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EXETASH STA MAJHMATIKA I - 30/6/2011

LUSEIS

JEMA 1

Na brejoÔn ta ìria twn akolouji¸n:

a) an =
n5 + 2(3n)3 + 2

2n5 + 5(n + 2)2 + 6
, b) bn =

(
n− 2

n + 4

)n+4

. DÐnetai: lim
n→∞

(
1 +

a

n

)n

= ea

a) lim
n→∞ an = lim

n→∞
n5 + 2(3n)3 + 2

2n5 + 5(n + 2)2 + 6
= lim

n→∞
n5 (1 + 54/n2 + 2/n5)

2n5 (1 + 5(n + 2)2/2n5 + 3/n5)
=

1

2

b) Jètoume: t = n + 4. 'Ara:

lim
n→∞ bn = lim

t→∞

(
t− 6

t

)t

= lim
t→∞

(
1− 6

t

)t

= e−6.

JEMA 2

Na exetastoÔn wc proc th sÔgklish oi seirèc:

a)
∞∑

n=1

1

n2 + 3n
, b)

∞∑

n=1

(2n)!

(n!)2
.

a) Ja efarmìsoume to krit rio thc sÔgkrishc. 'Eqoume: 1
n2+3n < 1

3n . Epeid  h seir� ∑∞
n=1

1
3n

sugklÐnei, sugklÐnei kai h ∑∞
n=1

1
n2+3n .

b) Ja efarmìsoume to krit rio tou lìgou twn ìrwn thc seir�c. 'Eqoume:

lim
n→∞

an+1

an

= lim
n→∞

(2n + 2)!(n!)2

[(n + 1)!]2(2n)!
= lim

n→∞
(2n)!(2n + 1)(2n + 2)(n!)2

(n!)2(n + 1)2(2n)!
= lim

n→∞
4n2 + 6n + 2

n2 + 2n + 1
= 4 > 1.

'Ara h seir� apoklÐnei.
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JEMA 3

a) Na apodeiqjeÐ ìti:

lim
x→∞

cos(x)

x
= 0

b) Na upologistoÔn ta a, b ¸ste h sun�rthsh

f(x) =

{
sin(x), gia x ≤ π
ax + b, gia x > π

,

na eÐnai suneq c kai paragwgÐsimh.

a) Gia na apodeÐxoume to zhtoÔmeno, ja efarmìsoume to je¸rhma "s�ntouits". 'Etsi:

0 ≤
∣∣∣∣∣
cos(x)

x

∣∣∣∣∣ ≤
1

|x| .

Epeid : limx→∞(1/|x|) = 0 sunep�getai ìti kai:

lim
x→∞

cos(x)

x
= 0.

b) Gia na eÐnai suneq c h f , ja prèpei:

lim
x→π+

f(x) = lim
x→π−

f(x) ⇒ lim
x→π+

(ax + b) = lim
x→π−

sin(x) ⇒ b = −aπ.

Gia na eÐnai paragwgÐsimh h f ja prèpei:

f ′(π+) = f ′(π−) ⇒ lim
h→0

sin(π + h)− sin(π)

h
= lim

h→0

aπ + b− a(aπ − h)− b

h
⇒

lim
h→0

2 cos(π + h/2) sin(h/2)

h
= a ⇒ a = −1 ⇒ b = π.

JEMA 4

Na anaptuqjeÐ h sun�rthsh f(x) = sin(π + 6x2) kat� Taylor gÔrw apì to x0 = 0, krat¸n-
tac ìrouc mèqri deÔterhc t�xhc.
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AnaptÔsoume kat� Taylor gÔrw apì to x0 = 0 krat¸ntac ìrouc mèqri deÔterhc t�xhc:

f(x) =
∞∑

i=0

f (n)(x0)(x− x0)
n

n!
= f(0) + f ′(0)x +

1

2
f ′′(0)x2 + ...

f(0) = sin π = 0

f ′(x) = 12x cos(π + 6x2) ⇒ f ′(0) = 0

f ′′(x) = 12 cos(π + 6x2)− 144x2 sin(π + 6x2) ⇒ f ′′(0) = −12

'Ara:f(x) = −6x2 + ...

