ X(z) = 1, {z ∈ C : z 6= 0}

• to olisjhmèno monadiaÐo deÐgma

x(n) = δ(n−D) ⇐⇒ X(z) = z−D, {z ∈ C : z 6= 0}

• to ekjetikì săma

x(n) = an, n ≥ 0 ⇐⇒ X(z) =
z

z − a
{z ∈ C : |z| > |a|}
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• to monadiaÐo băma

x(n) = us(n) ⇐⇒ X(z) =
z

z − 1
{z ∈ C : |z| > |1|}

• to sundiastikì ekjetikì săma

x(n) = nan−1, n ≥ 0 ⇐⇒ X(z) =
z

(z − a)2
{z ∈ C : |z| > |a|}

• to genikì sundiastikì ekjetikì săma

x(n) =

[
n
m

]
an−1, n ≥ 0 ⇐⇒

X(z) =
z

(z − a)m+1
{z ∈ C : |z| > |a|}
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GRAMMIKOTHTA

• O metasqhmatismìc Z eÐnai grammikìc telestăc

x1(n) ⇐⇒ X1(z), R1

x2(n) ⇐⇒ X2(z), R2

Tìte

ax1(n) + bx2(n) ⇐⇒ X1(z) + X2(z), R12 = R1 ∩R2

ParĹdeigma:

x(n) = 5

(
1

2

)n

− 3n, n ≤ 0

x1(n) =

(
1

2

)n

, n ≥ 0 ⇐⇒ X1(z) =
z

z − 1
2

, R1 = {z ∈ C : |z| > |1
2
|}

x2(n) = 3n, n ≥ 0 ⇐⇒ X2(z) =
z

z − 3
R2 = {z ∈ C : |z| > |3|}

x(n) ⇐⇒ 5
z

z − 1
2

− z

z − 3
, R12 = {z ∈ C : |z| > |3|}
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O tÔpoc tou Euler

eθ = cos(θ) +  sin(θ))

e−θ = cos(θ)−  sin(θ))

ă [
eθ

e−θ

]
=

[
1 
1 −

] [
cos(θ)
sin(θ)

]

• AntÐstrofa
[
cos(θ)
sin(θ)

]
=

1

−2

[
− −
−1 1

] [
eθ

e−θ

]

ă

cos(θ) =
1

2

(
eθ + e−θ

)

sin(θ) =
1

2j

(
eθ − e−θ

)
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• ParĹdeigma: Na brejeÐ o metasqhmatismìc Z tou sămatoc

x(n) = cos(ωn), n ≥ 0

Efarmogă tou tÔpou Euler

x(n) =
1

2

(
eωn + e−ωn

)

OrÐzoume

x1(n) = (eω)n , n ≥ 0, x2(n) =
(
e−ω

)
, n ≥ 0

Tìte

Q1(z) =
z

z − eω
R1 = {z ∈ C : |z| > 1}

Q2(z) =
z

z − e−ω
R2 = {z ∈ C : |z| > 1}

• Lìgw thc grammikìthtac

X(z) =
1

2

z

z − eω
+

1

2

z

z − e−ω

R = {z ∈ C : |z| > 1}
ă

X(z) =
z2 − cos(ω)z

z2 − 2cos(ω)z + 1
, R = {z ∈ C : |z| > 1}
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O metasqhmatismìc Z sto MATLAB

• Dunatìthta ektèleshc sumbolikÿn prĹxewn (Symbolic tool-
box)

clear

syms w n

x=cos(w*n)

X=ztrans(x)

• Apotèlesma

z (− cos(n) + z)

1− 2 z cos(n) + z2
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IDIOTHTES TOU METASQHMATISMOU Z

• aristeră metatÿpish

x(n− L) ⇐⇒ z−LX(z) +
L∑

i=1

x(−i)zi−L

• dexiĹ metatÿpish

x(n + L) ⇐⇒ zLX(z)−
L−1∑

i=0

x(−i)z−i

• sugkerasmìc

y(n) = h(n) ? x(n) ⇐⇒ Y (z) = H(z)X(z)Rh ∩Rx

• suzugÐa

x∗(n) ⇐⇒ X∗(z∗)
• jeÿrhma arqikăc timăc

lim
z→∞

X(z) = x(0)
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SUNARTHSH METAFORAS

y(n) = h(n) ? x(n) ⇐⇒ Y (z) = H(z)X(z)

• h(n) kroustikă apìkrish

• H(z) sunĹrthsh metaforĹc
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SundesmologÐec susthmĹtwn

• Seiriakă H12(z) = H1(z)H2(z)

• ParĹllhlh H12(z) = H1(z) + H2(z)

• MonadiaÐo H(z) = 1

• AntÐstrofo H−1(z) =
1

H(z)

• Me anĹdrash H12(z) =
H1(z)

1−H1(z)H2(z)
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UPOLOGISMOS TOU ANTISTROFOU Z−1

• Sămata me gnăsia rhtoÔc metasqhmatismoÔc Z

X(z) =
b(z)

a(z)
, Rx

b(z) =

p∑

i=0

biz
i, a(z) = zp +

p−1∑

i=0

aiz
i

OrÐzoume th bohjhtikă sunĹrthsh

Y (z) =

b(z)
a(z)

z

To poluÿnumo tou paranomastă èqei bajmì p + 1, Ĺra èqei p + 1
rÐzec.

