
dy

dx
= f(x, y),

y = y(x)
x f(x, y)

I

y(x) : I → R

y(x0) = y0 x0 ∈ I

I

y′(x) = f(x)

dy
dx = 0

dy
dx = xn n ∈ N

y(x) =
1

n + 1
xn+1 + C, C ∈ R,

C ∈ R g(x) = 1
n+1x

n+1

y(x)

(y(x) − g(x))′ = y′(x) − g′(x) = xn − xn = 0 ⇒ y(x) − g(x) = C

⇒ y(x) =
1

n + 1
xn+1 + C,



C ∈ R

g(x) I

dy

dx
= g(x)

y(x) =

∫ x

a

g(t) dt + C.

y(x) C

y(x)
(

y(x) −
∫ x

a

g(t) dt

)′
= y′(x) − g(x) = 0 ⇒ y(x) =

∫ x

a

g(t) dt + C

C ∈ R

y′(x) = ky(x)

dy

dx
= ky

y(x) = Cekx, C ∈ R.

y(x)

y′(x) = (Cekx)′ = Ckekx = ky(x).

y(x) y′(x) = ky(x)

(y(x)e−kx)′ = y′(x)e−kx − ky(x)e−kx = ky(x)e−kx − ky(x)e−kx = 0

⇒ y(x)e−kx = C ⇒ y(x) = Cekx.

y(x)



y′(x) = ky(x)
y′(t) = dy

dt

t t y(t)
y(t)

y′(t) = ky(t),

k

f(x, y) f(x, y) = f(x) f(x, y) = y

y(x) (x0, y0)
f ′(x0, y0) (x0, y0)

y′ = y, y′ = x, y′ = x − y, y′ = (1 + y2)ex.
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y′ + P (x)y = Q(x),

I

f ′g+gf ′ = (fg)′

exp[R(x)] R′(x) = P (x) R
P

exp[R(x)](y(x)′ + P (x)y(x)) = exp[R(x)]y′(x) + exp[R(x)]P (x)y(x)

= y′(x) exp[R(x)] + y(x) exp[R(x)]R′(x) = (exp[R(x)]y(x))′.

y′(x) + P (x)y(x) = Q(x),

I P (x) Q(x) R(x)
P (x) R′(x) = P (x) S(x)

Q(x) exp[R(x)] S ′(x) = Q(x) exp[R(x)]

y(x) = [S(x) + C] exp[−R(x)], C ∈ R.

y(x)
y(x0) = y0

y(x) =

{
y0 +

∫ x

x0

Q(u) exp

[∫ u

x0

P (t) dt

]
du

}
exp

[
−

∫ x

x0

P (t) dt

]
.



Y (x)

Y ′(x) + P (x)Y (x) = Q(x)

⇔ Y ′(x) exp[R(x)] + P (x)Y (x) exp[R(x)] = Q(x) exp[R(x)]

⇔ [Y (x) exp[R(x)]]′ = S ′(x)

⇔ Y (x) = [S(x) + C] exp[−R(x)], C ∈ R.

Y (x) C ∈ R

C

R(x) P (x) S(x) Q(x) exp[R(x)]

R(x) =

∫ x

x0

P (t) dt, S(x) =

∫ x

x0

Q(u) exp

[∫ u

x0

P (t) dt

]
du.

y(x) =

{∫ x

x0

Q(u) exp

[∫ u

x0

P (t) dt

]
du + C

}
exp

[
−

∫ x

x0

P (t) dt

]
.

x = x0 y(x0) = y0 C = y0 C = y0

S(x), R(x)

fg′+f ′g

x0 y0 C



xy′ = x2 + 3y, x > 0,

x0 = 1, y0 = 1

I = (0, +∞) x

y′ − 3

x
y = x.

