
LÔseic seir�c ask sewn 3

1. Na brejoÔn ta parak�tw oloklhr¸mata:

b)
∫

x6e−2xdx

Efarmìzoume thn pinakoeid  olokl rwsh kai èqoume sthn pr¸th st lh thn x6 kai tic parag¸gouc
thc kai sth deÔterh st lh thn e−2x kai ta oloklhr¸mat� thc: Epomènwc:

x6 prìshmo e−2x

x6 + e−2x

6x5 − −e−2x/2
30x4 + e−2x/4
120x3 − −e−2x/8
360x2 + e−2x/16
720x − −e−2x/32
720 + e−2x/64
0 − −e−2x/128

∫
x6e−2xdx = −

(
x6

2
+

3x5

2
+

15x4

4
+

15x3

2
+

45x2

4
+

45x

4
+

45

8

)
e−2x

j)
∫ π/4
0 x tan2(x)dx

∫ π/4

0
x tan2(x)dx =

∫ π/4

0
x

sin2(x)

cos2(x)
dx =

∫ π/4

0
x

1− cos2(x)

cos2(x)
dx =

∫ π/4

0

x

cos2(x)
dx−

∫ π/4

0
xdx =

=
∫ π/4

0
x (tan(x))′ dx−

[
x2

2

]π/4

0

= [x tan(x)]π/4
0 −

∫ π/4

0
tan(x)dx− π2

32
=

=
π

4
−

∫ π/4

0
−(cos(x))′

cos(x)
dx− π2

32
=

π

4
− π2

32
+ [ln | cos(x)|]π/4

0 =
π

4
− π2

32
− 1

2
ln 2.

i)
∫

4x sec2(2x)dx
∫

4x sec2(2x)dx =
∫

2x(tan(2x))′dx = 2x tan(2x)− 2
∫

tan(2x)dx = 2x tan(2x)− ln | cos(2x)|.
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k)
∫

e
√

4x+9dx

Jètoume y =
√

4x + 9. 'Ara: dx = (y/2)dy kai
∫

e
√

4x+9dx =
1

2

∫
yeydy =

1

2

∫
y(ey)′dy =

1

2
yey−1

2

∫
eydy =

1

2
yey−1

2
ey =

1

2

(√
4x + 9− 1

)
e
√

4x+9+C

2. Na brejoÔn ta parak�tw oloklhr¸mata:

e)
∫ 1
0

dx
(x+1)(x2+1)

1

(x + 1)(x2 + 1)
=

A

x + 1
+

Bx + C

x2 + 1
⇒ 1 = (x + 1)(Bx + C) + A(x2 + 1) ⇒

(A+B)x2+(B+C)x+(A+C) = 1 ⇒ A+B = B+C = 0, A+C = 1 ⇒ A = C = 1/2, B = −1/2 ⇒
∫ 1

0

dx

(x + 1)(x2 + 1)
=

∫ 1

0

(
1

2(x + 1)
− x− 1

2(x2 + 1)

)
dx =

=
∫ 1

0

dx

2(x + 1)
−

∫ 1

0

x

2(x2 + 1)
dx+

∫ 1

0

1

2(x2 + 1)
dx =

1

2
[ln |x + 1|]10−

∫ 1

0

(x2 + 1)′

4(x2 + 1)
dx+

1

2
[arctan(x)]10 =

1

2
ln 2− 1

4

[
ln |x2 + 1|

]1

0
+

π

8
=

1

4
ln 2− π

8
.