za(z) = 0 → λi, pi, i = 1,2 . . . m

• m plăjoc diakritÿn rizÿn

• λi rÐza

• pi antÐstoiqh pollaplìthta

m∑

i=1

= p + 1
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AnĹlush se aplĹ klĹsmata

Y (z) =
m∑

i=1

pi∑

j=1

1

(z − λi)j
rij

rij =
1

(pi − j)!

dpi−j

dzpi−j
((z − λi)

piY (z)) |z=λi

ă

X(z) = zY (z) =
m∑

i=1

pi∑

j=1

z

(z − λi)j
rij

• UpenjÔmhsh:

δ(n−D) ⇐⇒ z−D

[
n
m

]
an−1, n ≥ 0 ⇐⇒ z

(z − a)m+1
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• AnalutikĹ

X(z) = 1r11 +
1

z
r12 + . . .

1

zp1−1
r1p1+

z

z − λ2
r21 +

z

(z − λ2)2
r22 + . . . +

z

(z − λ2)p2
r2p2+

... ... ...
z

z − λm
rm1 +

z

(z − λm)2
rm2 + . . . +

z

(z − λm)pm

rmpm

• ’Ara

x(n) = δ(n)r11 + δ(n− 1)r12 + . . . δ(n− p1 + 1)r1p1+

λn
2r21 + nλn−1

2 r22 + . . .

[
n

p2 − 1

]
λn−p2+1+

... ... ...

λn
pm

rpm1 + nλn−1
pm

rpm2 + . . .

[
n

pm − 1

]
λn−pm+1
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ParĹdeigma 1

Na brejeÐ to săma me antÐstrofo metasqhmatismì Z

X(z) =
z + 2

z2 − 1

• OrÐzoume th bohjhtikă sunĹrthsh

Y (z) =
X(z)

z
=

z + 2

z(z2 − 1)

z(z2 − 1) = 0 →
{

λ1 = 0, p1 = 1
λ2 = 1, p2 = 1

λ3 = −1, p3 = 1
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’Ara

Y (z) =
1

z
r11 +

1

z − 1
r12 +

1

z + 1
r13

r11 = zY (z)|z=0 = −2

r12 = (z − 1)Y (z)|z=1 =
3

2

r13 = (z + 1)Y (z)|z=−1 =
1

2
kai

X(z) = −2 +
z

z − 1
+

3

2

1

2

z

z + 1

sunepÿc

x(n) = −2δ(n) +
3

2
us(n) +

1

2
(−1)n, n ≥ 0
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O antÐstrofoc metasqhmatismìc Z sto MATLAB

A. Sumbolikìc upologismìc

clear

syms z

X=(z+2)/(z2-1)

x=iztrans(X)

• Apotèlesma:

y = −2 ∗Delta(n) + 3/2 + 1/2 ∗ (−1)n
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B. Arijmhtikìc upologismìc

b = [12], a = [10− 1], az = [a0]

[r,lambda,k]=residue(b,az)

r =

0.5000
1.5000
-2.0000

lambda =

-1.0000
1.0000

0

k = [ ]
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GRAMMIKES EXISWSEIS DIAFORWN

y(n) = a1y(n− 1) + a2y(n− 2) + . . . + apy(n− p)+

b0x(n) + b1x(n− 1) + . . . bqx(n− q)

ă

y(n) =

p∑

i=1

aiy(n− i) +

p∑

i=0

bix(n− i)

arqikèc sunjăkec

{y(−1), y(−2), . . . y(−q)}
{x(−1), x(−2), . . . x(−p)}

EpÐlush twn GDE me th boăjeia tou metasqhmatismoÔ Z.

• UpenjÔmhsh: idiìthta thc aristerăc metatÿpishc

x(n− L) ⇐⇒ z−LX(z) +
L∑

i=1

x(−i)zi−L
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Y (z) = a1

(
z−1Y (z) + y(−1)

)
+

+ a2

(
z−2Y (z) + z−1y(−1) + y(−2)

)
+

... + ... ...
+ aq

(
z−qY (z) +

∑q
i=1 y(−i)zi−q

)

+

+ b0X(z) + b1
(
z−1X(z) + x(−1)

)
+

+ b2
(
z−2X(z) + z−1x(−1) + x(−2)

)
+

... + ... ...
+ bp

(
z−pX(z) +

∑p
i=1 x(−i)zi−p

)
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Y (z)A(z) = X(z)B(z) + INI(z)

ìpou

A(z) = 1−
q∑

i=1

aiz
−i

B(z) =

p∑

i=0

biz
−i

INI(z) = INIY (z) + INIX(z)

INIY (z) =

q∑

i=1

ai

q∑

j=1

zj−iy(−j)

INIX(z) =

p∑

i=1

bi

q∑

j=1

zj−ix(−j)

22



Y (z) =
B(z)

A(z)
+

INI(z)

A(z)

• EpÐlush thc GDE

y(n) = Z−1 (Y (z))

• SunĹrthsh metaforĹc

H(z) =
B(z)

A(z)

• Kroustikă apìkrish

h(n) = Z−1 (H(z))

H sunĹrthsh metaforĹc qarakthrÐzei th sumperiforĹ thc GDE ìtan
oi arqikèc sunjăkec eÐnai mhdèn (genikă lÔsh).
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