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Abstract: One serious problem in the physical implementation of quantum computing is that of main-
taining quantum noise. Noise (decoherence) of a quantum system, due to its interaction with the
surrounding environment, is the main source of spoiling in the execution of a quantum algorithm.
In this work we investigate quantum noise through methods from classical and quantum information
theory. Decoherence is seen as the noise effect of a channel operation on a single quantum bit (qubit)
and its properties are investigated through the quantum entropy evolution and fidelity transmission.
One of the fundamental physical systems that appears promising for quantum computation is that of
an atom and electromagnetic (E/M) field in a cavity [1].
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1 Introduction

Quantum computation is a rapidly growing field of modern science [2] which has attracted a large number of
scientists from areas other than physics, such as mathematics, computing, information and communication
theory. Quantum computer is nothing else than a physical system whose evolution can be manipulated in
such way so that to perform specific computational tasks. Current technology is faced with the implemen-
tation of practical quantum computation algorithms, which when compared with the classical counterpart
algorithms (i.e. prime factorization, discrete Fourier transform), achieve an amazing computational perfor-
mance [3, 4]. One of the main obstacles of quantum computational systems and algorithms is the inevitable
imprecision due to interaction of the fundamental quantum system with its environment. Decoherence ap-
pears in any quantum computation resulting in a loss of information when a quantum signal is sent in time
and/or space through noisy quantum channels. Theoretical and experimental methods have to be devel-
oped for the control of such problems which either have pure quantum mechanical origin or they have their
analogue in classical information field.

Noise (decoherence) in a quantum physical system

An important topic of research in an open quantum system is the dynamics, induced by the surrounding
environment. Noise in such quantum systems, as is the system that we are going to consider, can be
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described by a master equation for the density operator of the system. Assuming that the total hamiltonian
(system + environment) is given by the the hamiltonian H = HS +HE +HSE , the time evolution of the
total density operator is given as the solution of the Liouville equation, where the initial density operator is
considered to be in a factorized form as �(0) = �s(0)
 �e(0). Here HSE denotes the system-environment
interaction and �s; �e the density operators of the system and the environment, respectively.
Tracing out the environmental degrees of freedom together with a Markov and a Born approximation [5]
results in the following reduced density matrix equation for the system alone:
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The first term of the right-hand-side describes the coherent evolution of the system (noiseless channel)
while the second and third terms (i = a; c) describe the noise inserted into the system. The Lindblad
operators Li =

p
ki�i; i = a; c [6] describe the decoherence of the system due to its interaction with

the environment. Decoherence time, in the first approximation, is given by the quantity 1=k i; i = a; c.
Operators �a; �c represent the destruction operators in the Hilbert space of the system.

Noise in quantum computation

Assume that the initial state j s(0)i of the system is the input (qubit) of some arbitrary quantum computing
operation. The system’s evolution, in absence of noise, denote the desired quantum operation (i.e. AND,
NOT, XOR, CNOT). The final state of the system j s(tf )i represents the value of the qubit after the oper-
ation. Noise (decoherence) is now inserted due to the fact that no quantum system is completely isolated
from the environment. This affects the final state of the system (final value of the qubit) in a unpredictable
way. Let’s now consider the case that we are going to examine:

� Evolution of a pure initial state to a final (mixed or not) state.

Assume that the initial state of the system j s(0)i = j a(0)i 
 j c(0)i is pure and the atom and the
cavity field are uncorrelated. As the system evolves according to (Eq. 1), in the presence of the environment,
it becomes entangled (quantum correlated) in such way that the state of the system is not possible to be
written in a factorized form (uncorrelated case). One interesting question is under what conditions in terms
of the input (initial) states of the field and the atom the degree of the entanglement can be maximum.

Noise examined with quantum information concepts

From the quantum information point of view, noise effects may be investigated through the concepts of
quantum entropy and the density matrix of the state. More over, fidelity of entanglement as a measure of
the pure quantum correlation (non-classical) between the two parts (qubits) of the system is considered.
The (Von Neumann) quantum entropy S of the bipartite system is defined as:

S(�s) = �Tr(�s log2 �s) = �
X
i

rilog2ri; (2)

with ri being the eigenvalues of the density matrix of the system. The classical counterpart is the Shannon
entropy [7] (Sc = �Ppi log2 pi). It has been shown that in general S � Sc.

Evolution of the state of the system �s(t) may be modeled as a quantum channel. The initial state of
the system �s(0), is the state ’sent’ by the source and the final state �s(tf ) is the information ’received’
by the receiver. Environmental noise (quantum decoherence) again may affect the final state of the system
(receiver readout) in an unpredictable way, thus leading to loss of information.