3. Na brejoÔn ta parak�tw oloklhr¸mata:

a)
∫ 2π
0

√
1−cos(2x)

2
dx

Apì thn trigwnometrik  tautìthta èqoume:

∫ 2π

0

√
1− cos(2x)

2
dx =

∫ 2π

0

√
sin2(x)dx =

∫ 2π

0
| sin(x)|dx =

∫ π

0
sin(x)dx−

∫ 2π

π
sin(x)dx =

[cos(x)]π0 − [cos(x)]2π
π = 4.

e)
∫ π/2
0 sin5(x)dx

∫ π/2

0
sin5(x)dx =

∫ π/2

0
sin4(x) sin(x)dx =

∫ π/2

0
(1− cos2(x))2 sin(x)dx =

2



= −
∫ π/2

0
(1 + cos4(x)− 2 cos2(x))(cos(x))′dx = −

[
cos(x) +

cos5(x)

5
− 2 cos3(x)

3

]π/2

0

=
8

15
.

h)
∫

cot5(x)dx

'Eqoume: cot2(x) = cos2(x)
sin2(x)

= 1−sin2(x)
sin2(x)

= csc2(x)− 1. 'Ara:
∫

cot5(x)dx =
∫

cot2(x) cot3(x)dx =
∫

(csc2(x)− 1) cot3(x)dx =

= −
∫

(cot(x))′ cot3(x)dx−
∫

cot3(x)dx = −1

4
cot4(x)−

∫
cot2(x) cot(x)dx =

= −1

4
cot4(x)−

∫
(csc2(x)− 1) cot(x)dx = −1

4
cot4(x) +

∫
(cot(x))′ cot(x)dx +

∫
cot(x)dx =

= −1

4
cot4(x) +

1

2
cot2(x) + ln | sin(x)|+ C.

j)
∫

csc(x)dx

∫
csc(x)dx =

∫
csc(x) · csc(x) + cot(x)

csc(x) + cot(x)
dx =

∫ csc2(x) + csc(x) cot(x)

csc(x) + cot(x)
dx =

= −
∫ (csc(x) + cot(x))′

csc(x) + cot(x)
dx = − ln |csc(x) + cot(x)|+ C.

i)
∫
(sec(x) + cot(x))2dx

∫
(sec(x) + cot(x))2dx =

∫
(sec2(x) + cot2(x) + 2 sec(x) cot(x))dx =

=
∫

sec2(x)dx +
∫

cot2(x)dx + 2
∫ cos(x)

sin2(x)
dx = tan(x) +

∫
(csc2(x)− 1)dx + 2

∫ (sin(x))′

sin2(x)
dx =

= tan(x)− cot(x) + x− 2

sin(x)
+ C.

4. Na brejoÔn ta parak�tw oloklhr¸mata:

g)
∫ dx

(1+x2) tan−1(x)
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∫ dx

(1 + x2) tan−1(x)
=

∫
(arctan(x))′ arctan(x)dx = (1/2) arctan2(x) + C

d)
∫ dx

x2−2x+5

∫ dx

x2 − 2x + 5
=

∫ dx

x2 − 2x + 1 + 4
=

∫ dx

(x− 1)2 + 22
= (1/2) arctan((x− 1)/2) + C.

e)
∫ x3dx√

x2+4

Jètoume: x = 2 tan(θ) ⇒ dx = 2 sec2(θ)dθ kai èqoume:
∫ x3dx√

x2 + 4
=

∫ 8 tan3(θ)2 sec2(θ)√
4 tan2(θ) + 4

dθ = 8
∫ tan3(θ)2 sec2(θ)√

sec2(θ)
dθ = 8

∫
tan3(θ) sec(θ)dθ =

= 8
∫ sin3(θ)

cos4(θ)
dθ = 8

∫ sin2(θ) sin(θ)

cos4(θ)
dθ = −8

∫ (1− cos2(θ))(cos(θ))′

cos4(θ)
dθ =

= −8
∫ (cos(θ))′

cos4(θ)
dθ + 8

∫ (cos(θ))′

cos2(θ)
dθ =

8

3 cos3(θ)
− 8

cos(θ)
+ C.

