
LÔseic seir�c ask sewn 2

1. Na brejoÔn ta akrìtata twn sunart sewn:

d) f(x) = x1/3(x− 4)

f ′(x) = (1/3)x−2/3(x− 4) + x1/3 =
x− 4 + 3x

3x2/3
=

4x− 4

3x2/3

f ′(x) = 0 ⇒ x = 1.

6. Sth di�lexh eÐdame thn arq  tou Fermat ìti to f¸c dhlad  epilègei th diadrom  pou ja
k�nei ton el�qisto qrìno na ft�sei apì to èna shmeÐo sto �llo. Na deÐxete me th bo jeia thc
arq c tou Fermat to nìmo thc an�klashc. 'Oti dhlad  h gwnÐa prìsptwshc isoÔtai me th gwnÐa
an�klashc ìpwc faÐnetai sto sq ma. Jewr ste gnwstèc tic apost�seic L, hA, hB.

'Estw h apìstash x apì to shmeÐo A, sto opoÐo h dèsmh sunant� to epÐpedo. Profan¸c apì to
B apèqei L− x. O qrìnoc pou k�nei to f¸c gia na p�ei apì to A sto B eÐnai:

t =
la
c

+
lb
c

=

√
h2

A + x2

c
+

√
h2

B + (L− x)2

c
,

ìpou c h taqÔthta tou fwtìc sto mèso mac. EmeÐc jèloume na broÔme to x gia to opoÐo o qrìnoc
ja eÐnai el�qistoc:

dt

dx
=

2x

2c
√

h2
A + x2

− 2(L− x)

2c
√

h2
B + (L− x)2

= 0 ⇒ x√
h2

A + x2
=

L− x√
h2

B + (L− x)2
⇔

sin(θ1) = sin(θ2) ⇔ θ1 = θ2.

Br kame to x gia to opoÐo ja èqoume akrìtato. Ja prèpei na deÐxoume ìti antistoiqeÐ se el�qisto:

d2t

dx2
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1

c
√

h2
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− x2

c(h2
A + x2)3/2

+
1

c
√
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B + (L− x)2

− (L− x)2

c(h2
B + (L− x)2)3/2

=

=
1

c
√
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h2
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)
+

1

c
√

h2
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B + (L− x)2

)
=

1



=
1

c
√

h2
A + x2

h2
A

h2
A + x2

+
1

c
√

h2
B + (L− x)2

h2
B

h2
B + (L− x)2

> 0.

'Ara o qrìnoc eÐnai el�qistoc.

9. AnaptÔxte th sun�rthsh f(x) =
√

x2 + 9 kat� Taylor kont� sto x0 = −4 krat¸ntac
ìrouc mèqri deÔterhc t�xhc.

To an�ptugma kat� Taylor miac sun�rthshc f gÔrw apì to x0 eÐnai:

f(x) =
∞∑

n=0

f (n)(x0)(x− x0)
n

n!
.

Ed¸ ja èqoume:

f(x) = f(−4) + f ′(−4)(x + 4) +
f ′′(−4)(x + 4)2

2!
,

me:
f(−4) = 5.

f ′(x) =
x√

x2 + 9
⇒ f ′(−4) = −4

5
.

f ′′(x) =
1√

x2 + 9
− x2

(x2 + 9)3/2
⇒ f ′′(−4) =

9

125
.

'Ara:

f(x) = 5− 4

5
(x + 4) +

9

250
(x + 4)2.

10. Na upologisteÐ to 1−
(

1
1.001

)2/3
krat¸ntac ìrouc mèqri t�xhc 10−6.

'Eqoume:

1−
(

1

1.001

)2/3

= 1−
(

1

1 + 0.001

)2/3

.

Ja jèsoume th mikr  posìthta 0.001 wc x kai ja anaptÔxoume th sun�rthsh pou prokÔptei kat�
Taylor gÔrw apì to x0 = 0:

f(x) = 1−
(

1

1 + x

)2/3

.

Ed¸ ja èqoume:

f(x) = f(0) + f ′(0)x +
1

2!
f ′′(0)x2 +

1

3!
f ′′′(0)x3 + ...,

2



me:
f(0) = 0,

f ′(x) = −2

3
(1 + x)−5/3 ⇒ f ′(0) = −2

3
,

f ′′(x) =
10

9
(1 + x)−8/3 ⇒ f ′′(0) =

10

9
,

f ′′′(x) = −80

27
(1 + x)−11/3 ⇒ f ′′′(0) = −80

27
.

'Ara:

f(x) = −2

3
x +

10

9
x2 − 80

27
x3 + ...

kai
1−

(
1

1.001

)2/3

= −2

3
10−3 +

10

9
10−6 + O(10−9)

11. Leptìc daktÔlioc aktÐnac R eÐnai fortismènoc omoiìmorfa me grammik  puknìthta λ. H
èntash tou hlektrikoÔ pedÐou se shmeÐo A pou brÐsketai se Ôyoc z apì to epÐpedo tou daktulÐou
eÐnai

E = − λRz

2(R2 + z2)3/2
.

Na deÐxete ìti gia z ¿ R, h èntash metab�lletai grammik� me to Ôyoc z.

Mac endiafèrei h sumperifor� thc sun�rthshc E(z) gia mikr� z. 'Ara ja thn anaptÔxoume kat�
Taylor gÔrw apì to z0 = 0:

E(z) = E(0) + E ′(0)z +
1

2!
E ′′(0)z2 + ...,

me:
E(0) = 0,

E ′(z) = − λR

2(R2 + z2)3/2
+

3λRz2

2(R2 + z2)5/2
⇒ E ′(0) = − λ

2R2
,

'Ara:

E(z) = − λz

2R2
+ O(z2).
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