JEMA 5

a) Na upologisteÐ to olokl rwma:

I =
∫ π/2

0

3 sin(x) cos(x)√
1 + 3 sin2(x)

dx.

b) Na brejeÐ to embadì tou qwrÐou pou perikleÐetai metaxÔ thc kampÔlhc y = x+4
x3+2x2+x

kai tou
�xona x sto di�sthma 1 ≤ x ≤ 2.

g) Na upologisteÐ to genikeumèno olokl rwma:
∫ ∞

0
xe−xdx.

a) Jètwntac y = 1+3 sin2(x), to diaforikì gÐnetai dy = 6 sin(x) cos(x)dx kai ta ìria olokl rwshc
eÐnai: x = 0 → y = 1 kai x = π/2 → y = 4. 'Ara to olokl rwma gÐnetai:

∫ π/2

0

3 sin(x) cos(x)√
1 + 3 sin2(x)

dx =
∫ 4

1

dy

2
√

y
= [
√

y]41 =
√

4−
√

1 = 1.

b) To embadì tou qwrÐou metaxÔ thc kampÔlhc dÐnetai kai tou �xona x dÐnetai apì to olokl rwma:

E =
∫ 2

1

x + 4

x3 + 2x2 + x
dx
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To olokl rwma eÐnai kl�sma poluwnÔmwn �ra ja sp�soume thn èkfrash se apl� kl�smata:

x + 4

x3 + 2x2 + x
=

x + 4

x(x2 + 2x + 1)
=

x + 4

x(x + 1)2
=

A

x
+

B

x + 1
+

C

(x + 1)2
=

A(x + 1)2 + Bx(x + 1) + Cx

x(x + 1)2
.

Exis¸noume touc arijmhtèc:

x + 4 = (A + B)x2 + (2A + B + C)x + A ⇒ A = 4, B = −4 kai C = −3

Epomènwc:

∫ 2

1

x + 4

x3 + 2x2 + x
dx =

∫ 2

1

(
4

x
− 4

x + 1
− 3

(x + 1)2

)
dx = 4 [ln |x|]21− 4 [ln |x + 1|]21 + 3

[
1

x + 1

]2

1
=

= 4 ln 2− 4 ln 3 + 4 ln 2− 1/2 = 4 ln(4/3)− 1/2

g) Gia na upologÐsoume to genikeumèno olokl rwma, upologÐzoume pr¸ta to:

Ib =
∫ b

0
xe−xdx.

To olokl rwma upologÐzetai me olokl rwsh kat� par�gontec:

Ib = −
∫ b

0
x

(
e−x

)′
dx = −

[
xe−x

]b

0
+

∫ b

0
e−xdx = −be−b −

[
e−x

]b

0
= −be−b − e−b + 1

To genikeumèno olokl rwma ja eÐnai:

I = lim
b→∞

Ib = lim
b→∞

(
1− e−b − beb

)
= 1 + lim

b→∞
b

eb
.

To ìrio eÐnai thc morf c ∞/∞ kai epomènwc:

I = 1 + lim
b→∞

b′

(eb)′
= 1 + lim

b→∞
1

eb
= 1.

JEMA 6

'Estw migadikìc arijmìc z. Na deiqjeÐ ìti o arijmìc w = z + (3/z) eÐnai pragmatikìc an kai
mìno an o z eÐnai pragmatikìc   |z| = √

3.
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'Estw: z = x + iy. Ja èqoume:

w = z +
3

z
= x + iy +

3

x + iy
= x + iy +

3(x− iy)

x2 + y2
= x +

3x

x2 + y2
+ iy

(
1− 3

x2 + y2

)
.

Gia na eÐnai o w pragmatikìc, ja prèpei:

y

(
1− 3

x2 + y2

)
= 0 ⇒ y = 0,   x2 + y2 = 3 ⇒ z ∈ R   |z| =

√
3.
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