EpÐshc: x = 2 tan(θ) ⇒ x2 = 4 tan2(θ) = 4 sec2(θ) − 4 = 4/ cos2(θ) − 4 ⇒ cos(θ) = 2/
√

x2 + 4.
Antikajist¸ntac sthn èkfrash gia to olokl rwma:

∫ x3dx√
x2 + 4

=
8(x2 + 4)3/2

3 · 8 − 8
√

x2 + 4

2
+ C =

1

3
(x2 − 8)

√
x2 + 4 + C.

z)
∫ x2dx

(x2−1)5/2

Jètoume: x = sec(θ) ⇒ dx = sec(θ) tan(θ)dθ kai èqoume:
∫ x2dx

(x2 − 1)5/2
=

∫ sec3(θ) tan(θ)

(sec2(θ)− 1)5/2
dθ =

∫ sec3(θ)2 tan(θ)

(tan2(θ))5/2
dθ =

∫ sec3(θ)

tan4(θ)
dθ =

=
∫ cos(θ)

sin4(θ)
dθ = 8

∫ (sin(θ))′

sin4(θ)
dθ = − 1

3 sin3(θ)
+ C.
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EpÐshc: x = sec(θ) ⇒ x2 = 1/ cos2(θ) ⇒ sin(θ) =
√

1− cos2(θ) =
√

x2 − 1/x. Antikajist¸ntac
sthn èkfrash gia to olokl rwma:

∫ x2dx

(x2 − 1)5/2
= − 1

3 sin3(θ)
+ C = − x3

3(x2 − 1)3/2
+ C.

h)
∫ √

9−x2

x2 dx

Jètoume: x = 3 sin(θ) ⇒ dx = 3 cos(θ)dθ kai èqoume:

∫ √
9− x2

x2
dx =

∫ 3 cos(θ)
√

9− 9 sin2(θ)

sin2(θ)
dθ = 9

∫ cos2(θ)

sin2(θ)
dθ = 9

∫
cot2(θ)dθ =

= 9
∫

(1 + csc2(θ))dθ = 9θ − 9 cot(θ) + C.

EpÐshc: x = 3 sin(θ) ⇒ x2 = 9 sin2(θ) ⇒ cos(θ) =
√

9− x2/3 ⇒ cot(θ) =
√

9− x2/x. Antika-
jist¸ntac sthn èkfrash gia to olokl rwma:

∫ √
9− x2

x2
dx = 9 arcsin(x/3)− 9

√
9− x2/x + C.

5. Na upologistoÔn oi par�gwgoi twn k�twji sunart sewn:

g) (1 + x2) coth−1(x2)

(
(1 + x2) coth−1(x2)

)′
= (1 + x2)′ coth−1(x2) + (1 + x2)(coth−1(x2))′ =

= 2x coth−1(x2) +
(1 + x2)(x2)′

1− (x2)2
= 2x coth−1(x2) +

2x(1 + x2)

(1− x2)(1 + x2)
= 2x coth−1(x2) +

2x

1− x2
.

d) sinh−1(x3/2)

(
sinh−1(x3/2)

)′
=

(x3/2)′√
1 + (x3/2)2

=
3
√

x

2
√

1 + x3
.

8. Na brejoÔn ta parak�tw oloklhr¸mata:

5



a)
∫∞
2

1
x2−1

dx

OrÐzoume to:

Ib =
∫ b

2

1

x2 − 1
dx =

∫ b

2

1

(x− 1)(x + 1)
dx =

∫ b

2

(
1

2(x− 1)
− 1

2(x + 1)

)
dx =

=
1

2
[ln(x− 1)]b2 −

1

2
[ln(x + 1)]b2 =

1

2
ln(b− 1)− 1

2
ln(b + 1) +

1

2
ln 3 =

1

2
ln

(
b− 1

b + 1

)
+

1

2
ln 3.

I = lim
b→∞

Ib = lim
b→∞

1

2
ln

(
b− 1

b + 1

)
+

1

2
ln 3 = lim

b→∞
1

2
ln

(
1

1

)
+

1

2
ln 3 =

1

2
ln 3.
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