Here we are going to examine the evolution of the linear entropy (S l) and the fidelity of entanglement
(Fs), defined by:
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Figure 1: 1 Fidelity transmission and linear entropy for two different constant values of the external E/M
field. We have used � = 2 and 
 = 0:2 in a.u.

Sl = 1� Trs[�
2
s(t)] Fs = h s(t)j�s(0)j s(t)i = Trs[�s(t)�s(0)]: (3)

2 Atom and photon in a E/M cavity: quantum computation in a noisy
environment

The system is considered to be bipartite, constituted by a typical two-level atomic system (TLS), with
hamiltonian ha = !0�z , inside an E/M cavity modeled by the hamiltonian hc = !ca

ya. Their interaction
is given by the operator hac = ig(�+a + ay��). In addition the system is driven by an external E/M field
of frequency !L with hamiltonian hf = EL(t)(ayei!Lt + ae�i!Lt). The atom-cavity field hamiltonian is
given byH = ha+hc+hac+hl. In the interaction picture and by making the rotating wave approximation,
we end up with the following transformed form for the system hamiltonian:

HS ! Hs = �a�+�� +�c�
y�+ ig(�y�� + �+�) + EL(t)(�y + �); (4)

with �a = !L � !0 and �c = !L � !c the detunings.
Environment, for this bipartite system, is the continuum of E/M field modes surrounding the atom and

the cavity walls. Noise is inserted through the purely quantum mechanic phenomenon of spontaneous
emission of the excited state of any atomic system. The excited state of the TLS decays into the ground
state with a rate 
. Moreover, coupling of the intracavity E/M field with the walls (non-ideal mirrors) of the
cavity cause photons to leak out the cavity mirrors with a rate �. Noise for the atomic system observables
modeled with the Pauli destruction spin matrix while noise for the cavity E/M mode, is modeled by the
destruction cavity mode operator, namely,

La =
p
ka 1(Nc)
 �a(2) = 
 ��; Lc =

p
kc �c(Nc)
 1(2) =

p
2� �c:

The number Nc is the number of photons for the cavity mode, here kept equal to five N c = 5. The
decoherence characteristic times are of the order � i = 1=ki; i = a; c. Let’s now assume the initial state of
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the intracavity field to be the vacuum state j0ci, and the initial state of the atomic system to be in the ground
state j0ai. In other words, if we consider that the initial qubit is of the form,  a(0) = �j0ai+ �j1ai; then
� = 1; � = 0.

The initial state of the bipartite system (atom+intracavity field) is given by  s(0) = j a(0)i 
 j0ci =
j0a 0ci. The initial entropy of the system is S(0) = 0: We have complete information for both of the
subsystems independently. The two systems are initially uncorrelated.

The system after sufficient time has been evolved in its steady state  ss under the influence of the
external E/M field of strength EL and the noise induced by the environment, characterized by the parameters
�; 
. Evolution is governed by the differential equation for the density matrix elements (Eq. 1). At that
time, the two systems are correlated in a non-classical way and their joint (not-separable) state is called the
entangled state. Of crucial importance is the entropy that this entangled state has obtained since it represents
the amount of information that we can extract from that state. In addition the fidelity of the transmission
gives us a quantitative measure of how well the information has been sent from the ’source’ to the ’receiver’
or equivalently from the quantum computation point of view, the probability that no error has occurred
during the execution of the quantum logical algorithm (gate).

In the present case we assume � = 2; 
 = 0:2 (characterize the coupling of the noisy environment with
the channel). The coupling between the atom and the cavity E/M field has been set to g = 1 (characterizes
the transmission channel). We also assume that the detunings are zero (� c = �a = 0). Thus, we have
resonant conditions.

For the case of weak external field EL = 0:1 a.u. we see that the linear entropy Sl remains very close to
zero while the fidelity remains very close to one. This suggests that a small amount of information has been
lost to the environment while at the same time the system has been entangled. We have almost complete
information both for the joint system and for the subsystems independently. The two systems are almost
uncorrelated. When we increase the external field to the value of EL = 0:5 a.u. we see that entropy is
increased in its steady value but still stays very small (Sl ! 0:029) while fidelity decreases more rapidly
with the field strength (Fs ! 0:854). This is consequence of the fact that while the information loss for the
joint system is small the available information for the the two subsystems separately has been decreased.
The degree of the entanglement (degree of quantum correlation) between the two subsystems has been
increased. Results for different initial states and other envriromental parameters have also been obtained.
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