(− 3
x

) −3 log x

exp[−3 log x] = x−3

1

x3

dy

dx
− 3

x4y =
1

x2 ⇔
( y

x3

)′
=

1

x2 =

(
−1

x

)′

⇔ y(x) = x3
(

C − 1

x

)
, C ∈ R ⇔ y(x) = Cx3 − x2, C ∈ R.

x0 = 1 y0 = 1
C = 2

y(x) = 2x3 − x2.

y′ + 4y = 2 x0 = 1, y0 = 1

y′ + 1
xy = cos x x > 0 x0 = π, y0 = 0

y′ + x2y = x2 x0 = 0, y0 = 0



dy

dx
= g(x)h(y).

h(y) �= 0

1

h(y)

dy

dx
= g(x) ⇔ a(y)

dy

dx
= g(x),

a(y) � 1
h(y) A′ = a

A(y(x))
g(x)

a(y)y′ = g(x)

I g(x) G I a

A Y Y

A(Y (x)) = G(x) + C,

C ∈ R

Y (x) I

a(Y (x))Y ′(x) = g(x) ⇒ A′(Y (x))Y ′(x) = G′(x)

⇒ (A(Y (x))′ = G′(x) ⇒ A(Y (x)) = G(x) + C.



a(y)y′ = g(x) A G a g

a(y)y′ = g(x) ⇔ a(y)
dy

dx
= g(x) ⇔ a(y)dy = g(x)dx

⇔
∫

a(y)dy =

∫
g(x)dx ⇔ A(y) = G(x) + C.

C

y

y2dy

dx
= x + 3x2.

y y(0) = 6

y2dy

dx
= x + 3x2 ⇔ y2dy = (x + 3x2)dx ⇔ 1

3
y3 =

x2

2
+ x3 + C

⇔ y =

[
3x2

2
+ 3x3 + 3C

] 1
3

.

x = 0 y = 6 C = 72

y =

[
x2

2
+ x3 + 216

] 1
3

.

2
√

xy dy
dx = 1, x, y > 0

dy
dx = ex−y

dy
dx = 3x2e−y



Euler

Euler

y′ = f(x, y)
y(x) (x0, y0)

y(x) (x0, y0) y′(x0) =
f(x0, y0)

Δx y(x0 + Δx)

y(x0 + Δx) 
 y0 + Δx × y′(x0, y0).

(x0 + Δx, y0 + Δxy′(x0, y0))

INPUT: f(*,*), Dx, x(0), y(0), y’(0)=f(x(0),y(0)), N

for i=1:N,

x(i)=x(i-1)+Dx;

y(i)=y(i-1)+Dx*f(x(i-1),y(i-1));

END

OUTPUT: x(*), y(*)



Δx

y′ = y

x0 = 1, y0 = e y

Δx

y′ = cos x

[0, 10] x0 = 0, y0 = 0

Runge-Kutta
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y(x)=ex

y′(x) = y(x) x0 = 1, y0 = e
[0, 2]

y(x) = ex
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 x=0.1

y′ = cos x x0 = 0, y0 = 0
[0, 10]

y = sin x



n n

an(x)y(n) + an−1(x)y(n−1) + . . . + a1(x)y′ + a0(x)y = g(x),

g(x) = 0

ai(x)

f(x1, x2, . . . , xn)
xi (x1, x2, . . . , xn)

∂f

∂xi
(x1, x2, . . . , xn) = lim

h→0

f(x1, x2, . . . , xi + h, . . . , xn) − f(x1, x2, . . . , xi, . . . , xn)

h
.

xi

∂f
∂xi

df
dxi



t x, y, z

Poisson

∂2f

∂x2 +
∂2f

∂y2 +
∂2f

∂z2 =
ρ(x, y, z)

ε(x, y, z)

f(x, y, z)
ε(x, y, z) ρ(x, y, z) Coulomb m3

ρ(x, y, z) = 0 Laplace

∂2f

∂x2 +
∂2f

∂y2 +
∂2f

∂z2 = 0.

∂2f

∂x2 +
∂2f

∂y2 = 0.

c2∂
2f

∂x2 =
∂2f

∂t2
.

f(x, t) x

t

c
∂2f

∂x2 =
∂f

∂t

f(x, t)
x x t

Maxwell
Einstein

Navier-Stokes

Murphy


