
LÔseic seir�c ask sewn 4

1. Na brejoÔn ta parak�tw oloklhr¸mata:

a)
∫ 1

0

dx√
1− x2

H oloklhrwtèa posìthta mhdenÐzetai sto �nw ìrio tou oloklhr¸matoc. 'Ara orÐzoume to:

Ib =
∫ b

0

dx√
1− x2

= arcsin(b)− arcsin(0).

To olokl rwma eÐnai epomènwc:

I = lim
b→1

Ib = lim
b→1

arcsin(b) =
π

2
.

g)
∫ 1

−1

dx

x2/3

H oloklhrwtèa posìthta mhdenÐzetai sto mhdèn. 'Ara orÐzoume ta dÔo oloklhr¸mata:

Ib+ =
∫ b

−1

dx

x2/3
kai Ib− =

∫ 1

b

dx

x2/3
.

Ib+ =
∫ b

−1

dx

x2/3
=

[
3x1/3

]b

−1
= 3b1/3 − 3(−1)1/3

Ib− =
∫ 1

b

dx

x2/3
=

[
3x1/3

]1

b
= 3− 3b1/3

To olokl rwma eÐnai epomènwc:

I = lim
b→0

(Ib+ + Ib−) = 3− 3(−1)1/3.

2. Na exet�sete qwrÐc na ta upologÐsete an ta parak�tw oloklhr¸mata sugklÐnoun:

a)
∫ π

0

sin x√
π − x

dx

'Eqoume:
sin x√
π − x

<
1√

π − x
= g(x)
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Gia na upologÐsoume to olokl rwma thc g orÐzoume to olokl rwma:

Ib =
∫ b

0

1√
π − x

dx =
[
−2
√

π − x
]b

0
= −2

√
π − b + 2

√
π

To olokl rwma thc g eÐnai:

I = lim
b→π

Ib = lim
b→π

(
−2
√

π − b + 2
√

π
)

= 2
√

π

Epeid  to olokl rwma thc g sugklÐnei, efarmìzwntac to krit rio thc sÔgkrishc, sugklÐnei kai
to olokl rwma pou mac dÐnetai.

g)
∫ ∞

4

dx√
x− 1

Efarmìzoume to krit rio thc sÔgkrishc paÐrnontac g(x) = 1/
√

x:

lim
x→∞

1/(
√

x− 1)

1/
√

x
= 1

Gia na upologÐsoume to olokl rwma thc g orÐzoume to olokl rwma:

Ib =
∫ b

4

dx√
x

=
[
2
√

x
]b

4
= 2

√
b− 4.

To olokl rwma thc g ja eÐnai:

I = lim b →∞Ib = lim b →∞(2
√

b− 4) = ∞.

Epeid  to olokl rwma thc g apoklÐnei, ja apoklÐnei kai to olokl rwma pou mac dÐnetai.

3. Na brejeÐ to embadì twn qwrÐwn pou perikleÐontai apì tic kampÔlec:

b) y = 2 sin x, y = sin(2x), [0, π]

To embadì tou qwrÐou ja eÐnai:

I =
∫ π

0
(2 sin(x)− sin(2x)) dx = [−2 cos(x) + (1/2) cos(2x)]π0 = 4.

11. 'Estw pl�ka me epifaneiak  katanom  fortÐou σ = x2. An h pl�ka èqei to sq ma tou
qwrÐou pou perikleÐetai apì thn kampÔlh y = 2/x2 kai ton �xona x me 1 ≤ x ≤ 2, na brejeÐ to
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sunolikì fortÐo thc.

Apì th stigm  pou h pl�ka den èqei omoiìmorfh katanom  fortÐou, ja prèpei na th qwrÐsoume se
apeirostèc fètec, k�je mÐa apì tic opoÐec èqei stajer  puknìthta. 'Etsi qwrÐzoume thn pl�ka
se fètec par�llhlec ston �xona y me p�qoc dx kai Ôyoc y = 2/x2. Epomènwc k�je fèta èqei
embadì dA = ydx = (2/x2)dx. To fortÐo ja dÐnetai apì:

q =
∫

σdA =
∫ 2

1
σydx =

∫ 2

1
x2 2

x2
dx = 2.

13. a) Na graftoÔn se polik  morf  oi migadikoÐ: 1− i

z = 1 − i ⇒ z = |z|ei arg(z) me |z| =
√

12 + 12 =
√

2 kai arg(z) = arctan(−1/1) = −π/4.
'Ara: z =

√
2e−iπ/4.

b) Na breÐte gia poioÔc migadikoÔc isqÔei: |z − 1| = z.

'Estw z = x + iy. Tìte:

|z − 1| = z ⇒
√

(x− 1)2 + y2 = x + iy.

'Ara ja prèpei:
y = 0 kai

√
(x− 1)2 = x ⇒ |x− 1| = x ⇒ x = 1/2.

g) 'Estw o migadikìc z 6= 0. Na apodeÐxete ìti o w = z + (1/z) eÐnai pragmatikìc an kai mìno an
o z eÐnai pragmatikìc   |z| = 1.

'Estw z = x + iy. Tìte:

w = x + iy +
1

x + iy
= x + iy +

x− iy

x2 + y2
=

(
x +

x

x2 + y2

)
+ i

(
y − y

x2 + y2

)
.

O w eÐnai pragmatikìc an:

y − y

x2 + y2
= 0 ⇒ y = 0   x2 + y2 = 1. ⇒ z ∈ R   |z| = 1

14. a) Na deiqjeÐ ìti an z = eiθ, tìte zn + (1/zn) = 2 cos(nθ).
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zn + z−n = 1neinθ + 1−ne−inθ = cos(nθ) + i sin(nθ) + cos(nθ)− i sin(nθ) = 2 cos(nθ).

g) Na lujeÐ h: z3 = −i.

Gr�foume to w = −i se polik  morf : |w| = 1 kai arg(w) = arctan (−1)/0 = −π/2. 'Ara
: w = e−iπ/2. Kai t¸ra lÔnoume thn exÐswsh pou ja èqei treÐc rÐzec:

z = |w|1/3ei arg(w)/3 = e−iπ/6.

z = |w|1/3ei arg(w)/3+2iπ/3 = eiπ/2.

z = |w|1/3ei arg(w)/3+4iπ/3 = e7iπ/6.
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